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Preface

Regularization methods aimed at finding stable approximate solutions are a necessary
tool to tackle inverse and ill-posed problems. Inverse problems arise in a large va-
riety of applications ranging from medical imaging and non-destructive testing, via
finance to systems biology. Many of these problems belong to the class of parameter
identification problems in partial differential equations (PDEs) and thus are compu-
tationally demanding and mathematically challenging. Hence there is a substantial
need for stable and efficient solvers for this class of problems, as well as for a rig-
orous convergence analysis of these methods. Usually the mathematical model of an
inverse problem is expressed by a linear or nonlinear operator equation of the first
kind and often the associated forward operator acts between Hilbert spaces. As com-
pared to general Banach spaces, Hilbert spaces have a nicer structure, thus enabling
convergence analysis, a fact which has led to a rigorous and comprehensive study of
regularization methods in Hilbert spaces during the last three decades.

However, for numerous problems such as X-ray diffractometry, certain inverse scat-
tering problems, and a number of parameter identification problems in PDEs, the rea-
sons for using a Hilbert space setting seem to be based rather on conventions than
on an appropriate and realistic model choice, and often a Banach space setting would
be closer to reality. Furthermore, sparsity constraints, using general L”-norms or
the BV-norm, have recently become very popular. It is therefore a consequent and
quite natural step to extend well-established regularization techniques for linear and
nonlinear operator equations from a Hilbert to a Banach space setting and to ana-
lyze their convergence behavior. Meanwhile the most well-known methods such as
Tikhonov-type methods, requiring the solution of extremal problems, iterative reg-
ularization methods like the Landweber and the Gaul3 - Newton method, as well as
the method of approximate inverse, have been investigated for linear and nonlinear
operator equations in Banach spaces. Convergence has been proved, the rates of con-
vergence determined, and conditions on the solution smoothness on the structure of
nonlinearity have been formulated.

Over the last decade research on regularization methods in Banach spaces has be-
come a very lively and fast growing field. The expansion of standard methods like
Landweber’s method or the Gau3 - Newton method to Banach spaces on the one hand
and the establishment of Tikhonov methods with sparsity constraints on the other hand
have been the starting point of a fruitful development which could have hardly been
foreseen, which provided the motivation for the authors to write a monograph which
comprehensively discusses the main progress in the field of Banach space driven reg-
ularization theory.



viii Preface

The book consists of five parts. Part I motivates the importance of developing and
analyzing regularization methods in Banach spaces by presenting four applications
which intrinsically require a Banach space setting and giving a brief glimpse of spar-
sity constraints (Chapter 1). Part II summarizes all mathematical tools necessary to
carry out an analysis in Banach spaces, such as some facts on convex analysis, duality
mappings and Bregman distances (Chapter 2). Part II furthermore includes a chapter
on ill-posed operator equations and regularization theory in Banach spaces (Chap-
ter 3), which also introduces the reader to modern ingredients of smoothness analysis
for ill-posed problems like approximate source conditions and variational inequalities.
In view of solution methods for inverse problems we distinguish between Tikhonov-
type or variational regularization methods (Part III), iterative techniques (Part IV) and
the method of approximate inverse (Part V). Part III represents the current state-of-
the-art concerning Tikhonov regularization in Banach spaces. After stating the theory,
including error estimates and convergence rates for general convex penalties and non-
linear problems (Chapter 4), we specifically address linear problems and power-type
penalty terms, propose parameter choice rules, and present methods for solving the
resulting minimization problems in Chapter 5. Part IV, dealing with iterative regular-
ization methods, is divided into two chapters: the first one is concerned with linear
operator equations and contains the Landweber method, as well as the numerically
accelerated sequential subspace methods and the general framework of split feasi-
bility problems (Chapter 6), and the second one deals with the iterative solution of
nonlinear operator equations by gradient type methods and the iteratively regularized
GauB—Newton method (Chapter 7). Finally, part V outlines the method of approx-
imate inverse, which is based on the efficient evaluation of the measured data with
reconstruction kernels. After a brief introduction to the method (Chapter 8), we inves-
tigate its regularization property and convergence rates in L?-spaces, as well as in the
space of continuous functions on a compact set (Chapter 9). The application of these
results to the problem of X-ray diffractometry concludes the work (Chapter 10).

The authors wish to thank several people, whose research has strongly contributed to
this book. Thomas Schuster and Barbara Kaltenbacher are deeply indebted to Dr. Frank
Schopfer for the many fruitful discussions. His scientific work was essential to the con-
tent of Chapters 6 and parts of Chapter 7. Thomas Schuster furthermore thanks Prof. Dr.
Alfred K. Louis for introducing him to the method of approximate inverse a long time
ago; he owes him so much. Barbara Kaltenbacher and Bernd Hofmann wish to thank
Prof. Dr. Otmar Scherzer and Dr. Christiane Poschl for initiating their involvement in
the exciting field of regularization in Banach spaces, as well as Dr. Elena Resmerita
for instructive communication. Bernd Hofmann expresses his gratitude to Dr. Jens
Flemming and PD Dr. Radu I. Bot for many helpful suggestions and discussions.

February 2012 Thomas Schuster, Oldenburg
Barbara Kaltenbacher, Klagenfurt
Bernd Hofmann, Chemnitz
Kamil S. Kazimierski, Bremen
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theory?
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The purpose of this first part of the book is to give reasons why Banach space

settings play such an important role in the past decade of research in the area of
regularization theory for inverse and ill-posed problems, and serve as an appropriate
framework for such applied problems. The research on regularization methods in Ba-
nach spaces was driven by different mathematical viewpoints: on the one hand, there
are indeed numerous practical applications where models that use Hilbert spaces, for
example by formulating the problem as an operator equation in L2-spaces, are not
realistic or appropriate. The nature of such applications requires Banach space mod-
els working in L?-spaces, non-Hilbertian—Sobolev spaces, or spaces of continuous
functions. In this context, sparse solutions of linear and nonlinear ill-posed operator
equations are often to be determined. On the other hand, mathematical tools and tech-
niques typical of Banach spaces can help to overcome the limitations of Hilbert space
models.
One reason why Banach spaces became popular in regularization theory, is the fact
that they represent a framework that allows us to formulate a model for a specific ap-
plication in a more general setting than can be done based on Hilbert spaces alone.
To demonstrate this, we present a series of different applications ranging from non-
destructive testing, such as X-ray diffractometry (Section 1.1), via phase retrieval
(Section 1.2) and parameter identification for partial differential equations (Sec-
tion 1.3) to an inverse problem in finance (Section 1.4). All these applications are
characterized by operator equations

F(x) =y,

where the so-called forward operator F : D(F) € X — Y denotes a continuous
linear or nonlinear mapping between Banach spaces X and Y. Since F is in general
‘smoothing’, i.e. it has a non-closed range in the linear case, these equations are ill-
posed in the sense that even small perturbations in y severely corrupt the solution x.
Stable approximate solutions are accomplished only by using regularization methods,
which attenuate the discontinuity or unboundedness of the inverse mapping F~!.

Sparsity means that the searched-for solution has only a few non-zero coefficients
with respect to a specific, given basis. To take this into account, we aim to mini-
mize a Tikhonov functional whose penalty term promotes sparsity. In their seminal
article [55] Defrise, Daubechies and De Mol use £7-norms of the coefficients, but
other penalty terms like BV- or Besov norms are also possible. We present a short
introduction to this field in Section 1.5.

Hence this first part serves as a teaser, motivating the subsequent analysis. The basic
material of Banach space and regularization theory is then provided in
Part II, Tikhonov functionals with general convex and specific power type penalties
Q2 are the subject of Part III, in Part IV iterative regularization methods are presented,
and Part V concludes the book with the method of approximate inverse.



Chapter 1

Applications with a Banach space setting

1.1 X-ray diffractometry

We summarize some results on X-ray diffractometry as outlined in the articles [219,
221]. X-ray diffractometry is a type of non-destructive testing and aims to recover
the stress tensor 0 = (o;;) of a specimen by measuring the Bragg angle of reflected
X-rays. Mechanical stresses and the elastic strain tensor & = ¢;; in isotropic media
are connected by Hooke’s law

v+1 Vo
gij = —p—0ij —dij ¢ > okk (1.1
k=1

where v is the Poisson number and £ denotes the modulus of elasticity. In a laboratory
system the probe under investigation is rotated by an angle ¢ about the x3-axis and
tilted by an angle 1y about the x;-axis, transforming the strain tensor to

SL = U(/IJWSU(‘”// s (12)

where Uyy € SO(3) is the orthogonal matrix that models the tilting and rotating by ¥
and ¢, respectively. In X-ray diffractometry only near-surface strains can be detected,
that is

Epyr 1= 8%‘3 .
Introducing (1.2) into Hooke’s law (1.1), we obtain an explicit expression for the
relation between €,y and the stress tensor o,

3

oy = Y aij(p.¥)oi) (1.3)

i,j=1

for particular «;; (¢, ¥). Using Bragg’s reflection model for a crystal lattice, an X-ray
is reflected only if the beam hits the object under the so-called Bragg angle 6, which
is determined by Bragg’s condition

2d sinf = nA,

where 7 is an integer, d is the distance between the lattice planes and A is the wave-
length of the applied X-rays. Bragg’s reflection model is shown in Figure 1.1. Bragg’s
condition implies dd = —d cot 6 df and thus

dd
oy = N —cot 0p(Opy — o) , (1.4)
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where 6, denotes the maximum peak position of the reflected X-ray and 6y is the
Bragg angle of the unstressed specimen. Stresses cause a shift of the maximum peak
position 6,y away from 6 and by (1.4) we can relate this shift 6,y — 09 to the strain
gy and thus to o by (1.3). Taking into account that the intensity /(z) of the X-ray

X3

¢
—————

Figure 1.1. Bragg’s reflection model on a crystal lattice. The x3-axis is the axis of rotation.

beam is attenuated within the specimen according to Lambert-Beer’s law
I1(z) = Ipe "%,

where z denotes the penetration depth, Iy is the initial intensity of the emitted X-rays
and u is the material’s specific attenuation coefficient, we finally find the fundamental

relation
3

—cot 0o (Opy — o) = Z aij (@, ¥)Gij (ty) (1.5)
ij=1

where 7y = cos V¥ sin 6p/(2) is the maximum penetration depth of the X-ray, de-
pending on the tilt angle ¥ and

1 o0
by =~ [yl
0

denotes the reciprocal Laplace transform of the stress o;;. The problem of X-ray
diffractometry now consists of reconstructing the stress tensor o from measurements
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of the Bragg angle shifts 8,y — 0 for different rotation and tilt angles ¢ and . Thus,
X-ray diffractometry involves the problem of inverting the Laplace transform

Lf(z) = / f(z)e "2 dz
0

where the penetration depth t is only given for finitely many - say m - discrete points
T =715, j = 1,...,m. The stresses o;; can be assumed to be smooth, or at least con-
tinuous, to have compact support, and to be close to the surface, meaning that we may
consider L as a mapping between the Banach spaces € (w1, w2]) and € ([tmin, Tmax]),
where

Tmin i=min{7; 1 j =1,...,m}, Tmax:=max{r;:j=1,...,m}

and wy > w1 > 0.

1.2 Two phase retrieval problems

Many applications in optics, such as electron microscopy, analysis of neutron re-
flective data, and astronomy lead to the inverse problem of identifying the phase of
a function from measurements of the amplitude of its Fourier transform, see, e.g.,
[18,19,44,58,70,104,116,117,134,135].

Here, we will consider two different versions of the problem of phase retrieval:

(1) Given the intensity r : R — R™ of the Fourier transform ¥ of a real-valued
function f,reconstruct f : R — R, i.e., find f such that | f| = r.

(2) Given the magnitude f : R” — R (m € N) of a complex valued function and
the intensity r : R” — R of its Fourier transform, reconstruct its phase, i.e.,
find ¢ : R™ — R such that | F (f - '?)| = r.

Both versions lead to ill-posed problems, cf. [18, 58], hence regularization has to be
applied. While in previous publications (except for [104, 116]) these problems have
been considered in Hilbert spaces, we will here study possible formulations in Banach
space settings.

Reconstruction of f : R — R from |F f| : R - R*

Formulation as a nonlinear operator equation

F(f)=r

leads to the definition

F(NG):=Ffls) seR
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of the forward operator F : X — Y. In view of the Hausdorff—Young Theorem,
which states that ¥ : L2(R") — LQ*(R”) is a linear and bounded operator for
all Q € [1,2] and conjugate exponents Q* = Q/(Q — 1), a natural choice of the
preimage and image space of F is

X =LER), Y=L]§*(R) with O € [1,2], 0% = o

0-1
so that F is a bounded operator. Here, the subscript R indicates values in R. The
a priori knowledge of f being real valued implies a certain symmetry of its Fourier

transform
feLl®R) = (Ff)=s)=(Ff)s), seR.

The one-sided directional derivative, according to the definition

i (F(f + 1) = F(P) = F(fih) € ¥ (L6)
is given by
N(F NOFDE)
FUme =1~ J@per T
((Fh)(s)| ifsex,
where

Y={seR:(Ff)s) =0}.

Note that F’(f;-) does not necessarily need to be a linear operator. In both cases
we have |F/'(f;h)(s)| < [(Fh)(s)|, hence F/(f;h) € Y = LH%*(R) follows from
heX = L]g (R). However, due to | ¥ f| appearing in the denominator, F' cannot be
expected to be Lipschitz continuously differentiable. By the Hausdorff-Young Theo-
rem and the second triangle inequality, F' obviously is continuous with respect to the
norms in X, Y. However, it is not continuous with respect to the weak topologies in
X, Y, as the counterexample given by (¥ f,,)(s) = ~/2 cos((2mn + 7/2)8) X[-1,11(5)
(cf. [104]) shows. This fact also illustrates the nonlinearity of the forward operator.

Reconstruction of ¢ : R™ — R from |F (f - e'?)| : R™ — R+
With the forward operator I : X — Y defined as

F(p)(E) = |F(f -e)|(¢)

this problem can be written as a nonlinear operator equation

F)=r.
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The one-sided directional derivative according to (1.6) is given by

NE S - NOF T - ePmE
FI(: ) = (/- eP)@) reeRTAE,
(F(f - ) E) ifges,

(1.7)

where
T={cR:(F(f "))E) =0}.

Here, we will also consider F' as a mapping between Lebesgue spaces
X =L%R"™), Y =LPRM),
and explore possible choices of the exponents @, P.

Proposition 1.1. Let X = LS (R™), Y = LE(R™).
(a) For any
0 e[l,0], P €2,00], feLP"®R™),
the operator F : X — Y, F(¢)(£E) = |F (f - €'?)|, is well-defined and continu-

ous.

(b) For any

(i) Qe(l,00), P e[max{2, 0*},00), f eLHﬁ(R’”), or
i Q=1,P =00, feLPR™), or

(iili) Q=P =00, f €L(@®R™), or

(v) Qe(l,00), P =00, feLZ ®R™), or

(V) Q=o00, Pe2,00), feLf (R™),

and ¢ € X, the operator F'(¢;-) : X — Y, defined in (1.7), is well-defined and
bounded.

Proof. Considering the Nemytskii operator NP : ¢ > ¢'® = cos(¢) +1 sin(¢), we
can invoke standard results, e.g., Theorem 2.2 in [6]. A general Nemytskii operator
N : v k(-,v(-)), defined by a kernel function k : 2 x R — R/, is a continuous
mapping from L?(2) to L9(R) if k satisfies a Caratheodory condition, i.e. measur-
ability with respect to the first and continuity with respect to the second argument,
as well as a growth condition |k(&,n)| < a(§) + bn% witha € L9, a,b > 0. Ap-
plying this with ¢ = o0, 2 = R™,a = 1, b = 0, we can conclude that N°*P is a
continuous mapping from L]I% (R™) (with Q € [1, oo] arbitrary) to L& (R™). Hence
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F Lﬂ% (R™) — Lﬂlg (R™) is continuous, being the concatenation of continuous op-
erators §
F: LZR™ — L¥R™) — LE®R™)
NP mult s

- LE®™ - LE®m™),
F abs
where abs denotes the pointwise absolute value and multy the pointwise multiplica-
tion with the function f.
Boundedness of F'(¢,") : LI% R™) — L£ (R™) follows by using the Hausdorff-
Young Theorem together with Holder’s Inequality and Q > P*

| F'@. D) Lr gy
_/ R(F(f - ) F(f -e'Pih)
~\Jrmz |7 (f - e?)]

< (/ 7 -e’¢zh>|Pds)
Rm

< h
< 11, pen, Il

~=

P

ds+/z|f<f-e’¢zh>|”ds

~=

= [r-oo

LP*

and inspection of the single cases listed as (i)-(v) in (b). O

1.3 A parameter identification problem for an elliptic
partial differential equation

The problem of identifying coefficients or source terms in partial differential equations
(PDEs) from data obtained from the PDE solutions arises in a variety of applications
ranging from medical imaging, via nondestructive testing, to material characterization
as well as model calibration.

Here, we consider a model problem that has been studied repeatedly in the literature
(see, e.g., [50,68,87,88,127,198]) to illustrate theoretical conditions and numerically
test for convergence of regularization methods.

In doing so, we will especially point out the crucial enhancement of freedom in the
formulation of the problem when moving from a Hilbert space setting, as has been
used in the papers mentioned above, to a general Banach space framework.

Consider the identification of the space-dependent coefficient ¢ in the elliptic
boundary value problem

—Au+cu = f inQ (1.8)
u = 0 ondQ (1.9
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from measurements of ¥ in Q. Here Q € R™, m € N is assumed to be a smooth,
bounded domain. The forward operator

F:DF)CX—>Y, (1.10)

where the spaces X and Y are to be specified below, and its derivative can formally
be written as

Fc)=A@)'f. F'(o)h=—A@c)" (h-F(c)),
with
A(c) : HZ(Q) N HOI(Q) — LZ(Q)
U — —Au-+tcu.

In order to preserve ellipticity, a straightforward choice of the domain D (F') is
D(F)={ceX]|c=0ae.|c|y <p} (1.11)

for some sufficiently small p > 0. For those situations in which the theory requires a
nonempty interior of D (F) in X, the choice

D(F)={ceX|3¢eL®(Q),¢>0ae.: |c—7¢|lx <p}, (1.12)

for some sufficiently small p > 0, has been devised in [88].

So far, the preimage and image spaces X and Y have both been set to L2(2), in
order to fit into the Hilbert space theory described in the existing literature. However,
the natural topology for measured data is typically Y = L°°(2) or a weighted version
thereof. By extending to Y = L?(2) information is lost, more precisely the problem
is made more ill-posed than strictly necessary. On the other hand, ¥ = L(Q) can
also be of interest, since in the practically relevant situation of impulsive noise, L!-
data fitting provides a more robust option than the choice Y = L?(Q), cf. [49]. Also
in preimage space, one often aims at actually reconstructing a uniformly bounded co-
efficient, corresponding to X = L% (L), or of a coefficient that is sparse in some
sense, suggesting the use of the L' (£2)-norm in preimage space, cf. [120]. This moti-
vates us to study the possible use of

X=1L2 Q). v=LP©Q),

with general exponents Q, P € [1, oo], within the context of this example. To ad-
equately limit the exposition, we will only consider the choice (1.11) of the domain
here.

Proposition 1.2. Ler X = L2(Q), Y = L (Q).

(a) For any .
0.P €l,00], f e L™L2}HQ),

the operator F : D(F) € X — Y, F(c) = A(c)”\ f, is well defined and
bounded on D (F) as in (1.11) with sufficiently small p > 0.
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(b) For any
i) O.P e€[l,00], fe LY (RQ), me{l,2} or
() Qe 0], 0>1, P c[l,o0], feL2t(Q), >0

and ¢ € D(F), the operator F'(c) : X — Y, F(c) = —A(c)"Y(h - F(c)), is
well-defined and bounded.

We will not dwell on the question whether, and if so in which sense the operator
formally denoted by F’(c) is indeed a derivative of F here but only mention that this
point can be treated analogously to the Hilbert space case, cf. [50].

The proof of Proposition 1.2 is based on the following Lemma, whose last item
is an enhanced version of Lemma 2 in [126]. Here, with a slight abuse of notation
we denote for S € [1,00] by (W25 N H{J)(Q) the closure of the space C{°(S2) of
infinitely differentiable functions with compact support, with respect to the norm

llw2.snpt = I1AvlLs + Vvl 2
invoking Friedrichs’ Inequality.

Lemma 1.3. Let O, S, P € [1, 00].
(a) Let

i) Sz%and{S=10r5>max{l,%} 0rP<oo}0r

(i) S<Zand P <25

Then (W25 N H(})(Q) C LP(Q) and there exists C(g) > 0 such that

Yo e WS N HYQ) « IollLr < Cly Ivlwasnm -

(b) Let Q > S and
) SZ%and{S:10r5>maX{l,m} orQ > S}or

(i) S<%andQ >

(ST

Then{u-v : u e L2(Q),v e (W5n Hol)(Q)} C L5(R) and there exists

C (‘Z) > 0 such that

Vue L2(Q), ve WS nHH) Q) :

s
lu-viLs = Cgy IvliLe Ivlwzsnm -
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(c) Let

®» S=

or

SIS

(i) 25 <S<Z% andm>2.

Then (W25 N HJ)(Q) € LS5"(Q) and there exists C(i) > 0 such that
Vo e WS NHY(Q) « |ollpse < €@y Ivlwsnm, -
(d) Let c € D(F) with sufficiently small p > 0, and let
1=Sz%0rS>max{l,%} (1.13)

be satisfied. Then A(c)™' : LS(Q) — (W25 N HY)(Q) is well-defined and
bounded by some constant C 51)
Proof. Assertions (a)—(c) directly follow from the Sobolev Imbedding Theorem (see,
e.g., Theorem 4.12 in [2]) with the use of Holder’s inequality for (b):

he-vlips = fullize vl s = C(a) lulie lvliw2snm

Assumption (1.13) implies that the conditions of (a) with P = oo and of (c) are
satisfied. Multiplying (1.8) with u, integrating by parts, and using ¢ > 0, as well as
Holder’s inequality, we obtain

1Vul320) = 1F s Tellpse < €& 17 ls (IAuls + IVullz2).

hence,

(&)

CS
IVulza@) = =2 1/ zs + | g2 /135 + €& 1f s IAvls

<CE I f s + lAulls . (1.14)

where we used % + 4/ % 4+ ab < a + b fora,b,> 0. We easily obtain an estimate
of ||Aul|ys by using the triangle inequality in (1.8), as well as inserting (1.14):

lAulls@y = IfllLs + lelles llullpe

= 1/ lls + €5 Nels (I1dulls + 1 Vull2)

<1/ lles + € Nellzs (2 18ulls + €5 1/ lzs) -
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1
Hence for [|c|lLs = p < 5¢ee

lAullLs g < 1+ € llellzs €)) 1/1s) -

il
l—ZC&%p

|

Re-inserting this into (1.14) gives the desired overall (W25 N Hol)(Q) of u.
Now we are in the position to show the proof of Proposition 1.2.

Proof. (Proposition 1.2) To see (a), readily note that, under the assumptions we made,
we can set S > max{1, Z} in (a), (¢), (d) of Lemma 1.3 to obtain for

||A(C)_1fHLP = C(ﬁ) HA(C)_lf”WLSmHé = C(I;)C(fz) I/ lLs -

Similarly, in order to prove (b) we set S = 1 in (i), S = min{Q, % + €} in (i),
and estimate, using Lemma 1.3 (a)—(d):

[4@7 - F@l r = € Caay Ih- F(©)ls
< 6\ CECE Il IF©llya.snm

2
=) (€8)) Mlze 1S Ls - =

1.4 An inverse problem from finance

Inverse problems arising in financial markets, preferably aimed at finding volatility
functions from option prices, have found increasing interest in the years around the
change of the millennium, see, e.g., [25,53,56,62,140]. Our focus here is on a specific
nonlinear inverse problem from this field mentioned in [104, Section 6], namely, the
problem of calibrating purely time-dependent volatility functions based on maturity-
dependent prices of European vanilla call options with fixed strike. See [96, 105]
for details. It certainly is only a toy problem in mathematical finance, but due to
its simple and explicit structure it serves as a benchmark problem for case studies in
mathematical finance. However, following the decoupling approach suggested in [63],
variants of this problem also occur as serious subproblems for the recovery of local
volatility surfaces. Such surfaces are of considerable practical importance in finance.

More precisely, we consider a family of European vanilla call options written on an
asset with actual asset price S > 0 for varying maturities ¢ € [0, 1], but fixed strike
price K > 0, and a fixed risk-free interest rate r > 0. We denote the associated
function of option prices, observed at an arbitrage-free financial market, by y(¢) (0 <
t < 1). From that function we will determine the unknown volatility term-structure.
Furthermore, we denote the square of the volatilities at time ¢ by x(¢) (0 <t < 1) and
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neglect a possible dependence of the volatilities on the asset price. Using a generalized
Black—Scholes formula we obtain as the fair price function for the family of options

[F(0)I(r) = Ups(S. K., [J x](1)) (0 <t <1) (1.15)

exploiting the simple integration operator
)
Wie = [hod ©0=s<D),
0

the Black—Scholes function Ugg defined as

S(dy) — Ke"T®(dy) (s > 0)

Uss(S.K,r.7,5) 1= { max (S — Ke™"7,0) (s =0)

with s
In% +rr+3%
di = y, dr =di — /s y
1 Js 2 1— /s
and the cumulative density function of the standard normal distribution
1 & g2 J
D) = — e 2dE.
O = Tl

Hence, the inverse problem appears as a nonlinear operator equation (see Sec-
tion 3.1.2 below). More precisely, the solution x € L2(0, 1) to equation

[FOOI(1) =y@) (O=t=<1)

is to be determined from a given data function y € L?(0, 1), where the mapping
F : x — y from (1.15) acts as the nonlinear forward operator

F:D(F)CX—>Y

with Hilbert spaces
X =Y =L1%0,1

and a convex domain
DF) ={xeX:x()>co>0 ae.on[0,1]}.

This seems to be an appropriate model for the kind of inverse option pricing problem
under investigation.
Obviously, the forward operator F is a composition

F=NoJ



Section 1.4 An inverse problem from finance 15

of the linear integral operator J with the nonlinear Nemytskii operator
(N2)I(t) = k(t,z(t)) = Uss(S,K,rt,z(t)) (0<t<1)

possessing a smooth generator function k. Furthermore, for all x € D(F) the
Gateaux derivative F’(x) of the forward operator exists and attains the form

F'(x) =G(x)oJ
with the linear multiplication operator
[G(x)R)() = m(x,t)h(t) (0O<t<1, helL?0,1))
determined by a nonnegative multiplier function

m(x,0) =0, m(x.0) = 8UBS(S’K’82’I’[J A o 0<r<

cf. [96, Lemma 2.1], for which, for every 0 < ¢ < 1, we can derive the formula

(k +r1)? ket [Jx](t)) 50,

N OB (‘2[Jx](r> 2 8

This formula contains the logmoneyness

Note that due to co > 0 we have
ct<[Jx](t)<cvi (0<1=1)

with¢ = cg > 0and ¢ = | x| ,2..,,- Hence, we may estimate for all x € D(F)

2 2
Cexp(—z"T)_ ffexp<:/2;§‘/;) O<t<1

with some positive constants C and C.

For in-the-money options and out-of-the-money options, i.e. for S # K or equiv-
alently ¥ # 0, the functions m(x,t) are continuous at ¢ and have an essential zero
att = 0. In the neighborhood of this zero the multiplier function goes to zero expo-
nentially, i.e. faster than any power of ¢, whenever the moneyness k does not vanish,
see formula (1.16). From [96] we can make the following assertions: The multiplier
functions m(x, -) all belong to L°°(0, 1) and hence G (x) is a bounded multiplication
operator in L2(0,1). Then F’(x) is a compact linear operator mapping in L2(0, 1).

(1.16)
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The nonlinear operator F', however, is injective, continuous, compact, weakly contin-
uous and hence weakly closed. Moreover, for all x € D(F), F'(x) is even a Fréchet
derivative, since it satisfies the condition

IF(x2) — F(x1) — F'(x1) (x2 = x)lly < 7 %2 —x1]2

(1.17)
for all x1,xp € D(F)

with
0?Ups(S. K, r,t,5)

052

sup
(z,5)€[0,1]2: 0=<ct=<s

N —

’J/:

Note that y, which can be interpreted as a Lipschitz constant for F’(x) for varying x,
follows from the uniform boundedness of the second partial derivative of the Black—
Scholes function Upg with respect to the last variable, whereas the multiplier function
m(x, ) defining G(x) is due to the corresponding first partial derivative of Upg.

As a consequence of the structure of F' mentioned above, the inverse operator
F~! : Range(F) C Y — X exists, but cannot be continuous, and the correspond-
ing operator equation is ill-posed and requires regularization methods (see Chapter 3)
for its stable approximate solution when instead of y only noisy option data yS with
[¥® = y|ly < & and noise level § > 0 are available. For the nonlinear Tikhonov
regularization as the most prominent method (for a general approach see Chapter 4),
where the regularized solutions xg in the Hilbert space setting are minimizers of the
penalized least squares problem

1
Tu(x) := 5||Ax — y3||§ +ox —Y||)2( — min, subjecttox € X,

with reference element X € L?(0, 1) and regularization parameter & > 0, the well-
known theory from [67, Chap. 10] is applicable for x # 0 because of (1.17) and yields
for the convergence rates to the true volatility function xT (see [96, Section 5])

||X2—XT||L2<0_1> = 0(\/3) as 6 —0. (1.18)

Proposition 1.4. Provided that k # 0 we have a convergence rate (1.18), whenever
the regularization parameter is chosen as a(8) ~ 8 and the true volatility x* € D(F)
fulfils a source condition

xf—x = F'(xT*w (1.19)

for some w € L?(0, 1) satisfying the smallness condition
yllwll 200 < 1.

Note that the condition (1.19) in Proposition 1.4 implies xT(1) = (1) and xT—x €
W12(0,1). Vice versa, for measurable (x — X)’ the function

w(t) = (@) =x@0)) /m(xT, 1),
0 <t < 1,isin L?(0, 1) and satisfies (1.19).
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However for at-the-money options, i.e. for § = K or equivalently x = 0, the
classical Hilbert space approach fails, because the corresponding Fréchet derivative
of F becomes degenerate. Nevertheless based on the Banach space theory from [104]
one can find the same rate result (1.18) by exploiting the well-known explicit structure
of the forward operator when working with auxiliary Banach spaces L>*~¢(0, 1), 0 <
& < 1, complementing the Hilbert space L2(0, 1).

For S = K one can also write F’(x) = G(u) o J for the Gateaux derivative of the
forward operator, but now for the first partial derivative of the Black—Scholes function
the explicit expression is

oUgs(S, K, r,t,5) S (r2t2 rt s)
= exp|l-—————-—=1]>0,
s 22w s

and for the second partial derivative

02Ups(S, K, r1,1,5)
0s2

S r2t2+1+1 r2t2  rt s
=— — -+ —-)expl————-,
427 s 52 4 5 P 2s 2 8

see ( [105]). However, on inspection of formula (1.20) we see that

92Ups(X, K, r1,1,5)
0s2

sup
(,5)€[0,1]2: 0<ct<s

Hence, for vanishing logmoneyness k = 0 an inequality (1.17) cannot be shown in
this way, since the constant y explodes. But (1.17) was required to prove Proposi-
tion 1.4 in [96]. On the other hand, for k = 0 the forward operator F' from (1.15) is
less smoothing than for k # 0, because the multiplier function m(xT,1) has a pole
at t = 0 for at-the-money options instead of a zero in all other cases. Hence, the
ill-posedness of the problem is less severe in the singular case k = 0 than in all other
cases k # 0. However, to obtain rates, a more sophisticated approach is necessary,
that allows us to compensate the degeneration of essential properties of the derivative
F'(xh).

More precisely, we consider in addition to the Hilbert spaces X = Y = L2(0,1)
the Banach space

Y =L%%0,1)DY (0<e<]l)

with dual space
Y* isometrically isomorph to Li= 0,1).

We assign & > 0 a small value v := % > 0, where evidently we have 2 — & = %
and % = 2 4 v. Then it can be shown that for « = 0 inequalities of the form
|F(x2) = Frn) = F'xvn) (2 = xn)lly < 7 Il — 1 a2n

for all x1,x, € D(F)



18 Chapter 1  Applications with a Banach space setting

hold taking the place of (1.17) (see the discussion in Section 3.2.4), where ¥ is of the

S ?Ups(S,K,1,t,5)
form y = C ||t 502

| L2—¢(0.1)- Note that the norm of the Taylor remainder
on the left-hand side of (1.21) is a norm in a Banach space Y, whereas in (1.17) the
corresponding Taylor remainder is measured in the norm of a Hilbert space Y. In
order to establish the consequences of this use of auxiliary Banach spaces we refer

to [104, Section 6] for the following proposition.

Proposition 1.5. Provided that k = 0 we have a convergence rate (1.18), whenever
the regularization parameter is chosen as a(8) ~ 8 and the true volatility xT € D(F)
fulfils the conditions that (x% — %) is measurable with xT(1) = X(1) and that there is
an arbitrarily small v > 0 such that the function

D(t) x % 0<r<l1
w B 5 )
m(xt,1)
satisfies the condition
w e L2T(0, 1) (1.22)

and the smallness condition

Y ”UN)”L2+”(0,1) <1I.

Note that condition (1.22) implies that xT — % € W11(0, 1) and that the occurring
conditions now refer to Banach spaces. The result of Proposition 1.5 for the conver-
gence rate could only be obtained by leaving the Hilbert space setting. It is a nice
example for the advantage of extending components of the regularization theory from
Hilbert spaces to Banach spaces.

1.5 Sparsity constraints

In many applications one can assume that the solution of the underlying ill-posed
problem is a linear combination of only a few elements of a specific, given system
of functions. For example in image processing (e.g. deblurring) such a system may
be given by a (bi-)orthogonal wavelet basis (cf. e.g. [190]). In signal processing it is
often the peak system or the bell functions system (cf. e.g. [146]). In parameter iden-
tification problems for PDEs it may be a spline basis, like the basis of hat-functions
or the basis of box-functions (cf. [120]). Such a priori knowledge is called a sparsity
constraint of the solution. In particular, a function x is called sparse with respect to
the system {v, }, if only finitely many expansion coefficients {x, ¥,) are non-zero.
There are several ways to incorporate sparsity constrains into a regularization
scheme. Here, we focus on the so called Tikhonov-type regularization. To this end let
A be a linear operator with non-closed range and y% a noisy version of the true data
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y = Ax. Then, as was shown by Daubechies, M. Defrise and C. De Mol in [55], the
minimizers of the Tikhonov functional

MAx =y 12+ al Y wal(x. )9, 1<g <2 (1.23)
n

can be used to regularize the inverse of A.

To see this, consider first the minimization with respect to the first summand, the
so called fidelity term, only. Due to ill-posedness, the range of the operator A is not
closed and therefore, in all practical cases, the minimizers will tend to be unbounded.
If, on the other hand, we consider the minimizer with respect to the second summand,
the so called penalty term, we get only the trivial solution. The minimization with
respect to the Tikhonov functional balances the fidelity term and the penalty term,
where the weighting between these two terms is given by the regularization parameter
o. We note that a thorough introduction to Tikhonov-type regularization will be given
later in Chapter 3.

One can easily see that for ¢ = 2 the functional in (1.23) is just the classical
smooth Tikhonov functional, cf. [68]. However, here we are especially interested
in the case where g tends to one. Surprisingly, for ¢ = 1, the minimizers of the

Tikhonov functional are sparse, even if the true solution is not, which can be seen in
several ways.

First, we justify the sparsity of the minimizers by a Lagrangian approach. In fact,
one might consider the Tikhonov functional

HlAx =y I + > wal(x. ¥a)|
n

as the Lagrangian functional of a restricted minimization problem, either

%||Ax — y8||2 — min, subject to an|(x, Y <c
n

or
an|(x, Yy )| — min, subject to %||Ax —y8||2 <c.
n

Hence, in the optimal point the level sets of the fidelity functional %||Ax — %12 and
the penalty ), wy,|(x, ¥,)| are tangential. Therefore, as can be seen in Figure 1.2,
for small « the reconstructions are large with respect to the £!-penalty. However,
as o grows, the reconstructions will approach one of the vertices of the £!-ball, i.e.
they will become sparse. Therefore, for appropriately chosen o we might hope to
get a sparse reconstruction of the original data. Finally, if « is chosen too large, the
reconstructions will be sparse but no longer meaningful as approximate solutions to
Ax = y.

One can also justify the sparsity of the minimizers purely by regarding the penalty
forg = land g = 2,ie. a) , wy|{x,¥,)| and a% >, Wal{x, ¥n)|?. As can be
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v N——
NN T

(a) Small o (b) Medium-sized o (c) Large o

Figure 1.2. Lagrangian view of sparsity promoting Tikhonov reconstruction in two dimen-
sions. Let the black dot be the noisy data y8 and the function system be given by the canonical
basis of R2. As a grows, the reconstruction point, i.e. the tangent point of the £!-ball around
the origin and the £2-ball around the noisy data, will approach one of the vertices of the £!-
ball, i.e. it will become sparse (cf. [29]).

Figure 1.3. Penalty based view of sparsity promoting Tikhonov reconstruction. For small
values a quadratic function is smaller than the absolute value function. Therefore, for g = 2
the penalty of the Tikhonov functional (1.23) favors elements with many small expansion
coefficients, whereas for ¢ = 1 elements with few relatively large coefficients are favored.

seen in Figure 1.3 the £!-functional penalizes small coefficients more severely than the
quadratic ¢2-penalty. Hence, the reconstructions will tend to have expansion vectors
with few large coefficients, rather than vectors with many small coefficients.

In order to arrive at a numerical realization of the Tikhonov-type regularization,
one needs a minimization scheme for the functional (1.23). Several such schemes are
available cf. [149] and the references therein.

The main drawback of a strict sparsity assumption, as introduced above, is that the
system {1, } has to be perfectly adapted to the original data x, in the sense that x
is only allowed to have finitely many non-zero expansion coefficients with respect to
{¥n}. While in some application the system {,} arises naturally, in other applica-
tions this might not be the case. For example if x is a natural image e.g. of a human
face, which system {1, } should be chosen to ensure sparsity?

One remedy to this problem might be to choose a more general system than an or-
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thogonal basis, say a frame or a dictionary. However, the heart of the problem remains
unchanged, even in these cases: the function is still allowed to have only finitely many
non-zero expansion coefficients. Furthermore, one must be very cautious when deal-
ing with function systems which are non-orthonormal, since a badly chosen system
might worsen the stability of the reconstruction and hence render it meaningless.

Fortunately, in most cases one has an idea which system should be chosen, in order
to ensure almost sparsity. By this we mean that only a small number of expansion
coefficients (x, ¥, ) carry almost all information about x.

Returning to our example of face images, it is well-known that the Fourier-basis or
the Daubechies-basis are good choices, since images are almost sparse with respect
to these systems, cf. [55]. Image compression algorithms like the JPEG algorithm or
the JPEG2000 algorithm employ this idea in order to store images in an efficient way.

With the same arguments as in the case ¢ = 1, one might deduce that for almost
sparse functions penalty terms with g slightly larger than 1 might be better suited than
q=1.

In the last part of this section we will illustrate the latter claim by means of a
simple numerical example, the retrieval of the velocity from GPS data, which can
be mathematically modeled as numerical differentiation. We start with the following
question: Given the GPS coordinates of a vehicle, is it possible to recover its velocity?
We know that for given velocity v the position of the vehicle may be computed via

T
s(T) = /0 v(t) dt + s(0).

We can choose the coordinates such that s(0) = 0. Altogether we have the setting
Av = s%, ||s — s%| < 8, where A is the integral operator (Av)(T) = fOT v(t) dt.
The system of functions with respect to which we expand the function is that of box-
splines.

First, we consider a smooth velocity, as depicted in Figure 1.4. The resulting exact
position and the simulated GPS position can also be found in Figure 1.4. We see that
the noise clutter is negligible compared to the value of the position. As expected, the
naive approach, where v is reconstructed by vs, the minimizers of (1.23) for @ = 0,
does not result in a reasonable reconstruction, as can be seen in Figure 1.4 (d). On the
other hand, by choosing the classical case ¢ = 2 and « appropriately, we improve the
quality of the reconstruction significantly, as can be seen in Figure 1.4 (e).

However, the situation changes drastically if we consider the velocity profile de-
picted in Figure 1.5, which consists of three sharp peaks and is much more realistic
for a vehicle. We remark that the peaks have steep slopes but are not discontinuous
due to the physical setting of our problem. As we can see in Figure 1.5 (b) and (c),
the quadratic Tikhonov reconstructions, i.e. reconstructions for g = 2, are not able to
recover simultaneously the height and the support of the peaks.

Since the fact that the true signal consists of peaks can be considered as a sparsity
information, we next consider the minimizers of (1.23) for ¢ = 1. As is demonstrated
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Figure 1.4. Naive and Tikhonov reconstruction of the velocity from GPS coordinates (x-axis:
time in hours; y-axis: velocity in km/h respectively position in km).
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Figure 1.5. True velocity and Tikhonov-type reconstructions from GPS coordinates for dif-
ferent penalties based on Hilbert and Banach space norms (x-axis: time in hours; y-axis:
velocity in km/ h).
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in Figure 1.5 (d), this improves the reconstruction. But as can be seen in Figure 1.5 (e),
the choice of a ¢ slightly larger than 1 gives even better results than g = 1.

We conclude that the use of non-quadratic penalties and in particular penalties
based on Banach space norms in certain cases, like the sparsity constraint described
here, improves the quality of the reconstructions.
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Geometry and mathematical tools of Banach
spaces
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The aim of the second part of this book is to introduce elementary results from
convex analysis and Banach space theory (cf., e.g., [15,48, 69, 164]) in Chapter 2, as
well as from regularization theory in Chapter 3 and thereby to provide the basis for
the analysis of regularization methods in Banach spaces.

We begin Chapter 2 with an introduction to the basic mathematical notation. Then
we will introduce three important tools of convex analysis: the subgradient, the duality
mapping and the Bregman distance. On the one hand, the subgradient is a general-
ization of the derivative concept for convex functions. On the other hand, the duality
mapping is one of the most important tools in our analysis and it will turn out to be
the subgradient of a power of the norm. The Bregman distance is a common way of
measuring the deviation of elements in Banach spaces with respect to some convex
functional, thus complementing the norm concept. In the last part of Chapter 2 we
present the definitions and properties of several important classes of Banach spaces
like uniformly smooth spaces, uniformly convex spaces, spaces smooth of power type
(p-smooth spaces) and spaces convex of power type (p-convex spaces). We also dis-
cuss the connection between the properties of Banach spaces and the properties of the
related duality mappings, as well as Bregman distances.

Chapter 3 presents some fundamental elements of regularization theory applied
to finding the stable approximate solution of ill-posed linear and nonlinear opera-
tor equations formulated in Banach spaces. First, in Section 3.1 we explain the ill-
posedness phenomenon and its consequences. Then in Section 3.2 we introduce the
regularization approach in general and Tikhonov-type regularization in particular. In
order to obtain convergence rates for the regularized solutions, additional conditions
on the solution smoothness and, for nonlinear problems, on the structure of nonlinear-
ity have to be imposed. In this context, we outline the concepts of source conditions
and approximate source conditions, and emphasize the distinguished role of a specific
type of variational inequality, which expresses smoothness and nonlinearity condi-
tions in a unified and concise manner. The chapter will be completed by presenting a
comprehensive discussion of nonlinearity conditions and of the differences between
the linear and the nonlinear case.



Chapter 2

Preliminaries and basic definitions

The main aim in the first section of this chapter is to introduce the basic notations and
to provide some definitions of quintessential terms used in this book.

2.1 Basic mathematical tools

We start with some standard definitions, inequalities and nomenclature. A generic
constant
C >0

can take a different value every time it is used. We exploit this notation in some proofs
to avoid unnecessary enumeration of constants.

Definition 2.1 (conjugate exponents). For p > 1 we denote by p* > 1 the conjugate
exponent of p, satisfying the equation

—+—=1L

p
Definition 2.2 (Banach space). A normed linear space (X, || - ||x) is called a Banach
space if it is complete, i.e., if every Cauchy sequence is convergent with respect to the
norm || - || x. We recall that a sequence {x,} is a Cauchy sequence if, for every & > 0,
there exists an integer N(g) such that | x, — x| < ¢ forall n,m > N(g).

Definition 2.3 (dual space). We denote by X ™* the dual space of a Banach space X,
which is the Banach space of all bounded (continuous) linear functionals x* : X — R
equipped with the norm
[x*[lx+ := sup |x*(x)|.
lxll=1

Definition 2.4 (dual pairing). For x* € X* and x € X we denote by (x*, x)x*xx
and (x, x*)xxx* the duality pairing (duality product or dual composition) defined as

(x*, X)x*xx = (X, x ) xxx* := x*(x).

In norms and dual pairings, when clear from the context, we will omit the indices
indicating the spaces. Let us mention that the duality pairing is not to be confused
with the duality mapping, which will be introduced in Definition 2.27.
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Definition 2.5 (annihilator). Let X be a Banach space andlet M € X, N C X™* be
subspaces of X, X*, respectively. The annihilators M+~ C X* and *N C X are
defined as

N1

ML ={x* e X*: (x* x)x+xx = Oforallx € M}

IN ={xeX:{(x,x")xxx+ =0forall x* € N}.

Theorem 2.6 (adjoint operator). Let X,Y be Banach spaces and A : X — Y be a
bounded (continuous) linear operator. Then the bounded (continuous) linear operator
A* 1 Y* — X* defined as

(A*y* . x)xexx = (y" Ax)ysxy VxeX, y"e¥Y”®
is called the adjoint operator of A (for more details see [164, Section 3.1]).
Definition 2.7 (null-space). By NV (A), we denote the null-space
N(A):={x : Ax =0}
of the linear operator A : X — Y and by R(A) the range
RA) :={y : Ix : y =Ax} = AX)

of A. The space consisting of all bounded (continuous) linear operators 4 : X — Y
between two Banach spaces X and Y is denoted by £(X, Y). We write &£(X) instead
of £(X,Y) if X and Y coincide.

Theorem 2.8 (Cauchy’s inequality). Let X denote a Banach space and let x € X
and x* € X*. Then we have

(™ ) x| <l llxe - llxllx -

Theorem 2.9 (Holder’s inequality). For sequences {x} € £P and {y} € £P" of real
numbers and conjugate exponents p, p* > 1 we have

1/p 1/p*
> xeyk < (Z kalp) : (Zlyklp )
k k k
For functions f € LP(Q), g € LP" (), Hélder’s inequality accordingly reads as

1/p . 1/p*
5( / |f(x>|de) (/ g)l? dx) .
Q Q

' / F()g () dx
Q
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Definition 2.10. For real numbers a, b € R we write
aVvb:=max{a,b}, aAb:=min{a,b}.

Later we will use the shortcut symbols of Definition 2.10 instead of max and min
whenever it renders the expressions more transparent.

Theorem 2.11 (Young’s inequality). Let a and b denote real numbers and p, p* > 1
conjugate exponents. Then we have

1 1 *
a-b= ;|a|p + F|b|p .

Definition 2.12 (equivalent quantities). We call two positive quantities a and b equiv-
alent if there exist constants 0 < ¢ < C < o0, such that

c-b<a<(C-b
and write in shorthand
a~b.
In particular for two norms || - |4 : X — R and || - || : X — R we mean by
- la~1-1s8

that
cllxllg < llxlla = Clixllp VYxe X

with some constants 0 < ¢ < C < oo that do not depend on x. If @ > 0 is a function
of § > 0 then we mean by
o~ 8§
for k > O that
c-8 <a@) <C-6§

with some constants 0 < ¢ < C < oo that do not depend on 4.

Definition 2.13 (Giteaux differentiability). Let f : D(f) € X — Y be a mapping
between normed spaces X and Y, on the domain D( f). We call f Gdteaux differ-
entiable in x € D(f) if there exists a continuous linear mapping Ay : X — Y such
that for all # € X we have

iy L&) — ()
im

= Axh.
t—0 t

Definition 2.14 (Fréchet differentiability). Let f : D(f) € X — Y be a mapping
between normed spaces X and Y with domain D( f). We call f Fréchet differen-
tiable in x € D if there exists a continuous linear mapping Ay : X — Y such that
for z € X we have

[f(x +2) = f(x) — Axz||

=0.
Izll—0 [zl
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Remark 2.15. If f is Fréchet differentiable at x, then it is also Gateaux differentiable
in x. This can be seen by setting z := th for fixed 2 € X in Definition 2.14 where
|z|]| = O can be written as ¢ — 0. Note that both definitions require the existence of
elements x + th for arbitrary directions & € X and sufficiently small ¢+ > 0, i.e., x
has to belong to the core of D ( f) which mostly coincides with the interior of D( f).
Consequently, f cannot be Giteaux differentiable or Fréchet differentiable if x is a
boundary point of D(f).

2.2 Convex analysis

2.2.1 The subgradient of convex functionals

Definition 2.16 (convex functional). A functional f : X — R U {00}, defined on a
linear space X, is convex if

SOx+ A -Dy) <Af(x)+ A -A1)f(y) Vx,yeX, VAel01].

Definition 2.17 (effective domain, proper functions). Let f : X — R U {oo} be
convex. The effective domain D( f) of the functional f is defined as

D(f)={xe X : f(x) <oo}.

The functional f is called proper if
D(f) # 0.

Example 2.18 (Tikhonov functional). Let A : X — Y be a bounded (continuous)
linear operator mapping between Banach spaces X and YV, y5 €Y, p>1and
Q: X — R U {00} convex. Then for « > 0 the functional T, : X — Y, defined as

To(x) = 5l Ax = |} + - Q(x) @.1)

is called Tikhonov functional. Tikhonov functionals are convex. If D(2) = X then
D(Ty) = X. In particular, this is true if Q2 is a monomial of the norm in X, i.e.
Qx) := é||x||§( for some ¢ > 1. In Chapter 3 we will extend the concept of
Tikhonov functionals to include the case of nonlinear operators.

Remark 2.19. Some authors use a symbol which emphasizes the dependence of the

. . . 5 .
Tikhonov functional on the noisy data y8, say Ty ys OF Ty” . To keep the notation
more concise we will preferrably use the notation introduced in Example 2.18.

Definition 2.20 (subgradient of convex functionals). Let f : X — R U {oco} be a
convex functional. Then, x* € X™* is a subgradient of f in x if

fO) = fx)+ (x*,y—x) VyeX.
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A

v
v

Figure 2.1. The subgradient of a function at x as the slope of the hyperplane supporting the
function in x. For smooth functions the subgradient is single-valued, whereas for non-smooth
functions in general it is not.

The set 0f(x) of all subgradients of f in x is called the subdifferential. We will call
both the subgradient and the subdifferential as subgradient if it is clear from the con-
text which one is meant. Especially for single-valued subdifferentials we will identify
the whole set with its single element.

All affine linear functionals g : X — R which are tangential to the functional f at
x, meaning that g(y) < f(y) forall y and g(x) = f(x), can be written in the form

gy) = (x*.y —x) + f(x)

with some element x* € X*. Notice that the graph of g is a hyperplane. Therefore,
geometrically, the subgradient is the slope (or set of slopes) of a hyperplane, which
supports f (cf. Figure 2.1).

Theorem 2.21 (optimality conditions). Let f : X — R U {co} be convex and z €
D(f) then

f(z)=)rcréi)r(1f(x) & 0<fx)—f(z) VxeX < 0€df(2)

(cf [211,4.1.2]).

Therefore, 0 € df(z) is the generalization of the classical optimality condition
f’(z) = 0. The subgradient also is the generalization of the gradient in the sense that
if f is Gateaux-differentiable, then df (x) = {V f(x)}.

In general the subgradient of a function may also be the empty set. However, if the
functional is Lipschitz-continuous, its subgradient is not empty, cf. [226, Chap. I1.7.5].
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Let f and g be two convex functionals. Then
IS+ g)(x) 2 9f(x) + dg(x).
since for any x* € df(x) and z* € dg(x) we have
J) + (P y—x)+ () + (5. y —x) = f(¥) + g(»).

The next theorem provides a sufficient condition for f and g to satisfy d( f + g)(x) C
af (x) 4+ dg(x), too.

Theorem 2.22 (subgradient of sums). Let X be a Banach space and f,g : X —
R U {oo} be convex functionals. If there is a point in D(f) N D(g) such that f is
continuous, then for all x € X the equation

I(f + g)(x) = f (x) + dg(x)
holds (cf. [243, Theorem 47.B]).

Theorem 2.23 (subgradient of compositions). Let f : Y — R U {oo} be a convex
Sfunctional and A : X — Y a bounded (continuous) linear operator. If f is continuous
at some point of the range of A then for all x € X

I(f o A)(x) = A™(3f (Ax))
(cf. [226, 11.7.8]).
Theorem 2.24 (subgradient of translation). Ler f : X — R U {00} be convex. Then
IfC=yNx) = @f)(x —y).
Proof. Let x* € 3(f(- — y))(x), then
fz—y)> f(x—y)+ {(x*.z—x) VzelX.
Hence witha = z — y
fla)= f(x—y)+ (x*.a—(x—y)) VYaeX.

Therefore, we get d( (- — y))(x) C (3f )(x — »). In the same way one can prove that
I(fC=yNx) D @f)(x —y). 0

As a consequence of the last three theorems, we are now able to formulate the
optimality conditions for the Tikhonov functional (2.1).
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Corollary 2.25. We have
0S 14—y 15 () = (%01 ] - =y I5)(Ax) = (A* 9L ]| - [§)(Ax — P).
Hence, if xg minimizes the functional T, then
0€A*@LI - 17)(AxE = »P) + - 0Q(xD).
In particular for Q(x) := %||x||q, with q > 1, we get

0€ A* (%] - I9)(Axg = »°) + @21l 19 &) 2.2)

As a final fact emerging from general convex analysis we mention that the notion
of the subgradient also generalizes the concept of monotonicity. We recall that, if
f : R — R is differentiable and convex, the derivative f’ is monotone, i.e.

(f'@x) = f')-(x=y) =0 Vx,y.

This is also true for all convex mappings if the derivative is replaced by the subgradi-
ent.

Theorem 2.26. The subgradient of a proper convex functional f : X — R defined
on a Banach space X is monotone, i.e.

<X*_y*7x_y)20 VX*eaf(x)vy*eaf(y)’ X,yEX

(cf. [203, Theorem 12.17]).

2.2.2 Duality mappings

In Corollary 2.25 we derived the optimality condition for the Tikhonov functional
(2.1). This condition uses the mappings

AI-I1P) and B - IF)-

To make effective use of the optimality condition, we need more information about
the structure of the above subgradients of powers of Banach space norms. We start by
introducing the so-called duality mapping J pX .

Definition 2.27 (duality mapping). The (set-valued) mapping JPX : X = X* with
p > 1 defined by

T = A e X o xx) = el ) = [x0P 7" (2.3)

is called the duality mapping of X with gauge function ¢ > 771,
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By ij we will denote a single-valued selection of JX, i.e. ij X > X*isa
mapping with ij x)eJ pX (x) for all x € X. We will sometimes abbreviate this to
D, ¢ ]X
Jp €J5.

However, for single-valued duality mappings J, pX we will use the symbols J pX and
ij interchangeably, i.e. formally j;° = Jlf( .

Again we will omit the index indicating the space, where it is clear from the context
which one is meant.

The duality mapping is the desired subgradient of powers of Banach norms.

Theorem 2.28 (Asplund Theorem). Let X be a normed space and p > 1. Then

3X=0(51-1%)
(cf. [10], [211, Section 4.6]).

As a corollary of Theorem 2.26 we get
Theorem 2.29. The duality mapping J;( is monotone, i.e.
(x*—y*,x—y)>0 forallx,y € X,x* € JPX(x),y* € JPX(y).

With the definition of the duality mapping J pX and its characterization by the The-
orem of Asplund (Theorem 2.28) we already have some tools to describe the subgra-
dients of powers of norms at our disposal. However, what we still lack is the exact
form of J pX . In the next example we provide J pX in an explicit form for the case of
Hilbert spaces and sequence spaces.

Example 2.30. In Hilbert spaces we have JZX (x) = x and therefore
X —
Ty () = ||x[|P72 - x.

Next, we consider the family of £”-spaces with exponents 1 < r < oo and infinite
sequences x = {x;}72, of real numbers as elements. These are Banach spaces with

1=
norms defined as
00 1/r
x|l := (Z |xi|’)

i=

equipped with the duality pairing (y, x) = Y 72, x;y;, where y = {y;}?°, € .
Here, we use r as the exponent of the sequence spaces, since we need the letter p
otherwise. We can easily compute

(Jy ()i = (V2 - 120 = 127 x|~ sign(xi).

We can write V instead of 0 since the functional is smooth, cf. [143,213,239].
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For r = 1 we have a dual space (£!)* = £ and

@i = @LI- 1D = Ix 177" - Sign(x).

where Sign is the set-valued sign function, defined in the same way as the regular sign
function except that Sign(0) = [—1, 1] (cf. [144, Corollary 3.3]).

We do not consider the case r = oo since it already becomes difficult to identify
the dual space of £°° and the subgradient of its norm in closed form. The situation
is, however, much simpler if we only consider the finite dimensional spaces RY of
N -dimensional vectors with real components, and equipped with the norm ||x||co :=
maxj<;<n |X;i|. Then, the dual space is the finite dimensional version of ¢! with the
norm |x||; ;= "N, |xi| and

(Jp())i = lIx[1Z7 - yi

where y; = 0 for i such that |x;| # ||| » sign(y;) = sign(x;) for all other i and
Zf\;l |vi| = 1. One of the elements of the subgradient is given by y; = sign(x;),
for exactly one i such that |x;| = ||x||ec and y; = O for all other i. For more details
we refer to [213,216].

Remark 2.31. The above example shows that at least for the finite dimensional case
the numerical complexity (i.e. the number of floating point operations) for the eval-
uation of the norm is comparable to the evaluation of the duality mapping and is of
order O (N ), where N is the dimension of the vector space under consideration. Fur-
thermore, the evaluation of the duality mapping is not slower than the evaluation of a
usual operator mapping from R to RY, which we assume to be of order @ (N) or
O(N -log N) floating point operations for the so-called fast operators and (N 2) for
all other operators.

In all algorithms presented in this work we will make the silent assumption that the
evaluation of the norm and the duality mapping is computationally not more expensive
than the evaluation of the operator.

To present the most important properties of the duality mapping we need some
notions from the geometry of Banach spaces. Therefore, we will first introduce the
basic notions in the subsequent section and then state the properties of the duality
mapping in Theorem 2.53.

2.3 Geometry of Banach space norms

Is there any way to say that a Banach space has ‘good’ geometric properties? We
know that the norm of a Banach space is convex, hence also the monomials of norms
are convex supposed that the exponent is not smaller than one. So far, the only ge-
ometrical notion connected to convex functions is the subgradient. Therefore, it is
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natural to introduce ‘niceness’ of a Banach space by extending (or enhancing) the
subgradient definition. Further we keep in mind that the subgradient of a power of the
norm is the duality mapping.

From Definition 2.20 and Theorem 2.28 we know that for all x, z € X we have

1 1 X

Lzl? = Lixell? = (1X (x).z = x) = 0,
and setting y = —(z — x) yields

1 1 X

Ll =y 12 = Lixl? + (X (). 9) = 0.

We are interested in the upper and lower bounds of the left-hand side of the above
inequality, in terms of the norm of y, say

X
Ll = 117 = Lll? + (X (0. ) = Ly]?

or
Govll2 > Ly — +lI12 — L|I|12 X
2Iyl? = Ly = xl? = Lxll? + (X (). )

for some G, cp > 0.
2.3.1 Convexity and smoothness
We start with the definitions of p-convexity and p-smoothness of a Banach space.

Definition 2.32 (p-convex). We call a Banach space X convex of power type p or
p-convex if there exists a constant ¢, > 0 such that

Iy _ 2 > 1 p_(iX ‘o P
L = yl? = Lx)? = X @).0) + 2yl
for all x, y € X and all ij € Jlf(.

Definition 2.33 (p-smooth). We call a Banach space X smooth of power type p or
p-smooth if there exists a constant G, > 0 such that

iy — )12 < Lx)l? — (i X o iy11P
X =217 = SlIxl1” = {p (o). y) + =y 24)
for all x, y € X and all ij € Jlf(.
In some cases we will consider more general Banach spaces.

Definition 2.34 (strictly convex). We call X strictly convex if H %(x + y)|| < 1 for
all x, y from the unit sphere of X satisfying the condition x # y.
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Definition 2.35 (uniformly convex). We say X to be uniformly convex if, for the
modulus of convexity §x : [0,2] — [0, 1], defined via

1
s =t {1= | S+ 3| el = ) = 1l =31 = 2

we have
0x(e) >0 VO0O<e<2.

Definition 2.36 (smooth). We call X smooth if for every x € X with x # 0 there is
aunique x* € X* such that ||x*|| = 1 and (x*,x) = || x|.

Definition 2.37 (uniformly smooth). We say X to be uniformly smooth if for the
modulus of smoothness px : [0, 00) — [0, co) defined via

1
px(7) = Ssupillx +yll + llx —yll =2 flxll = Lyl = 7}

we have the limit condition
lim PX (v)
1m =
>0 T

0.

Remark 2.38. Notice that if a Banach space is p-smooth for some p > 1, then

the p-th power of norm is Fréchet differentiable, hence Gateaux differentiable and

therefore JI;X (x) is single valued for all x. By Theorem 2.53, we will see that if
X . . X . .

J (x) is single-valued for all x and some p > 1 then J; (x) is single-valued for all

xandall p > 1.

Xu and Roach [239] have proved the following inequalities, which are very useful
in a series of proofs below.

Theorem 2.39 (Xu—Roach inequalities I). Let X be uniformly convex and 1 < p <
00. Then for every ij € Jlf( and for every pair of elements x,y € X we have

lx = yII? = X017 = p(iX (), ¥) + 0p(x. ) 2.5)
with
1
(Ix =ty v [1x])? ( iyl )
op(x,y) = K/ dx dt, (2.6
pRe )= PR | : 2(x —ty[ v xD)
where

Kp=4(2—|—«/§)min{%p(p—1)/\l, (%p/\l)(p—l),

(p—l)(l—(ﬁ—nq) : 1—(1+(2—d§)q)1_p}. 2.7)
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In the special case that X is convex of power type we can deduce interesting variants
of these inequalities.

Theorem 2.40 (Xu—Roach inequalities II). The following statements are equivalent:
(a) X is s-convex.

(b) For some p with 1 < p < 00, some j13X € JpX and for every x,y € X we have
(Jp () = X (), x = y) = Cmax{||x[|, [y}~ [lx = y[)°.
(c) The statement (b) holds for all p with 1 < p < o0, all ij € JI;X and all
x,y € X.

(d) For some p with 1 < p < oo and some ij € JpX the inequality (2.5) holds for
all x,y € X. Moreover, for op(x, y) as defined in (2.6) we have

1
op(x,y) = C/O P max{|lx — oy ||, (I[P |y [1*dr.

(e) The statement (d) holds for all p such that 1 < p < oo, all ij € JPX and all
x,y eX.

The generic constant C > 0 can be chosen independently of x and y.

For uniformly smooth Banach spaces we also have corresponding Xu—Roach in-
equalities.

Theorem 2.41 (Xu—Roach inequalities III). Let X be uniformly smooth, 1 < p < oo,
and ij € JpX. Then, for all x,y € X, we have

Ix = 112 < Ix[1” = p{j,X (x).y) + 6 (x. ) 2.8)
with
U (llx =ty v [Ix])? tllyll
op(x,y) = pG / X ( )dr, (2.9)
? 2 o ' P\ = oyl v ]

where G, = 8 Vv 64CKP_1 with Kj defined according to (2.7) and

70 /339 — 18

15
c=4— 1_[ (1 + -To) with 19 =
+2
,/1—!—13—1]:1 2 30

If X is smooth of power type then the following characterizations of these estimates
hold.

o0
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Theorem 2.42 (Xu—Roach inequalities IV). The following statements are equivalent:

(a) X is s-smooth.

(b) For some p with 1 < p < oo the duality mapping JPX is single-valued and for
all x,y € X we have

17,5 ) = LX) < € maxc{|lx[l, [y 137l =yl

(c) The statement (b) holds for all p such that 1 < p < oo.

(d) For some p with 1 < p < oo, some jﬁX € JPX, and for all x,y € X the
inequality (2.8) holds. Moreover, for 6,,(x,y) as defined in (2.9) we have

1
op(x,y) < C/O = max{[|lx — ey |l X320 [y |1 de.

(e) The statement (d) holds for all p such that 1 < p < oo and all j;( € JPX.
The generic constant C > 0 can be chosen independently of x and y.
Corollary 2.43. Let X be p-smooth. Then for all q such that 1 < q < p the space

X is also q-smooth. If on the other hand X is p-convex then for all q such that
p < q < oo the space X is also g-convex.

Proof. By the Xu—Roach characterization of smoothness of power type in Theo-
rem 2.42 we have for a p-smooth space and ¢ > 1 that

19g(x) = Jg)l < € max{||x||, 1y [}77 [|x = y |7~
Due to g < p we get
max{|lx[l, |y} 7P llx = y [P~ < Cllx — 7!

and therefore
19g(x) = Jg) < Cllx = |1 97".
Hence, again by the Xu—Roach characterization of smoothness of power type, the

space X is g-smooth. The proof for convexity of power type is analogous. o

Corollary 2.44. Let X be s-smooth and p > 1. Then the duality mapping JPX is
min{p — 1,s — 1}-Hélder continuous on bounded sets and single-valued.

Proof. If p < s then, by Corollary 2.43, we know that X is p-smooth too. Therefore,
by Theorem 2.42 the duality mapping JPX is (p — 1)-Holder continuous. If s < p,
then by Theorem 2.42 we have

17,5 () = I )l = € maxd x|l 1y 1377 e = p 71 < Cllx =y

|

on bounded sets, which proves the claim.
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Remark 2.45. The definitions of convexity of power type in Definition 2.32 and
smoothness of power type in Definition 2.33 can be regarded as special cases of The-
orems 2.40 and 2.42 where the index p of the duality mapping has the same value as
the index s denoting the type of power of the space.

Next, we present prominent examples of spaces convex of power type and smooth
of power type.

Example 2.46. The polarization identity

allx =212 = Zlx)? = (x.9) + 3112

ensures that Hilbert spaces are 2-convex and 2-smooth.

Example 2.47. Let § C R” be a domain. It is known [130, 143,239] that

e the spaces £” of infinite real sequences,
o the Lebesgue spaces L7 (§), and
o the Sobolev spaces W' (§)

equipped with the usual norms and 1 < r < oo are
max{2,r} — convex

and
min{2, r} — smooth.

The Besov spaces Bls,,q (R) are
max{2, p,q} — convex

and
min{2, p, g} — smooth.

FOf ¢! one can show with x = (1,0,...), Jlfl (x) = (1,0,...),y = (0,0,...), and
jlf (y) = (1,0,...), that the space cannot be p-convex or p-smooth for any p.

The examples above justify our view that convexity and smoothness of power type
is quite common. Moreover, we see that the powers in the convexity and smoothness
of power type interpolate between the space ¢2 which, as a Hilbert space, may be
regarded as a geometrically well-behaved space, and the spaces like £! or £°°, which
are regarded as geometrically ‘not so nice’, because no direct generalizations of the
polarization identity can be established in these spaces.

In Examples 2.46 and 2.47 we have seen that most of the usual spaces are smooth
and convex of some power type. Further, one can even show that spaces uniformly
convex or uniformly smooth are (up to some equivalent renorming) also smooth and
convex of power type.
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Theorem 2.48. Let X be uniformly convex or uniformly smooth. Then, there exists
an equivalent norm such that X equipped with this norm is smooth of power type
and convex of power type. Furthermore, every uniformly convex and every uniformly
smooth space is reflexive (cf. [57, Theorem 5.2]).

Remark 2.49. We note that although the proof of this theorem is constructive, it relies
heavily on Banach space geometry, especially notions of superreflexivity and Banach
spaces of Rademacher-type.

In the light of the above facts we will now go into more detail about spaces that
are smooth and convex of power type. These spaces share many very interesting
properties, which we summarize in the following theorems.

Theorem 2.50. If X is p-convex, then we have the following assertions:

@ p=2

(b) X is uniformly convex and the modulus of convexity satisfies §x () > CéeP?,
(c) X is strictly convex,

(d) X is reflexive

(cf- [239, p. 193], [48, Chapter II]).

Theorem 2.51. If X is p-smooth, then we have:
(@ p=2

(b) X is uniformly smooth and the modulus of smoothness of X satisfies px (t) <
Ct?,

(c) X is smooth,
(d) X is reflexive
(cf- 1239, p. 193], [48, Chapter 11]).

The next theorem allows us to connect properties of the primal space to the proper-
ties of the dual space.

Theorem 2.52 (duality of convexity and smoothness). We have the assertions:
(@) X is p-smooth if and only if X* is p*-convex.
(b) X is p-convex if and only if X* is p*-smooth.

(¢) X is uniformly convex (respectively uniformly smooth) if and only if X* is uni-
formly smooth (respectively uniformly convex).

(d) X is uniformly smooth if and only if X is uniformly convex
(cf. [143, Vol 11 1.e]).
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The following theorem represents a list of the most important properties of the
duality mapping.

Theorem 2.53. We have the following assertions:

(a) Foreveryx € X the set J, pX (x) is non-empty and convex.

(b) JX(—x) =—JX(x) and JX (Ax) = AP~V X (x) for all x € X and all X > 0.
(c) If X is uniformly convex then X is reflexive and strictly convex.

(d) If X is uniformly smooth then X is reflexive and smooth.

(e) X is smooth if and only if every duality mapping Jlf( is single-valued.

®) If X is uniformly smooth then JPX is single-valued and uniformly continuous on
bounded sets.

(g) Let X be reflexive. Then, X is strictly convex (respectively smooth) if and only if
X* is smooth (respectively strictly convex).

(h) X is strictly convex if and only if every duality mapping JPX is strictly monotone,
ie. (x*—y*x—y)>O0foral x,y € X withx # y and x* € JI;Y(x),
y* e JX ().

(1) For p,q > 1 we have

19715 @) = el P (o).

() If X is convex of power type and smooth, then J. pX is single valued, norm-to-weak

continuous, bijective, and the duality mapping J 13{* is single-valued with
X* 71X _
e (Jp (%)) = x.

(k) Let M # @ be a closed convex subset of X. If X is uniformly convex, there exists
a unique x € M such that

x|| = inf ||z|.
Ixll = inf =]

If in addition X is smooth then (JpX(x),x) < (JpX(x),z)for allze M

(cf. [213, Lemma 2.3 and 2.5], [48, Proposition 1.4.7.f and 11.3.6] and [239]).

Remark 2.54. Statement (a) is a consequence of the Hahn—-Banach theorem, asser-
tions (b) and (c) follow by a straightforward application of the definition of the duality
mapping. Property (j) holds even under the weaker condition that X is smooth, strictly
convex and reflexive. The importance of (j) can hardly be overestimated, since it states
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that e.g. for spaces being smooth of power type and convex of power type the duality
mappings on the primal space and the dual space can be used to transport all elements
from the primal to dual space and vice versa. We have

Jp)ﬁ* (JPX(x)) =x and J;((Jlﬁ*(x*)) =x* VxeX Vx*eX*
Lemma 2.55. Suppose that X, Y are Banach spaces and A € £(X,Y). Then
N(A*) = R(A)T and N(A) = TR(AY).
If additionally X is uniformly convex, then we have
TN(AY) = R(A) and  N(A)F = R(A7),

where the closures are always to be understood as the norm-closures in the corre-
sponding spaces.

Proof. The first part is Theorem 4.12 from [205]. Theorem 4.7 in [205] says that
L (M) is the norm-closure of M in X and (*N)= is the weak*-closure of N in X *.
Since X is uniformly convex and hence reflexive, the weak™-closure coincides with
the norm-closure in X *. O

2.3.2 Bregman distance

Due to geometrical properties of Banach spaces it is often more appropriate to exploit
the Bregman distance instead of functionals like ||x — y||§ or || ij (x) — jI;X (y)||§*
to prove the convergence of algorithms. The main idea of the Bregman distance is to
use the gap between a functional and its linearization instead of the functional itself
in order to measure distances.

Definition 2.56 (Bregman distance — special version). Let j, : X — X ™ be a single-
valued selection of the duality mapping J,. Then, the functional

D, (x,y) = SlIxI1” = Sy IP = (p(n).x —y), xyeX

is called the Bregman distance (with respect to the functional %H - 12).

If X is a smooth Banach space, then j, is single-valued according to Theorem 2.53
and the Bregman distance can also be calculated as

1 1
Dj,(x,y) = Fllyll” + ;IIXII” = {(Jp(), x)

1
= F(Hyﬂp = 1x17) + (Jp(x) = Jp(y). x). (2.10)
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Remark 2.57. To the best of the authors’ knowledge the concept of Bregman dis-
tances was introduced by Bregman in [28]. Moreover, we note that there are several
possible ways to define the Bregman distance of a convex functional. However, the
main idea is always to measure the gap between the functional and its linearization.
We visualize this concept in Figure 2.2.

The definition of the Bregman distance in this work is the same as in [32, 104]. We
point out that in some papers (cf., e.g., [213,216]) the Bregman distance is defined via

Ap(x.y) = SIyl? = Lxll? = (). y - ).

which is slightly different from the Definition 2.56, because the arguments are inter-
changed.

For general convex penalty functionals we will also use the following, more general
version of the Bregman distance concept.

Definition 2.58 (Bregman distance — general version). Let the functional Q : X —
R U {oo} be convex and let x, xT € X as well as §T € 9Q2(xT). Then the Bregman
distance in xT and £ with respect to  is defined as

Dg o xhy = Q) — Qi) — (87, x — xT).

Setting Q2(x) = ||x||?/p and xT = y we have D?T = Dj, with Dj, from Defini-
tion 2.56.

Remark 2.59. In all cases where we make use of D?T (x, xT) we will measure the

distance between a variable point x and a fixed point xT. In this context, our focus
is also on another fixed element & from 9$2(xT). We mention that, in this case, the
Bregman distance at some point is only defined if the subdifferential at this point is
not empty, and we refer to the concept of Bregman domain, which will be introduced
in Assumption 3.26 (a). For Q(x) = %||x||q the subdifferential is obviously never an
empty set (cf. Theorem 2.53).

Theorem 2.60. Let X be a Banach space and j, € Jp a fixed single-valued selection
of the duality mapping Jp. Then the following properties are valid:

(@ Dj,(x,y) =0.
(b) Dj,(x,y) =0ifand only if jp(y) € Jp(x).

(¢) If X is smooth and uniformly convex, then a sequence {x, } C X remains bounded
in X if {D;,(y,xn)} is bounded in R. In particular, this assertion is true if X is
convex of power type.
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Figure 2.2. Geometrical interpretation of the Bregman distance as the gap between the func-
tion and its linearization.

(d) Dj,(x,y) is continuous in its first argument. If X is smooth and uniformly con-

(e)

®

vex, then Jp is continuous on bounded subsets and Dj, (x, y) is continuous in its
second argument, too. In particular, this is true if X is convex of power type.

If X is smooth and uniformly convex, then the following statements are equiva-
lent:

i limpseo [|Xxn —x|| =0,

i, limpsoo X |l = ||lx| and limp— o0 (Jp(xn), x) = (Jp(x), x),
iii.  limp—o0 Dj,(x,xn) = 0.

In particular, this assertion is true if X is convex of power type.

The sequence {x, } is a Cauchy sequence in X if it is bounded and for all ¢ > 0
there is an N(¢) € N, such that Dj,(xi,x;) < € forall k,1 > N(e).

(g) X is p-convex if and only if Dj,(x,y) = Cllx — y||?,

(h) X is p-smooth if and only if Dj,(x,y) < C|x — y||?
(cf. [213, Theorem 2.12] and [239]).

Next, we formulate corollaries of the Xu—Roach inequalities (cf. Theorem 2.40)
regarding the Bregman distances.

Corollary 2.61. Let X be s-convex. Then, with the function o from the Xu—Roach
characterization of the convexity of power type in Theorem 2.40 we have:
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(@) If1 < p < sthen
Dj,(y.x) = C-op(x,x —y) = C - (Ix[ + IyD?~* llx = yII°.
(b) Ifs < p <oothen
Dj,(y.x) = C-op(x.x —y) = C-|lx — y||”.
The generic constant C > 0 can always be chosen independently of x and y.

Proof. By the Xu—Roach characterization of convexity of power type in Theorem 2.40
we have

Dj,(y,x)

Lyl = Lixll = (o). y — )

O-p(xvx _.y)

1
chz“%mwwx—ux—wwwm”ﬂu—ywm.

A%

Then the claims follow from the fact that
Ixll + Iyl = max{|lx —z(x — Y. [x]I} = 5llx — pll
forO0<tr <1. |

We again return to the properties of the Bregman distances. The following identity
for Bregman distances is known as the three-point identity.

Lemma 2.62. Let j, be a single-valued selection of the duality mapping JI;X . Then
we have

Dj,(x,y) = Dj,(x,z) + Dj,(z,y) + (jp(z) = jp(¥), x —z).
Proof. We have

Dy, (x.2) + Dj,(z.y) + (Jp(2) — jp(¥). x — 2)
1 1 :
= LIxll? = Lz0” = (jp (@) x — 2)
+ 2202 = L1y 0? — (Gp ()2 — )
+ (Up(2).x —2) = (jp(¥). x — 2)
= Lyx12 = LyyI2 — (; —
= LIx)? = L1yl = Gp()ex — )
= Dj,(x,y). i
We note that there is a close connection between the primal Bregman distances D ])i

and the related dual Bregman distances D JX :
y4
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Lemma 2.63. Let ij be a single-valued selection of the duality mapping JI;X S f
there exists a single-valued selection j;{k* of Jlfﬁ* such that for some fixed y € X we

have jX" (jX () = y, then

DX (y.x) = DEL(GF (). j )
forall x € X.

Proof. We omit the indices indicating the spaces. From straightforward computations
we obtain

Dj,(r.x) = LIy17 = Lxll? = (). y = x)
= Lxll? = K117 — (v (@) — Jp ).

For all x € X we have ||x||? = ||x||?~DP" = ||jp(x)||1’*. Therefore, we have

Dj,(y.x) = 2= ip”" = =iy WP = (v, jp(x) = Jp(»).

The final right-hand side is equal to Dj . (jp(x), jp(¥)), since by assumption
y = JjpUp(¥)). O

From the above lemmas follows an alternative form of the three-point identity.

Theorem 2.64. Let X be convex of power type and smooth of power type. Further-
more let y = jpx(¥*) and z = j,«(z*), where jp» is the unique single-valued
selection of J 13{‘*' Then we have for the unique single-valued selection j, of JI3X the
equation

Dj,(x,y) = Dj,(x,2) + Dj . (y*,2%) + (z* = y*, x —2).

Proof. Since X is convex of power type and smooth of power type, by Theorem 2.52
the dual X* is convex of power type and smooth of power type, too. Therefore, by
Theorem 2.42, the mappings J pX and JX" have only one single-valued selection, say
Jp and jp+ and by Theorem 2.53 we have j,(j,+(x*)) = x* for all x* € X™* and
jp*Up@)) = x forall x € X. Hence, j,(») = jp(p=(y*) = y* and jp(z) =
JpUp*(z*) = 2% as well as Dy, (z.y) = Dy (p). jp(2)) = Dy (v*.2%).
due to Lemma 2.63. The claim is then a consequence of the three-point identity of
Lemma 2.62. O



Chapter 3

Ill-posed operator equations and regularization

3.1 Operator equations and the ill-posedness phenomenon

In this chapter, we will introduce the mathematical expression of inverse problems in
terms of operator equations, i.e., abstract equations in Banach spaces. Depending on
whether the associated forward operator is linear or nonlinear we have to distinguish
between linear and nonlinear operator equations.

We should note that of course not all operator equations have an associated in-
verse problem. More precisely, it is an intrinsic property of inverse problems that the
forward operator is typically smoothing, since clearly distinct causes may be trans-
formed to nearby effects by the forward operator. Hence the inverse transformation
is typically roughening. This relationship is known as the so-called ill-posedness
phenomenon characterized by the disadvantage that smoothing mappings reduce in-
formation. In this context we refer to Hadamard’s classic concept (cf. [85]) of well-
posedness and ill-posedness, which we can reformulate as follows for an operator
equation in abstract spaces with an observable right-hand side and a non-observable
solution:

Definition 3.1 (Hadamard’s definition). An operator equation is called well-posed in
the sense of Hadamard if (a) it is solvable for all right-hand sides, if (b) the solutions
are uniquely determined and if (c) the solution is stable in the sense that small per-
turbations in the right-hand side only lead to small perturbations in the solution. If at
least one of requirements (a), (b) or (c) is violated, then the operator equation is called
ill-posed in the sense of Hadamard.

The most serious difficulty is the violation of the stability requirement (c) nearly
always occurring in the context of inverse problems. In applied mathematics one tries
to solve inverse problems approximately, which in mathematical terms corresponds
to the approximate solution of operator equations, and the main goal is to do so in a
stable manner. Also non-uniqueness, violating (b), is a serious difficulty of ill-posed
operator equations if the solution represents a well-defined quantity from natural sci-
ences, engineering or finance to be recovered, whereas non-existence, violating (a),
often can be overcome by appropriate modeling concepts.
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3.1.1 Linear problems

Let X and Y be two Banach spaces with generic norms for which we will use the uni-
form symbol || - || with respect to both spaces. Only if we use norms of elements from
a third Banach space or if we temporarily need some alternative norm in X or ¥ we
characterize this by indices, as for example || - ||z. The typical mathematical expres-
sion of linear inverse problems consists in the solution of linear operator equations

Ax =y, xelX, yeR(A)CY, (3.1)

where A : X — Y is a bounded (continuous) linear operator and R (A) its range. If
A fails to be injective, i.e., the null-space N (A) of A is non-trivial, then the problem
(3.1) has more than one solution and is ill-posed in the sense of Definition 3.1 since
requirement (b) is violated. In such case one is usually interested in the solution which
has the smallest norm. To overcome the possible non-uniqueness we define:

Definition 3.2 (minimum norm solution). We call xT € X a minimum norm solution
of the operator equation (3.1) if

Axt =y and  |xT|| = inf{||F|| : F e X, A% = y).

The following lemma (cf. [213, Lemma 2.10]) gives us an important characteriza-
tion of the minimum norm solution:

Lemma 3.3. Let X be a smooth and uniformly convex Banach space. Moreover, let Y
be an arbitrary Banach space. Then the minimum norm solution xT of (3.1) exists and
is unique. Furthermore, it satisfies the condition Jlf( (xT) e R(A*) for 1 < p < o0.
If additionally there is some x € X such that J;( (x) € R(A*) and x — xT € N(A)

then we have x = xT.

Proof. The set M := {z € X : Az = y} is a nonempty closed convex subset
of X since y € R(A) and A is a continuous linear operator. Item (k) of Theo-
rem 2.53 guarantees the existence and uniqueness of the minimum-norm solution
xt of (3.1). Now let z be an arbitrary element of N (4). Then xT + z € M and
again by Theorem 2.53 (k) we have (Jlf( (xT), xT) gy < (Jlf( (T, xT £ 2) yrnx =
(J;((x*),xT)X*Xx + (J;((xT),z)X*XX. It follows that (JI;Y(xT), Z)x*xx = 0 and
hence JPX (xT) € (M (A4))L. This, however, implies that JPX (xT) € R(A*) because
we have (N (4))+ = R(A*) for uniformly convex Banach spaces, see Lemma 2.55.
If JpX (x) € R(A*) for x € X, then we can find a sequence u, € Y™* such that

JPX (xT) — JPX (x) = limy, 0 A*uy. This shows

(XN = I ) xt = x)pex = lim (A*up, xT = x)xenx
n—oo

(Mn,A(XT —X))y*xy =0

lim
n—oo

since xT — x € N (A4). Using Theorem 2.53 (h) we conclude that x = xT. O
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Remark 3.4. Even if the mapping y € R(4) — xT € X to the minimum norm
solution is uniquely determined, this mapping needs not be linear in general Banach
spaces. It is homogeneous but not necessarily additive. If, however, A is injective
then A™' : R(A) C Y — X is linear and we have xT = A~!y. For non-injective A
but Hilbert spaces X and ¥ we have xT = ATy with a linear operator AT : R(4) @
R(A)+ C Y — X called the Moore-Penrose inverse. Notice that the term minimum
norm solution for Hilbert spaces is sometimes used to describe the solution of the
normal equations A* Ax = A*y with minimum norm. However, this is not the sense
in which we use this term here.

The stability requirement (c) in Definition 3.1 translates to a range condition for
linear operator equations, and we here refer to the concept of Nashed (cf. [171]):

Definition 3.5 (Nashed’s definition). A linear operator equation (3.1) is called well-
posed in the sense of Nashed if the range of A is closed, i.e., R(A) = R(A), and
ill-posed in the sense of Nashed if the range of A is not closed, i.e., R(A4) # R(A).
Moreover, for nonclosed range R(A) we call the equation ill-posed of type I if R(A)
contains a closed infinite dimensional subspace Y and the nullspace N (A) is topolog-
ically complemented in the subspace A~ (Y) := {x € X : Ax € Y}. If not, then
ill-posed of type II.

Remark 3.6. Note that R(A4) # R(A) cannot occur if dim(R(A)) < oo, because all
finite dimensional subspaces are closed. Hence for dim(X) < oo and for degenerating
A such that dim(X) = oo, but dim(R(A4)) < oo, the equation (3.1) is always well-
posed in the sense of Nashed. Thus any finite dimensional discretization

A =7, AeR™" %eR" jecR™ (3.2)

of the operator equation (3.1) is well-posed. Such discretizations occur in all numeri-
cal approaches as approximations of (3.1). However, if A approximates A sufficiently
well, the system of linear equations (3.2) is in general ill-conditioned. This means
that for sufficiently fine discretization the condition number cond(A) of the matrix A
is large and tends to infinity as n — oo.

Remark 3.7. Provided that X and Y are infinite dimensional Hilbert spaces, ill-
posedness of type II occurs if and only if A is compact with dim(R(A4)) = oo.
Otherwise, in the case of Hilbert spaces, we have ill-posedness of type I if and only if
the range R (A) is not closed, but contains a closed infinite dimensional subspace.

Based on Lemma 3.8 the subsequent proposition explains the essential connection
between the ill-posedness concepts by Hadamard and Nashed for injective linear op-
erators A (cf. also [170]).

Lemma 3.8. [171, Proposition 2.1]. If the range R(A) of a bounded linear operator
A : X — Y mapping between two Banach spaces X and Y is not closed, then A
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has no bounded inner inverse, i.e., no bounded linear operator B : R(A) CY — X
satisfying the equation ABA = A.

Proposition 3.9. [f the bounded linear operator A : X — Y mapping between Ba-
nach spaces X and Y is injective, then the operator equation (3.1) is ill-posed in
the sense of Nashed if and only if the inverse operator A= : R(A) C Y — X is
unbounded, i.e., A7 fails to be continuous and the stability requirement (c) of Defi-
nition 3.1 is violated.

Proof. If equation (3.1) is ill-posed in the sense of Nashed, then A~! is an inner
inverse of A and, by Lemma 3.8, cannot be bounded. Vice versa if (3.1) is well-posed
in the sense of Nashed we have R(A) = R(A) and the closed subspace R(A) of Y
endowed with the same norm as Y is a Banach space. In this case Banach’s bounded
inverse theorem applies and ensures that A~! is a bounded and hence continuous
operator. O

3.1.2 Nonlinear problems

The typical mathematical expression of nonlinear inverse problems consists in the
solution of nonlinear operator equations

F(x) = y, xeDF)C X, ye F(D(F)) CY, (3.3)

where F : D(F) € X — Y is a nonlinear operator with domain O (F) and range
F(D(F))={yeY : F(x)=y forsome X € D(F)}.

Unfortunately, the majority of inverse problems cannot be treated by means of the
mathematically simpler linear operator equations (3.1) since either the forward oper-
ator I is frequently far from being a linear mapping, or additional constraints coming
from a priori information about the sought solution require the handling of a domain
D(F), which also destroys the simple structure of the unconstrained linear equation
(3.1). For some inverse problems in partial differential equations, aimed at finding
unknown parameter functions in the differential equation, or in boundary conditions,
e.g., in the context of heat transfer or wave propagation, the forward operator F is
even nonlinear if the differential equation is linear.

According to the local character of solutions in nonlinear equations we have to fo-
cus on some neighborhood of a reference element x € X which can be interpreted as
an initial guess for the solution to be determined. Consequently, we shift our coordi-
nate system from zero to X and search for X-minimum norm solutions:

Definition 3.10 (X-minimum norm solution). We say that x* € D(F) € X is an
X-minimum norm solution of the operator equation (3.3) if

F&xHh=y and |x'=%| =if{|Z=%| : ¥ € D(F), FX) = y}.
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In order to ensure that X-minimum norm solutions to the nonlinear equation (3.3)
exist, we make some assumptions about the Banach spaces X and Y, as well as about
the operator F and its domain D (F'), which are of later importance. In this context,
for the Banach spaces X and Y we distinguish between norm convergence, abbre-
viated by — and weak convergence abbreviated by —, respectively. We note that
uniqueness of X-minimum norm solutions, in general, cannot be guaranteed in the
case of nonlinear operator equations.

Assumption 3.11.

(a) X and Y are infinite dimensional reflexive Banach spaces.
(b) D(F) is aconvex and closed subset of X.

(¢) F:D(F) < X — Y is weak-to-weak sequentially continuous, i.e., x, — X in
X with x,, € D(F), n € N, and xg € D(F) implies F(x,) — F(x¢)inY.

We mention the following lemma (cf., e.g., [164, p.251]) and its corollary to clarify
the consequences of Assumption 3.11.

Lemma 3.12. The closed unit ball of a Banach space X is weakly sequentially com-
pact if and only if X is reflexive. Moreover, in reflexive Banach spaces a convex and
closed subset is also weakly sequentially closed.

Corollary 3.13. Any closed ball in a reflexive Banach space X is weakly sequentially
compact. Hence, for all ¢ > 0 an infinite sequence {x, }o-, belonging to the sublevel
set

Mx(c):={xeX : [x—X| =c}

has a weakly convergent subsequence x,,, — xo € Mx(c) as k — oo.

Under Assumption 3.11, by Lemma 3.12 D (F) is weakly sequentially closed and
Xn — X0 in X with x, € D(F), n € N implies xo € D(F). Furthermore, by
Corollary 3.13 the intersection of O (F') with a closed ball in X is weakly sequentially
compact.

Proposition 3.14. Under Assumption 3.11 the nonlinear operator equation (3.3) pos-
sesses an X -minimum norm solution.

Proof. By definition there exists a sequence {x,}>>, of elements from D (F) such
that F(x,) =y foralln €N and lim, o | Xn —X|| = infzepn(F): FE)=y IX—X[ >0.
Since any such sequence belongs to a closed ball in X by Corollary 3.13, there is a
subsequence x,, — xo € D(F). Since the norm is weakly lower semicontinuous
this yields ||xo—X| = infzep(F): F(x)=y [|X—X|| and by item (c) of Assumption 3.11

we have F'(xo9) = y. Hence xg is an X-minimum norm solution. O
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The violation of the stability requirement (c) in Definition 3.1 translates to a local
condition at a solution point xo € D(F) of (3.3) for nonlinear operator equations.
Here, we refer to the concept of local ill-posedness (cf. [110,111] and [101]) acting
in closed balls B, (xo) with center x¢ and radius r > 0:

Definition 3.15 (local ill-posedness). A nonlinear operator equation (3.3) is called
locally ill-posed at the point xo € D(F) satisfying F(xo) = y if for arbitrarily small
radii r > O there is a sequence {x, },>; C B,(xo) N O(F) such that

F(xp) > F(xg) in Y, but x, Ax9 in X, as n— oo.

Otherwise the equation is called locally well-posed at x.

If an equation (3.3) is locally ill-posed, then a solution x¢ cannot be recovered
sufficiently well, even if the perturbations on the right-hand side y = F(x¢) are arbi-
trarily small. This means that the error norm ||x;, — x¢|| of a sequence of approximate
solutions {x, };2; C D(F) satisfying lim, oo || F (xn) — F(xo)|| = 0 need not con-
verge to zero. Local ill-posedness includes the case of local non-identifiability which
occurs when xg is an accumulation point with respect to the norm topology of ele-
ments x,, such that F(x,) = F(xg). Analogous to the fact that compact operators
A are responsible for an essential class of ill-posed linear operator equations in the
sense of Nashed (cf. Remark 3.7), wide classes of locally ill-posed nonlinear operator
equations are associated with compact nonlinear forward operators F' where, as in
the linear case, we call F' compact if it transforms every subset of O (F’), which is
bounded in X, to a sequentially pre-compact subset of Y.

Proposition 3.16. Under Assumption 3.11 the nonlinear operator equation (3.3) is
locally ill-posed at a point xo € D(F) satisfying F(xo) = y if the operator F
is compact and for arbitrarily small radii r > 0 there is a sequence {xp}5~; C
B (xo) N D(F), such that F(x,) — F(x¢) inY, but x, / xo in X asn — oo.

Proof. Since F is compact and, by Assumption 3.11 (c), also weak-to-weak contin-
uous, weakly convergent sequences x,; — X in X will be transformed to strongly
convergent sequences F'(x,) — F(xg) in Y. This yields the local ill-posedness at the
solution point xy. |

In the context of Hilbert spaces , the main ideas of Proposition 3.16 can already
be found in Proposition A.3 of [68]. If, for an infinite dimensional separable Hilbert
space X, the domain D (F) contains a ball By, (xo) for some ro > 0 then, under
Assumption 3.11, by Proposition 3.16 we have local ill-posedness at xo whenever the
operator F is compact: for an orthonormal basis {e, }52; in X and forall0 < r < rp
itholds x,, — xo for x, := xo+re, — xo, but ||x,—x0| = r > 0. As a consequence
of the Josefson-Nissenzweig theorem (cf. [69, p.88]), which ensures the existence of
elements e, — 0 with ||e, || = 1 in any infinite dimensional reflexive Banach space
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we can formulate the following corollary. (Since bounded linear operators are weak-
to-weak continuous we can apply this result to linear problems as well.)

Corollary 3.17. Under Assumption 3.11 the nonlinear operator equation (3.3) is lo-
cally ill-posed at a point xo € D(F) satisfying F(x9) = y if the operator F is
compact and Br,(xo) C D(F) for some ro > 0. Moreover, for infinite dimensional
reflexive Banach spaces X and compact linear operators A, the linear operator equa-
tion (3.1) is always ill-posed in the sense of Nashed of type II.

3.1.3 Conditional well-posedness

For linear (3.1), as well as for nonlinear (3.3) operator equations, in a Banach space
setting ill-posedness can be overcome by restricting the domain of the forward oper-
ator to appropriate subsets M of X. Frequently, the problems are then called condi-
tionally well-posed with respect to M. Here, we explain this for nonlinear equations.
As a preliminary, we introduce the concept of index functions.

Definition 3.18 (index function). A function ¢ : [0, 00) — [0, o) is called an index
Sunction, if it is strictly increasing and continuous with ¢(0) = 0.

Index functions play an important role for the error analysis of ill-posed problems.
Note that the name index function refers to indices of variable Hilbert scales, see
[90,91] and more recently [92, 162, 163].

Firstly, conditional well-posedness can be enforced by compactness of the domain
D(F), and we refer to Tikhonov’s theorem, see [12,234], formulated now as Propo-
sition 3.19.

Proposition 3.19. Let F : D(F) € X — Y be a continuous operator mapping
between Banach spaces X and Y and let D(F) := M be a compact subset of X.
Moreover, suppose that for given y € Y there exists a uniquely determined solution
X0 € M of the operator equation (3.3). Then, for a sequence y, = F(x,) with
Xn € M, the convergence limy,_ ||yn — y|| = 0 with respect to the norm in Y
implies the norm convergence lim, o« || X, — x0|| = 0in X.

As one can see, compactness of M implies local well-posedness (cf. Defini-
tion 3.15) at any point xo € M for which the solution of (3.3) with y = F(xop) is
uniquely determined in M. Compact subsets M occur, for example, if the domain
of F is further restricted by objective a priori information in the form of monotonic-
ity, convexity or concavity properties, imposed on functions x from a bounded set in
LP(a,b) with 1 < p < oo (cf. [233]). Note that norm-to-norm continuity of the
operator F in Proposition 3.19 can be replaced by a weak-to-weak continuity without
changing the assertion.

Secondly, conditional well-posedness can also be stated if (3.3) is ill-posed on the
domain D(F), but there is a (not necessarily compact) subset M of D (F'), such that
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a conditional stability estimate
lx1 —x2[l < @([F(x1) — F(x2)l)  forall xeMCX (34

holds for some index function ¢ (cf., e.g., [111,208]). Then under condition (3.4) and
for D(F) = M the operator F is injective and a proposition analogous to Proposi-
tion 3.19 can be formulated which, however, is without the requirements of compact-
ness for M and of continuity for . Consequently, under (3.4) the equation (3.3) is
locally well-posed at each point xo € M. The function ¢ in condition (3.4) can be
considered as an upper bound of the modulus of continuity of the inverse operator
F~!, restricted to F(M) C Y. An example of (3.4) for nonlinear F is given in [138]
in the context of inverse option pricing. For linear forward operators A conditional
stability estimates of the form

Ix]l < @(lAx]) forall xeMCX

are preferred to be considered, and we refer to [108,230] for details and examples of
linear inverse problems.
Note that a frequently used version of (3.4) refers to radius-dependent families of
sets
M=Mp:={xeDF)NZ: |x|z <R},

where Z is a Banach space with norm || - ||z. This space is assumed to be densely
defined in, and continuously embedded into the original space X . Then, for obtaining
conditional stability it is assumed that there exist constants C(R) > O for all R > 0
and an index function ¢ such that

X1 —x2fl = C(R)@( F(x1) = F(x2)l[)  forall xi,x2 € Mg.

‘We refer to the articles [47] and [113] for details. Moreover, results in the context of
Tikhonov-type regularization will be given in Section 4.2.5 below.

3.2 Mathematical tools in regularization theory

In general, if one tackles an applied inverse problem by solving the corresponding
operator equations (3.1) or (3.3), formulated in infinite dimensional Banach spaces X
and Y, the ill-posedness phenomenon appears. It produces serious practical problems
since, instead of the exact right-hand side y, only noisy data, i.e., elements y5 ey
satisfying the inequality

Iy =yl <8 (3.5)

with noise level § > 0, are available. When using such perturbed data the goal consists
of the stable approximate solution of the operator equations. Since for ill-posedness
reasons the optimization problems

|Ax — y8|| — min, subjecttox € X,
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in the linear case, as well as
|F(x) — y®| — min, subjectto x € D(F) C X,

in the nonlinear case, both aimed at minimizing the norm discrepancy as a fidelity term
or misfit term for the operator equations, need not be solvable, or, if they are solvable,
the approximate solutions are unstable and wrong, stable auxiliary problems must
be used in order to overcome, or at least reduce the destructive influence of the ill-
posedness. This is the idea of regularization, which can be realized in diverse ways.

Approximate solutions for ill-posed problems, which are called regularized solu-
tions if they result from the use of regularization methods (see, for example, [67, 100,
150, 199, 232]), should not try to minimize the norm discrepancy, because this leads
to highly oscillating solutions, and does not make sense. In contrast, the discrepancy
norm of regularized solutions must be brought into agreement with the noise level
§ > 0, and from all potential solution elements compatible with the data in this sense
we select only those that are reliable with respect to additional subjective or objective
a priori information. Such information can refer to solution smoothness, further con-
straints or closeness to some reference element. Mostly, a regularization parameter
a > 0 controls the neighborhood properties of the auxiliary problems. Larger values
of o express higher stability of the approximate solutions, but the auxiliary problem
is rather far from the original one. On the other hand, values of o near zero represent
auxiliary problems close to the original one, but they tend to become more and more
unstable as « — 0. Hence, smart regularization approaches must find an appropriate
trade-off between the conflicting goals of stability and approximation.

Regularized solutions based on y‘g must be stable, i.e., their fluctuation should be
small for small changes in yS. Moreover, convergence is required, i.e., the approxi-
mate solutions should converge to exact solutions of the ill-posed operator equation
under consideration. If the solutions are not uniquely determined, the convergence
targets solutions with preferred properties, for example minimum norm solutions
(cf. Definition 3.2), X-minimum norm solutions (cf. Definition 3.10), or 2-minimizing
solutions (cf. Definition 3.25 below). A mathematically very challenging aspect in
regularization is to derive convergence rates, i.e., to detect conditions under which the
error of the regularized solution, evaluated by norm or alternative error measures, con-
verges with some rate of order ¢(8) as § — 0, where ¢ is an index function (cf. Def-
inition 3.18). In the next subsection we will describe regularization procedures for
linear problems and briefly mention the analog for the nonlinear case.

3.2.1 Regularization approaches

Definition 3.20 (regularization). A mapping that transforms every pair (y%,«) €
Y x (0,a] with 0 < o < +o00 to some well-defined element xg € X is called
a regularization (procedure) for the linear operator equation (3.1), if there exists an
appropriate choice o« = a(yS,S) of the regularization parameter such that, for ev-
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ery sequence {y,},—; C Y with ||y, — y|| < 6, and §, — O asn — oo, the

corresponding regularized solutions xi’z by COnVErge in a well-defined sense to the
n»-vn

solution xT of equation (3.1). If the solution is not unique, regularized solutions have
to converge to solutions of equation (3.1) possessing the desired properties, e.g., to
minimum norm solutions. For nonlinear operator equations (3.3) with regularized so-
lutions xg € D(F), the definition is analogous. If the solution of equation (3.3) is not
unique, convergence to solutions possessing desired properties, e.g., to X-minimum
norm solutions, is required. In case of non-uniqueness, different subsequences of reg-
ularized solutions can converge to different solutions of the operator equation, which
all possess the same desired property.

Remark 3.21. We have to distinguish between a priori parameter choices a = «(8)
independent of the data element y3 and a posteriori parameter choices o = o( y‘g, 3),
that take advantage of knowledge of the present data. From [13] we know that param-
eter choices o = a(ys) that avoid the explicit use of the noise level § cannot be the
basis of regularization procedures. However, since in practice knowledge of § is not
always an acceptable premise, heuristic parameter choices like the L-curve rule, the
quasi-optimality rule and the approach of generalized cross validation (cf., e.g., [89])
with different modifications and realizations like the model function method (cf. [139]
and [99, 157,237,238]) are also of some importance for the stable approximate solu-
tion of ill-posed inverse problems. Recently, it was shown that they can even yield
regularization procedures if additional conditions imposed on noise and solutions are
satisfied (cf. [133, 174]). Further details concerning the choice of regularization pa-
rameters will also be presented in Sections 4.1.2, 4.2 and 5.2.

In the case of linear operator equations in a Hilbert space setting, the construction
of regularization procedures is in general based on the approximation of the Moore-
Penrose inverse AT by an a-dependent family of bounded operators with regularized
solutions

xd = gu(A*A)A%yP, a>0,

and appropriate generator functions g (cf. [67,84,106,150,160,167,235]). Unfortu-
nately, in our Banach space setting neither AT nor A* 4 is available, since the adjoint
operator A* : Y* — X™* maps between the dual spaces. In the case of nonlinear
operator equations a comparable phenomenon occurs, because the adjoint operator

F'(xh* v* > x*
of a bounded linear derivative operator
FixT): X >vY

of F at the solution point xT € D (F) also maps between the dual spaces.
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Nevertheless, two large and powerful classes of regularization procedures with
prominent applications, for example in imaging (cf. [209]), were recently promoted:
the class of Tikhonov-type regularization methods in Banach spaces, to be presented
in Part III (see also [104, 210]), and the class of iterative regularization methods in
Banach spaces, to be presented in Part IV of this work (see also [14,128]). Tikhonov-
type regularization and iterative regularization can be applied to linear as well as to
nonlinear problems in Banach spaces in order to overcome the ill-posedness. In the
past decade, substantial progress has been made with respect to both classes.

For the former class of Tikhonov-type regularization, which is also called varia-
tional regularization, regularized solutions xg in our work are minimizers of an ex-
tremal problem of the form

1
Te(x) := —||Ax — y*|” + @ Q(x) — min, subjectto x € X, (3.6)
4
for linear operator equations (3.1), and of the form
1
Ta(x) := —||F(x) — y8||p + a Q(x) > min, subjecttox € D(F)C X, (3.7)
p

for nonlinear operator equations (3.3), respectively. We can consider the approaches
exploiting (3.6) or (3.7) as a penalized minimization of a fidelity term which is con-
structed by applying the index function

[l’
V() = —, t >0,
p

to the discrepancy norms || Ax — y?® || or || F(x)—y%||, respectively. The Tikhonov-type
regularization admits the inclusion of subjective a priori information of wide compre-
hension varying the penalty functionals 2. Indeed, for fixed @ > 0 the extremal
problem (3.7) is equivalent to an approach called residual method

Q(x) — min, subjectto |[F(x) — y’|| < K, x € D(F), (3.8)

for some constant K = K(«,8) > 0 (cf. [118,227] and [83]). If one considers
Q as a functional of sympathy, i.e., just elements x € X with small values Q2(x)
possess required properties, variational regularization tries to pitch on the most likable
approximate solutions among all those compatible with the data. However, the amount
of work required to compute the regularized solutions xg is in general huge, because
often non-quadratic optimization problems must be solved for any «, and a sizable
number of parameters has to be checked for selecting a best possible one with respect
to the data.

In the following, for all fidelity terms and penalty functionals, as ingredients of
the Tikhonov functional T, under consideration, the following Assumption 3.22 is
assumed to hold. This assumption complements Assumption 3.11, introduced in Sec-
tion 3.1.2.
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Assumption 3.22.
(a) For the exponent in (3.6) and (3.7), we have 1 < p < oo.

(b) Q:X — [0,00] is a proper convex and lower semi-continuous functional, where
proper denotes that the domain of €2

D) ={xeX : Qx) <oo}
is nonempty. Moreover, for nonlinear operator equations we also assume

D= D(F)ND(Q) # 0.

(c) €2 1is assumed to be a stabilizing functional in the sense that the sublevel sets
Ma(c) ={xe X : Qx) <c}
are weakly sequentially pre-compact in X for all ¢ > 0.

Remark 3.23. In this work, in order to measure the discrepancy between operator
images F(x) and data y‘g in variational regularization, we restrict our consideration
to terms of the form

1 .
Y(IF(x) — ) = SIFE) = Yo I? with 1< p < oo,

or their analogs for linear problems. Note that the limiting case p = 1 must be
handled specifically, because it produces strange situations, where the regularization
parameter needs not tend to zero as § — 0. So for p = 1 the results for conver-
gence rates in Tikhonov-type regularization are proved when the regularization pa-
rameter ¢ > 0 is chosen arbitrarily fixed but sufficiently small, see [32] where this
phenomenon is called exact penalization. More curious is the situation of p = 1
in [177], where optimal convergence rates require that « > 0 must equal to a fixed
value, depending on properties of the solution xT. On the other hand, motivated by
stochastic noise models, for example Poisson-distributed data occurring in imaging
problems, an extension of Tikhonov regularization theory in Banach spaces to more
general fidelity or misfit terms S(F(x), y®), sometimes also called similarity terms
and replacing ¥ (|| F(x) — y%]|), was recently promoted by several authors, and we
refer to [17,72,74,75,116,121,176, 185].

Remark 3.24. Frequently, coercivity of Q2 is considered as an important property of
the functional 2, which means that || x| — oo implies 2(x) — oo. However, this is
only used to conclude that all sublevel sets Mg (c) are bounded in X, and therefore
weakly pre-compact, provided X is reflexive. In Assumption 3.22 (c), we do not take
this detour, but directly postulate the essential property of weak pre-compactness.
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According to Assumptions 3.11 and 3.22, regularized solutions xg € D minimiz-
ing (3.7) exist for all « > 0, as will be proved in Proposition 4.1 below. We note that
this existence assertion is also valid for linear problems, where xg is a minimizer of
(3.6). This is a consequence of the fact that any bounded linear operator A : X — Y
is weak-to-weak continuous between Banach spaces X and Y.

By extending Definition 3.10 of X-minimum norm solutions to the case of gen-
eral penalty functionals €2, we introduce the concept of 2-minimizing solutions of an
operator equation (cf. [104]). In Definition 3.25, we will formulate this for nonlin-
ear problems. Analogously, 2-minimizing solutions extend the concept of minimum
norm solutions from Definition 3.2 for linear problems.

Definition 3.25 (Q-minimizing solution). We say that x* € D(F) € X is an Q-
minimizing solution of the operator equation (3.3) if

F&xy=y and Q(") =inf{QQF) : ¥ € D(F), F(F) =y}

Following along the lines of the proof of Proposition 3.14, one can easily show
that there exists at least one £2-minimizing solution for convex stabilizing functionals
2. Recently, non-convex penalty functionals €2 were also introduced to the field of
Tikhonov-type regularization (cf. [78,242]). However, a couple of additional analyt-
ical and numerical difficulties occur for such extensions, which we will not discuss
here.

We will now define a third set of requirements in Assumption 3.26, that further
complfrement the Assumptions 3.11 and 3.22, concerning derivatives of F at the solu-
tion x'.

Assumption 3.26.

(a) There exists an Q-minimizing solution xT of equation (3.3), which belongs to
the so-called Bregman domain

Dp(RQ) ={x e D C X : IQ(x) # 0},
where 0Q2(x) € X™* denotes the subdifferential of 2 in the point x.

(b) There is a bounded linear operator F’(xT) : X — Y such that for the one-sided
directional derivative at x* and for every x € £ we have the limit condition

tli%; (F(xT +t(x—x"))— F(x*)) =F(Hhx=x"H. 39

Definition 3.27 (starlike). We call a set M starlike with respect to x¥ if x € M
implies that x™ 4+ A(x — x¥) € M holds forall 0 < A < 1.
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We mention that a convex set M with xT € M is obviously starlike with respect to
x. Hence, D, being a convex subset of X, possesses this property. Note that D is
convex because it is the intersection of the convex set D (F') (cf. Assumption 3.11 (b))
with the set £ (£2) which is convex due to the convexity of the functional 2 (cf. As-
sumption 3.22 (b)). For the starlike set M however, the limit condition (3.9) makes
sense. The directional derivative F/(xT) from Assumption 3.26 (b) has the properties
of a Gateaux derivative, but xT need not be an interior point of O, and there can be
directions, going out from x¥, in which no points of O appear. Note that, under our
assumptions, interior points of O need not exist. We mention the well-known exam-
ple of the ‘half-space’ D(F) = {x € LP(a,b) : x > 0 a.e.}, which does not possess
any interior point in the Banach space L?(a,b), 1 < p < oc.

In this work, in particular in the case of linear ill-posed problems, our focus is on
convex penalties of norm power-type

1
Qx):=—|x|§. 1=<g<oo, (3.10)
q
and hence on regularized solutions xg that are minimizers of the extremal problem
o l 0P l q . .
Te(x) := —[|Ax — y°[ly + @ —|lx[y — min, subjectto x € X, (3.11)
p q

where | < p < coand 1 < g < oo. The character of the Banach spaces X from
which the norm powers are derived can be very different. For example, £”-spaces,
LP-spaces, Sobolev spaces and Besov spaces (cf. [148]) are of interest in choosing
X in different mathematical models. If the space exponent p > 1in Y = L? and
the residual norm exponent p coincide, the analysis and numerics can be simplified.
The same is true of X = L9 and the norm exponent ¢ in (3.11). On the other hand,
the appropriate choice of p and ¢ in (3.11) is also of serious interest from the point of
view of mathematical modelling. If we choose p very large, this model can simulate
a form of penalized Chebyshev approximation, whereas p close to one seems to be
useful if robustness is required. Also, the choice of the exponent g can be interpreted,
such that for example g close to one is appropriate in the case where the solution is
sparse.

Indeed because of Corollary 3.13, according to (3.10), €2 is a stabilizing functional
whenever X is a reflexive Banach space. The exponents p, g and the regularization
parameter ¢ > 0 are weights controlling the interplay and character of the fidelity
term and of the penalty in the Tikhonov functional Ty. This allows us to find an
acceptable compromise between stability and approximation by making use of appro-
priate a priori or a posteriori criteria for selecting the regularization parameter . Note
that for €2 as in (3.10) any minimum norm solution in the sense of Definition 3.2 is an
2-minimizing solution in the sense of Definition 3.25 and vice versa.

For nonlinear problems, the focus can be on a neighborhood of some reference
element X € X, which acts as the origin of the coordinate system. In this case,
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penalties of the form
1 =14
Q)= x—%[§.  1=q<oo, (3.12)
q
and minimizers of the extremal problem

1 1
Ta(x) := —||F(x) — y8||§ +o—|x —)_c||31( — min, subjecttox € D(F) C X,
p q

(3.13)
are frequently used. In particular, the setting p = g = 2 is the basic approach for
Hilbert spaces X and Y (cf. [68,225] and more recently [156, 158]). Note again that,
according to (3.12), for 2, any X-minimum norm solution in the sense of Defini-
tion 3.10 is an 2-minimizing solution in the sense of Definition 3.25 and vice versa.

For the class of iterative regularization methods, stable approximate solutions are
found in the course of an iterative procedure, e.g., aimed at minimizing the discrep-
ancy norm || F(x) — y®| or ||Ax — y%||, yielding a sequence of iterates x,,. By means
of a stopping rule N = N(8) (an a priori stopping rule) or better N = N(»%,6)
(an a posteriori stopping rule) the iteration is terminated and, by setting @ := 1/N,
the regularized solution appears as xg := xpy. If, due to ill-posedness, the iteration
would not terminate, i.e., @ — 0, the iteration elements x;, would tend to oscillate
and to explode as n — oo. Appropriate stopping rules aim at selecting values N
such that the residual || F(xy) — y®|| or |[Axy — y®|, respectively, corresponds to
the right order of the noise level § > 0. Hence, the iteration need not be executed
until it converges, but only as long as necessary. Often the amount of work required
for carrying out iterative regularization methods is much smaller than the comparable
amount for a Tikhonov-type regularization. A drawback of iterative regularization,
however, is its reduced ability to control properties of the approximate solution.

We should mention that some classes of linear and nonlinear ill-posed operator
equations like Volterra and Hammerstein integral equations allow us to use a specific
and sophisticated regularization approach called local regularization, which comple-
ments the approach of Tikhonov-type regularization by selecting solutions based on
the penalty functional, preferably in a global manner. We refer for example to the pa-
pers [30,31,54,141] on local regularization and references therein. Another alternative
to the Tikhonov-type regularization in the case that the spaces X and Y coincide is
the Lavrentiev regularization (cf., e.g., [119,159,168,229]), where stable neighboring
problems of the ill-posed operator equations are constructed by adding the o-multiple
of the identity operator to the original forward operator.

3.2.2 Source conditions and distance functions

If regularized solutions xg, as minimizers of the Tikhonov functional (3.11), converge

to a minimum norm solution xT of the ill-posed linear operator equation (3.1), then
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this convergence can be arbitrarily slow (cf. [212]). To obtain convergence rates
E(xgq.x") = 0 (¢(8) as §—0 (3.14)

for an error measure E (cf. Section 4.2 below) and an index function ¢, some smooth-
ness of the solution element x ™ with respectto A : X — Y is required. In other words,
the rates depend on the interplay of intrinsic smoothness of xT and the smoothing
properties of the operator A with nonclosed range.

A classical tool for expressing the smoothness of xT is the concept of source con-
ditions, where either xT itself or an element &7 from the subdifferential 3Q(xT) of the
convex functional € in x T belongs to the range of a linear operator G that interacts
with A in an appropriate manner. More precisely, source conditions are of the form

T =Gw (3.15)

or
£ = Hv, (3.16)

where xT or £% emerge from a source element w or v, transferred by the bounded
linear operators G or H with nonclosed ranges.

At the beginning we briefly characterized the situation for linear ill-posed problems
(3.1) in Hilbert spaces. For more details, see also [163,228]. In Hilbert spaces X and
Y with

A: X —-Y and A*:Y > X

source conditions for obtaining convergence rates (3.14) for the error measure
E(x.x") = x = x|

in full generality attain the form (3.15), where G : X — X can be considered as a
self-adjoint bounded linear operator with nonclosed range, satisfying link conditions
(cf. [106]) for connecting G and A. The simplest version is of the form

M =kA@*AHw, weX, (3.17)

with G := x(A4*A) and some index function «, which is defined essentially on the
spectrum of the positive semi-definite self-adjoint operator A*A : X — X, which is
a subset of [0, | 4||?]. In general, one can say that high convergence rates, with ¢(8)
in (3.14) rapidly decreasing to zero as 6 — 0, are associated with a fast decay rate of
k(t) ast — 0 and vice versa. It has been proved in [109, 161] that for any xT from the
Hilbert space X there are an index function « and a source element w € X satisfying
(3.17). However, the decay rate k() — 0 as ¢ — 0 can be arbitrarily slow.

The most prominent representative of a source condition (3.17) expressing medium
smoothness occurs when k(f) = /7. Because of R((A*A)1/2) = R(A*) this con-
dition is equivalent to

t=4a*v,  wvev, (3.18)
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and admits the convergence rate
Ix8 — xt|) = O(JE) as § — 0. (3.19)
Another representative, expressing a higher smoothness, is
T =A*Aw, weXx, (3.20)
which arises for k() = ¢. This admits the convergence rate
I8 — x|l = 0 (52/3) as § = 0, (3.21)

which is the best possible rate, the so-called saturation rate, in Tikhonov regular-
ization. On the other hand, if the solution smoothness is rather low, relative to the
smoothing property of the forward operator, then logarithmic source conditions
(cf. [115] and [24]) with
1
k(1) = —— 7
(log ()

play a prominent role, leading to convergence rates of the same type.

If the transfer operator G fails to attain the form (3.17), then other link conditions
can help, such as inequalities like

n>0,

lo(G)|| < C ||Ax||  forall x € X,

with some index function ¢ and some positive constant C, which are equivalent to
range inclusions

R(0(G)) € R((A*A)1/?),

as shown in [24, Prop. 2.1]. For detailed results we refer to [106, 112].

When we consider nonlinear operator equations (3.3) and regularized solutions xz,
minimizing the Tikhonov functional (3.13), then in the Hilbert space setting we aim
at convergence rates to X-minimum norm solutions. Source conditions occur as de-
scribed above, but A in formulas (3.17), (3.18) and (3.20) is replaced by a derivative
operator F’ (xT) at the solution point. Moreover, xT on the left-hand sides is replaced
by xT — X. For more details in the Hilbert space setting see [67, Chap.10-11].

If, however, we turn our attention to linear ill-posed problems in Banach spaces X
and Y, we see that, because of

A X >Y and A*: Y > X*,

no representative is left over from the wide field of source conditions (3.17). However,
we can fit the members (3.18) and (3.20) to the Banach space situation as

gf=4a*v,  wver*, (3.22)
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and
T =a*1V(Aw), weX p>1, (3.23)

respectively, where £ T e 9Q(xT) ¢ X* is an element of the subdifferential of the
convex functional €2 under consideration in Tikhonov-type regularization. Note that
for simplicity we can set p := 2 in the duality mapping JpY of (3.23). Otherwise,
the source element w can be amended in an appropriate manner. For the penalty
functional Q(x) = é||x||§1( with ¢ > 1 we recall that, according to Theorem 2.53 (e),
for smooth Banach spaces X, the subgradient is uniquely determined and attains the
explicit form §T = J qX (xT).
Based on the seminal paper [32], Bregman distances

D (x,xT) = () — (") — (7. x = xT)xexx (3.24)

atxT € Dp(Q) € X and £T € 9Q(xT) € X* for general convex functionals €2 using
the dual pairing (-, -)x*xx between the Banach space X and its dual X * have become
a frequently used error measure E in studying convergence rates (3.14) of regularized
solutions, see for example [104, 196, 197] and Section 4.2.2 below.
The rate
Dﬁ(xf,,x*) =0@) as §—>0 (3.25)

occurs whenever source conditions (3.22) are satisfied, and it represents the analog to
the medium rate (3.19) in the Hilbert space setting. The Bregman rates are limited by

DE (x5, xT) = 0(*?) as §—0, (3.26)

which is the extension of the saturation rate (3.21) for Tikhonov-type regularization
in Hilbert spaces to the Banach space situation.

Since we only have the two clearly expressed levels of solution smoothness (3.22)
and (3.23) in Banach spaces, we can compensate for the missing intermediate stages
of the smoothness scale by the technique of approximate source conditions, which
was originally developed for the Hilbert space setting (cf. [61,77,102,103,107,112]),
but can be immediately applied to the Banach space setting (cf. [97] and [95]). Let
us explain this idea for the more evident case where the subgradient &' fails to satisfy
(3.22), i.e., the element & T is not smooth enough. In this case, (3.22) plays the role of a
benchmark source condition for this element and we ask how far from that benchmark
the smoothness of & T is. This can be measured by the distance function

dgr (R) = inf{|[§7 — A*v|x« 1 veY*, |vly- <R}, R>0. (327)

Proposition 3.28 ( [20,74]). Let £ ¢ R(A*). Then, the distance function dei(R) is
strictly positive, continuous, convex and decreasing for 0 < R < oo. It tends to zero
as R — oo whenever

e e R\ R(a%). (3.28)
Furthermore, for every 0 < R < oo there is an element vg € Y™ with |[ug|ly* = R
such that dgr(R) = [|€7 — A*vg|x~.
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Remark 3.29. A sufficient condition for (3.28) is the injectivity of A : X — Y
whenever X and Y are reflexive Banach spaces. In non-reflexive spaces it is suffi-
cient that the biadjoint operator A** : X** — Y**! is injective. If with (3.28) the
distance function d%-T (R) tends to zero for large R, then its decay rate is a measure
for the extent to which & T violates the benchmark source condition (3.22). If (3.28)
holds true, then convergence rates of the form (3.14), with the Bregman distance as
error measure E, can be evaluated for the Tikhonov regularization with appropriate
choices for the regularization parameter, where the derived rate functions ¢ in (3.14)
depend on the associated distance function d@. For details, we refer to Section 4.2.2
below and [97]. If the decay rate of the distance function is slow for some ET, e.g.,
logarithmic in the sense dgi(R) ~ log(R)™#, for some p > 0, then the benchmark
source condition is strongly violated and only low (mostly logarithmic) convergence
rates can be expected. On the other hand, for a decay of power type dg (R) ~ RV,
the chances of better rates (Holder convergence rates) are increasing and the obtained
Holder exponent in the rate function will grow with v > 0.

For nonlinear operator equations (3.3) the operator A* in source conditions again
must be replaced with the adjoint (F’(xT))* of a derivative of F at the solution point
xT. This derivative can be a Fréchet, Gateaux or directional derivative and must have
appropriate properties. Then for our benchmark source condition (3.22) the extension
to the nonlinear case takes the form

eF = (F'(xT)* v, vevY*, (3.29)

and the assertions of Proposition 3.28 remain true for the corresponding distance func-
tions

der(R) := inf{||" — (F'xT)*vllx+ : ve Y™ |lv[y» <R},  R>0. (330

3.2.3 Variational inequalities

Since the Bregman distance (3.24) at xT for a convex functional £ contains the term
(5*, X — xT)X*xX, many authors (cf. [104] and also [20,74,81,126,210]) pointed out,
that variational inequalities , estimating the negative of this term from above, prove
to be a powerful tool to obtain convergence rates in regularization. In the context of
variational inequalities for convergence rates we restrict our attention to rates up to a
maximum of the form (3.25). Some initial ideas for combining variational inequalities
and enhanced rates up to the limiting rate (3.26) can be found in the recent paper [80].
For higher rates we refer to Section 4.2.4 below.

For linear operator equations the variational inequalities under consideration attain
the form

(T —x)xx < B DE(xD) + Bao(l A 2D, 33D

I X** denotes the bidual of X consisting of all linear, continuous functionals ¢ : X* — R, Y** is
defined accordingly.
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for constants 0 < 81 < 1, B2 > 0 and a concave index function ¢. In the case of
nonlinear equations, the variational inequalities are written as

(72T —x)xesx = B1 DG (e xT) + B2 oI F () = FDD. (3.32)

In both cases, the inequalities must hold for all x € M, with some set M, which
contains all regularized solutions xg of interest, for sufficiently small § > 0. In some
papers that deal with Tikhonov regularization, e.g. [104], M refers to sublevel sets

M= Mr,(c) :={x e D: Te(x) <c} (3.33)

of the Tikhonov functional 7, with sufficiently large ¢ > 0. In this work we will
concentrate on sets
M= Ma(c) N D(F). (3.34)

It is sometimes helpful to know that M is starlike with respect to xT € D (cf. Defi-
nition 3.27). Indeed, any set M from (3.34) with ¢ > Q(xT) is starlike with respect
to xT, because D(F) and all sublevel sets Mq (c) of the stabilizing functional  are
convex.

It was shown that non-concave, in particular strictly convex, index functions ¢ with
lim;—g @ = 0 do not make sense in the variational inequalities (3.31) and (3.32)
(see Proposition 4.18 below). On the other hand, the concave index functions ¢ in
(3.31) and (3.32) are immediately responsible for obtaining convergence rates

DZ(xy.x") = 0(p(8)) as § >0 (3.35)

of the regularized solutions, as will be shown in Section 4.2. Such rates are limited by
(3.25) for p(t) = t, where the variational inequalities triggering those rates attain the
form

(€7, xT = x)xoxx = B1 DG xT) + B2 Ay — 2T (3.36)

for linear problems and the form
" x" —x)ox < B DEGD + B2 IF) — FGDI - (3.37)

for nonlinear problems. In this limiting case there is an equivalence between the
benchmark source condition (3.22) and the variational inequality (3.36). Namely,
from [210, §3.2] one easily derives the following proposition.

Proposition 3.30. If, for a convex functional Q : D(Q) € X — [0, 00) and xt e
D(Q) C X, there is some &7 € 3Q2(xT) satisfying the source condition (3.22), then
there exist constants 0 < B1 < 1 and By > 0, such that the variational inequality
(3.36) holds for all x in an appropriate set M, which is starlike with respect to xT.
Vice versa, under the variational inequality (3.36), valid for such M we have the
source condition (3.22).
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For nonlinear problems a similar connection between (3.29) and (3.37) is true,
based on the following assertion, where we refer to [76, Lemma 6.1] for the proof.

Proposition 3.31. Let F be Gateaux-differentiable at the point xT € D(F), with
Gateaux-derivative F'(xT) : X — Y and £ € 3Q(x"). If a variational inequality
(3.37) is valid for all elements x of a set M starlike with respect to xT, we also have

(T T —x)xex < B1 DEGex) + B2 | F/ (D — x| (3.38)
forall x € M.

In Chapter 7 we will also consider variational inequalities of multiplicative form

oot . Q + 1/2 ||F/(XT)(X—XT)||2
(€7 x" = Xk = (DR (x.x1) x( D2 (T (339)

for D;ZT (x,xT) # 0, complementing the additive forms (3.32) and (3.38). In particu-

lar, for the power type case k' (f) = 1*/2, for § > 0and 0 < v < 1, the inequality

(€ x" —xxesx < (DR 0exh) T IFEHE DI G40)

immediately implies by Young’s inequality an additive form

2v

(672" = x)xewx = B1 DE(x.x) + B2 | FOH(x — Ty (3.41)

with0 < 81 < 1, B2 > 0.

3.2.4 Differences between the linear and the nonlinear case

Both (approximate) source conditions and variational inequalities are tools expressing
the solution smoothness of xT and £, with respect to 4 and F, respectively. For linear
problems the cross connections between the two tools are much simpler than in the
nonlinear case, because for nonlinear problems the structure of nonlinearity around
xT is an additional factor complicating the interplay. The two forms of variational
inequalities (3.37) and (3.38), valid for all x in a set M starlike with respect to xT,
coincide if F = A : X — Y is a bounded linear operator. For nonlinear F however,
by Proposition 3.31, we see that (3.37) implies (3.38), but for the reverse direction,
we need some structural conditions. If the so-called n-condition (cf. [67, p.279])

IFG) = FN) = F'aHa—xD <nlFo - FeHI (3:42)
holds for all x € M and some constant 1 > 0, then, using the triangle inequality

IF' (N = xD)| < [F(x) = Fxh) = F'cMy e = x| + | Fx) = F(xeT|
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one obtains the variational inequality (3.37) with constant ,52 = (n+ 1)B>, instead of
B> directly from (3.38). We note that (3.42) expresses a rather strong condition in the
sense that F’ (xT) characterizes the nonlinear operator around xt very well. This con-
dition can be relaxed by requiring a concave index function o with lim;_¢ % =0,
such that

IF' Hx—xhH) < Ko(|F(x) = FH)  forall x e M (3.43)

holds, with some constant K > 0. In this case, the following Proposition 3.32 pub-
lished as Theorem 5.1 in the joint paper [20] with R. I. Bot clearly shows that vari-
ational inequalities (3.32) merge solution smoothness of xT, expressed by the source
conditions, and structural conditions on the nonlinearity of F around xT. Hence, in
contrast to linear ill-posed problems, where source conditions and variational inequal-
ities provide comparable information in different ways, variational inequalities for
nonlinear ill-posed problems cover much more information and deliver an outstand-
ing tool for deriving rates also for non-smooth situations with respect to operator F
and solution x¥.

Proposition 3.32. Let xT € M and let the condition (3.43) hold for all x € M and
some concave index function o. Then the benchmark source condition (3.29) implies
a variational inequality of the form (3.32) for all x € M, with index function ¢ = o.

Proof. Due to (3.29) and (3.43) we can estimate for all x € M

(T xT = X)xexx = (F/ M) 0, xT—x)xoex = (0, F/ (N (T = X)) yexy
< lly< I F Ty x = xH <K |olly« o (| F(x) = F:H]).

This immediately yields the variational inequality (3.32) with 7 = 0,
B2 = K ||v||y*, and with ¢ = o. So the proof is complete. ]

Hence, under the benchmark source condition (3.29) the decay rate of the func-
tion o in (3.43) controls the convergence rate which is always smaller than (3.25),
whenever we assume lim;_,¢ ﬁ = 0.

If (3.29) is violated, and only a distance function dé* (R) for R > R > 0 contains
the information about the solution smoothness then, under the nonlinearity condition
(3.43), the validity of a variational inequality (3.32) cannot be concluded in general.
To find an index function ¢ in (3.32), a link condition between the functional €2 and
the occurring norm functionals is necessary. This even is the case if the problem is
linear for F' := A. One such helpful link condition is the g-coercivity of the Bregman
distance

D;ZT (x,x") > cq llx — x| forall x € M (3.44)

with some ¢ > 2 and some positive constant ¢, > 0, which is a canonical condition
for

1
Q(x) = —|x||? and g-convex Banach spaces X .
q
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For details concerning the smoothness and convexity of Banach spaces and cross con-
nections with properties of the Bregman distance we refer to Chapter 2.

However, supposing that (3.29) is violated, under condition (3.44), the method of
approximate source conditions applies and also yields a variational inequality (3.32),
where the index function ¢ is controlled by both the distance function dg+ and the
function o, characterizing the nonlinearity structure. We reformulate Theorem 5.2
from [20] and its proof as follows:

Proposition 3.33. Let xt € M and let the conditions (3.43) and (3.44), with g > 2
hold for all x € M and let o be some concave index function. If £ violates the
benchmark source condition (3.29), but the distance function dgi(R) tends to zero as
R — o0, then a variational inequality of the form (3.32), with constants 1 = L
and By > 0, is valid for all x € M, where the index function ¢ is defined by means of
the auxiliary function

. q
\IJ(R)_(E'(R)) ., R>0, l+i*=1,
R 9 9
as .
9(0) =0, @) =[dgr (¥ (@@))]" . t>0. (3.45)

Proof. When setting
gV =FN*vr+rr  with  Jugllys = R, [rrlx+ = dg: (R)
we can estimate by (3.43) and for all x € M as

(€7 xT = x)xexx = (F' (M) *vr + rr. xT = x)xexx
= (g, F'(xN (T = ) yexy + (r, xT = x)xoxx
< R|IF'(<N)(x = xN)| + der(R) [ x — xT|
<K Ro(|F(x) = F(xN)|) + dgs(R) [|x — xT||.

This summarizes to
— 1/q
(.2 = X)xexx = KRO(IF(0) = FOHI) + ¢/ der (R) (D (v, xh)

Then, when setting a := D;?r (x,x")and b := cq_l/q dg+ (R), for conjugate exponents
q and ¢* with é + qi* = 1, Young’s inequality
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provides us with the estimate

@iﬂ—xuwxsKRomnm—Fuhm+;D§uwh

Cq—q*/q -
+ (dgv“ (R)) .

q*

The continuity of the distance function carries over to the auxiliary function ¥ :
(0,00) — (0,00), which is strictly decreasing and satisfies the limit conditions
limg_0 W(R) = oo and limpg_s00 U(R) = 0. Its inverse U~ : (0, 00) — (0, 00) is
also continuous and strictly decreasing. Hence for all ¢ > 0 the equation W(R) = o (¢)
has a uniquely determined solution R > 0. Note that, in principle, only sufficiently
small 7 > 0 influence the rate results. By setting R := W~ (o (|| F(x) — F(x)||)) we
get with some constant K >0

(61" = hrenr = - DR + R [de (97 @01F @ = FaH)]|

for all x € M. This completes the proof since ¢ = Z‘I* with § := dgt o VU~logisan

index function (cf. Proposition 3.28). o

Remark 3.34. One can see that the index function ¢ = [dET oP~lo o]q* (), t >0,
in Proposition 3.33 tends to zero as ¢ — 0 slower than the index function o (¢) in
Proposition 3.32, which is reasonable since the smoothness of &7 is reduced: taking
into account the one-to-one correspondence between large R > 0 and small ¢ > 0,
via W(R) = o (t) and W(R) = (dg+ (R))?" /R , we have for the quotient function

‘i(t) _ _ \II(R)*ZLQO as R—o0,t—0.
[der 0 W™l o0l (1) (qe(R)T R

If the structural condition (3.43) cannot be satisfied for any concave index func-
tion o, but weaker nonlinearity conditions of the form

IF(x) — F(xT) = F/(chy(x = x| < ﬁbg(x,x’f) forall x e M (3.46)

hold for some constant 77 > 0, this expresses the fact that F’ (xT) fails to characterize
the nonlinear operator F around xT in an acceptable manner. Nevertheless, under the
source condition (3.29), the variational inequality of the form (3.37), with 0 < 81 < 1
and B2 > 0, can be established (cf. [104, 197,210]), but only in combination with a
smallness condition

Mvlly= <1 (3.47)

in order to ensure the required condition 81 < 1.
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Proposition 3.35. For xt € M we assume that the conditions (3.29) with (3.47), con-
cerning the solution smoothness and (3.46), concerning the structure of nonlinearity
hold. Then a variational inequality of the form (3.37) with constants f1 =17 ||v|y* <1
and B2 = ||v|ly* > 0is valid for all x € M.

Proof. Based on (3.29) and (3.46) we can estimate for all x € M

(E Xt = x)pex = (F' M) 0.2t = x)penx = (0 F/GH T = x))peny
< (0. (F(x) = F(x") = F/(xN)(x = xT))yeuy
— (v F(x) = F(x))yexy
< olly= IF(x) — F(xT) = F/(xT)(x — xT)]|
+ [vlly= [|F(x) = F(x)]|
< vy D, x") + [vlly= IF(x) = FHI.

This proves the proposition. i

Remark 3.36. We note that, when the structure of nonlinearity is given only by
(3.46), no results concerning either variational inequalities or convergence rates of
Tikhonov-type regularization in Banach spaces (not even under corresponding condi-
tions in Hilbert spaces) are known. Moreover the benchmark source condition (3.29)
is violated.

In Section 1.4, for a Hilbert space X and Dg (x,xT) = ||x — xT||2, we made use
of the fact that (3.37) can also be observed when the nonlinearity condition (3.46) is
replaced with the weaker condition

IF(x) - F(xT) = F'(xT)(x = xDlly < ﬁDSQT(x,xT) forall x € M,

where the Banach space Y withY DY, possessing a weaker norm than Y, is chosen
such that, with the dual inclusion Y * C Y *, the equation

(0,0)y*xy = (U,0) puyy forall 9eY* veY

is valid. For details we refer to [104, Remark 4.2].
Nearing the end of this chapter, we should mention that it makes sense to interpolate
between the structural conditions (3.42) and (3.46) as follows

IF@)-F6H=F/(Ne—aD = dIFm-FehIe (DR enxh)” . c48)

Definition 3.37 (degree of nonlinearity). Let0 < c¢j,c2 <1 withO<ci+c2<1. We
define F to be nonlinear of degree (c1, c) in xT for the Bregman distance Dg. ¢, x™)

of Q@ with §7 € 9Q(x"), if there is a constant 4 > 0 such that (3.48) holds for all
Xx € M, where M is assumed to be starlike with respect to xT.
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This definition, introduced for the first time in [97], extends the corresponding con-
cept developed in [110] from Hilbert spaces to Banach spaces. Under condition (3.48),
with ¢; > 0 replacing (3.43), the assertions of Propositions 3.32 and 3.33 change as
follows:

Proposition 3.38. Let F be nonlinear of degree (c1,c2) with0 < ¢; < 1 —c5 in x7
with corresponding subgradient ET, where the set M, starlike with respect to x7, is
such that | F(x) — F(x%)|| < C for all x € M and some constant C > 0. Then, the
benchmark source condition (3.29) implies a variational inequality of the form (3.32)
with 0 < B1 < 1, B2 > 0 and with the concave index function

o) =172 . (3.49)

If (3.29) is violated, but the corresponding distance function satisfies the limit condi-
tion dgT (R) — 0 as R — oo, then, under condition (3.44), we alternatively arrive at
(3.32), with an index function @, defined using the auxiliary function

det (R))T 11
_M’ R >0, —+—=1,
le(,‘z q q

(0) =0, @)= [dg (\If‘l (tl—lz))r , t>0. (3.50)

Proof. Based on (3.29) and (3.48), we can estimate for all x € M as

as

(€7 xT = x)xox = (F' T v.xt = x)xenx

= (v, F'(xN (T =) yexy

< (0. (F(x) = F(x") = F/(xN) (x — x)))y ey
— (V. F(x) = F(xT)) y=xy

<wly= IFGx) = F(xh) = F'(x")(x — x|
+ vlly= 1 F(x) = F(xT)]

< ol (A1 Fe0) = Fahier (DR x.xh)”

+IF () = FehI).

This immediately yields ¢ from (3.49), with 8; = 0ifc; =0. For0 < ¢y <1 —¢3
with ¢; > 0 we can again exploit Young’s inequality written as

0 o*
a b
ab <

— ,b>0, 1/0+1/6" =1,
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by setting 6 := 1/cp, > 1, a = D G (x, xMyand b := |v|ly+ || F(x) — F(xb)||cr.
This implies 6* = 1/(1 — ¢) and hence a variational inequality, with ¢ from (3.49)
and B; = 1/4 < 1, since the exponent k := c¢1/(1 — ¢3) is never larger than one.

If& T fails to satisfy the benchmark source condition (3.29), we can argue as we did
in the proof of Proposition 3.33, using the ansatz

§h = F'(x"*or+rr  with  |lugllys = R. |relx+ = dg: (R).
Under the nonlinearity condition (3.48) we obtain
(T 2T —xX)xonx < (rgoxt = x)xexx

Hlorlye (A1F@) = FeHI (DR .xh)™ + 1F ) = Fah)

Furthermore, under condition (3.44), by multlple use of Young’s inequality and with
Kk :=c1/(1 — ¢2), we find constants K, K, K, K > 0 such that (¢7, xT — x)xxx
can be bounded from above by the following chain of expressions:

R (10— FahIe (DR xh) ™ +1F@) — FaNI) +dgr (R x—xT]

< S DR + R R (an(x) FGHIF + RIFG) ~ FO

R R™ | F(x) — F(cH € + K (dgr (R)*

can be equilibrated analogously to the proof of Proposition 3.33 and bounded by the

expression )
pa [der (w7 (1P ) = P I))]*

with some constant S, > 0, where we exploit the auxiliary function

R >0,

for the equilibration process. Thus, ¢ in (3.32) attains the form (3.50) and the proof
is complete. U
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Remark 3.39. We emphasize that smallness conditions of the type (3.47), occurring
in the case ¢c; = 0, ¢; = 1, are not required whenever the degree of nonlinearity of
F at xT can be established to be c1 > 0. Moreover we note that the condition

|F(x)— F(xT)| <C <00 forall xeM,

occurring in Proposition 3.38, is evident, if the operator F is norm-to-norm contin-
uous and M can be embedded into a ball around xT, in case of norm-convergent
regularized solutions. On the other hand, as we will see, the most serious requirement
on M is that, for 0 < § < Spax, all regularized solutions xg belong to such a set.
However, ||F (xg) — F(xT)|| is uniformly bounded for those regularized solutions,
taking into account that they are minimizers of Ty.

The results of the Propositions 3.32, 3.33 and 3.38 will be used in Section 4.2.2 right
away, in order to formulate convergence rates for the Tikhonov-type regularization of
ill-posed operator equations.
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In this part of the monograph we present some important components of the analy-
sis of variational regularization, where the stable approximate solutions are found by
minimizing the Tikhonov functional. Therefore, we call this approach Tikhonov-type
regularization. The Tikhonov functional for nonlinear operator equations F(x) = y
with noisy data y® and a noise level § > 0 satisfying ||y — y®|| < § is formed by the
linear combination

1
Ru%=;%ﬂm—yW§+a9@)

of a fidelity term %H F(x) —y® |4, with I < p < oo characterizing the misfit of the

data y‘S and of a penalty term, expressed by a convex nonnegative functional Q2(x). In
this situation, we assume a sufficiently smooth nonlinear forward operator

F:DF)CX —>Y,

mapping between the Banach spaces X and Y. The regularization parameter o > 0
has to equilibrate both terms in an appropriate manner.

In Chapter 4 we outline the modern theory of Tikhonov-type regularization in Ba-
nach spaces with general convex penalties €2. Based on a series of standing assump-
tions formulated in Chapter 3, we show results concerning existence and stability of
regularized solutions in Section 4.1. Moreover, assertions about the convergence of
Tikhonov-regularized to Q-minimizing solutions xT of the operator equation are for-
mulated in this section. The most important assumption that we exploit, is that €2 is a
stabilizing functional in the sense that its sublevel sets are weakly sequentially com-
pact in the Banach space X. Convergence rates under assumptions on the solutions
smoothness xT and on the structure of the nonlinearity of the operator F at xT are de-
rived in Section 4.2. This section benefits from a long list of propositions formulated
and partially proven in Chapter 3, concerning source conditions, approximate source
conditions and variational inequalities. Based on those results, convergence rates for
general error measures and in particular for the Bregman distance can be proven in
the case of appropriate a priori parameter choices as well as in the case of the appli-
cability of some discrepancy principle. Moreover, we combine conditional stability
estimates and Tikhonov-type regularization in order to derive rate results. A brief visit
of sparsity situations completes the chapter.

In Chapter 5 we will present essential ingredients for the analysis of the Tikhonov-
type regularization for linear ill-posed operator equations Ax = y, with a bounded
linear operator A : X — Y mapping between the Banach spaces X and Y. Here, the
Tikhonov functional is of the form

1 1
n&y=;wu—yW§+a?uﬁ,

where p,q > 1 and the associated penalty functional consists of a power of the norm
in the Banach space X. The first section of this chapter is devoted to the character
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of source conditions for the specific case under consideration. In the subsequent Sec-
tion 5.2, classes of rules regarding the choice of the regularization parameter o > 0
are discussed in detail. The section presents assertions on a priori parameter choices,
as well as on the discrepancy principle, frequently named after Morozov, as a particu-
lar a posteriori parameter choice and also on a modified version of this principle. This
chapter is completed in Section 5.3 by answering the question of how to minimize the
Tikhonov functional. It is an advantage of the specific version of Tikhonov-type reg-
ularization for linear problems with norm power penalties under consideration in this
chapter, that for this case efficient numerical approaches to compute the Tikhonov-
regularized solutions were developed recently. We will distinguish between a primal
and a dual method for finding a minimizer of the Tikhonov functional Ty,.



Chapter 4

Tikhonov regularization in Banach spaces with
general convex penalties

4.1 Basic properties of regularized solutions

In this chapter we make use of the results of Chapter 3. More precisely, we will
briefly summarize the properties of Tikhonov-regularized solutions xg defined, for all
regularization parameters @ > 0, as minimizers of the extremal problem

1
Ta() = _I1F(x) — *)|” + ¢ Q(x) — min,
subjectto x € D(F) C X, 4.1)

based on the Tikhonov functional Ty for nonlinear operator equations (3.3). Through-
out this chapter, we tacitly assume the Assumptions 3.11, 3.22 and 3.26, that make
requirements on the Banach spaces X, Y, the forward operator F' with its domain
D(F) and its derivatives as well as on the stabilizing functional Q2 to hold. Note that
linear operator equations (3.1) can be considered as a special case of (3.3), where for
F := A, with abounded linear operator A : X — Y and domain D(F) = X, the cor-
responding requirements in Assumption 3.11 are satisfied, taking into account that 4
is weak-to-weak continuous. On the other hand, for penalties (3.12) with D(Q2) = X,
due to Corollary 3.13, the corresponding requirements in Assumption 3.22 are also
satisfied.

In the following two subsections we discuss existence, stability and convergence of
regularized solutions (cf. [104]).

4.1.1 Existence and stability of regularized solutions

Proposition 4.1 (existence of regularized solutions). Foralla > 0 and y® € Y, there
exists a regularized solution xg € D(F), minimizing the Tikhonov functional Ty (x)
in (4.1) overall x € D(F).

Proof. Since O # @ there exists at least one X € X, such that T, (X) < co. Moreover,
there is a sequence {x;} in O such that

lim Ty(xy) =c:=inf{Ty(x) : x € D} > 0.
n—o0

Then, {Ty(x,)} and, because of Q(x,) < Ty(xn)/a, also {Q2(x,)} are bounded se-
quences in R. From Assumption 3.22 (c), it follows that {x; } has a weakly convergent
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subsequence {x;, }, which has a weak limit element X, i.e., x,, — X in X. In par-
ticular, we have X € D, since D is convex and closed and therefore weakly closed.
The weak-to-weak continuity of F' (see Assumption 3.11 (c)) then implies weak con-
vergence F(xp,) — y8 — F(%) — y® in Y and, since the norm is weakly lower
semi-continuous

1 1
—|F(&) = y*||? < liminf —|| F(xq,) — ¥ (4.2)
14 k—oo p

On the other hand, for the lower semi-continuous functional €2, which is also weakly
lower semi-continuous, we have

Q(X) < liminf Q(xy, ). 4.3)

k—o00
Combination of (4.2) and (4.3) shows that X minimizes T. ]
Proposition 4.2 (stability of regularized solutions). For all « > 0 the minimizers of
(4.1) are stable with respect to the data y‘S. More precisely, for a data sequence {y,}

converging to y® with respect to the norm-topology of Y i.e., limy oo |yn—y%|| = 0,
every associated sequence {xy } of minimizers to the extremal problem

1
—IF(x) — ynll® + a Q(x) — min, subjectto x € D(F) C X, 4.4)
p

has a subsequence {x, }, which converges in the weak topology of X, and the weak

limit X of each such subsequence is a minimizer xg of (4.1). Moreover, we have for

every such weakly convergent subsequence limy_, o, Q(xn,.) = Q(xg).

Proof. From the definition of x,, it follows that

1 p 1 b4

‘?W@w—yﬂ +aQ@M§}ﬂF@%ﬂMI+a9@% xeD.
With © # @ we can select X € D such that

1
aQ(xy) < EHF(xn) — V817 + aQ(xn)

2r-1 . Hp—1 5

= T”F(xn)_yn||p+2p OlQ(xn)“‘THYn_y ”p
LA Coogey y 22! 8

< IF(Z) = yall? + 2P 1aQ(®) + lyn — %12
4p—1 R _ o 4p71

= IF® — 317 4277 (R) + lyn — 8117 .
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Since limy o0 || yn — ¥%|| = 0, it follows that, for every ¢ > 0, there exists ng € N
such that for n > ng
4p—1
Q(xn) = IF®) = ylI? +277'QF) + ¢ = C < oo.
ap

Thus, the sequence {x;} is in Mg (max{C, Q(x1),..., 2(xp,—1)} and, by Assump-
tion 3.22 (c), has a weakly convergent subsequence {x,, } with limit ¥ € . Since
F is weak-to-weak continuous, it follows that F(x,,) — F(X) leading us to obtain
F(xn) — yn, — F(X) — y8. Since the norm and €2 are both weakly lower semi-
continuous functionals, it follows that

1 . !
—|F(&) =y 17 < liminf — || F(xn,) — Yug 12
p k—oco0 P 4.5)
Q%) < liminf Q(xy,) .

k—o00

From formula (4.5) we obtain

1 1
CIFG = 1P + @) < lminf — | F () — ag I + @ liminf Q(xr,)
V4 k—oo p k—00

.. 1
< liminf (—nF(xnk) e I” + asz<xnk>)
k—oo \ P
1
< lim (—nF(x) el +as2<x))
k—oc0 \ P
1
— ;||F(x) 2 +aQ(x), xeD.

This implies that X is a minimizer of (4.1) and moreover, by taking x = X € O on
the right hand side, it follows that

I g . 1
CIFG) =517 +090) = fim (1P =yl + 00 ) . 66
p k—oco \ P

Now assume that (x5, ) does not converge to 2(x). Since €2 is weakly lower semi-

continuous, it follows that

¢ 1= limsup Q(xy,) > Q(X) .

k—>o0

We take a subsequence {x, k[} such that Q(x, k[) — ¢ as | — oo. For this subse-
quence, as a consequence of (4.6), we find that

] 1 1 N -
lim [ F(xng,) = g, 17 = ~ [ F(®) = |7 + o (QF) - ¢)
l—o0 p p
1 -
< —|F@E) — |7 .
V4

This contradicts (4.5). Therefore we obtain 2(x,, ) — Q(X) as k — oo.

|
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4.1.2 Convergence of regularized solutions

In order to study the convergence of regularized solutions, we remember the concept
of 2-minimizing solutions (cf. Definition 3.25). Such solutions always exist under our
standing Assumptions 3.11 and 3.22 and we can formulate the following convergence
result followed by two corollaries dealing with a priori and a posteriori parameter
choices.

Theorem 4.3 (convergence of regularized solutions). Let {y, := y%»} C Y denote
a sequence of perturbed data to the exact right-hand side y € F(D(F)) of the op-
erator equation (3.3) and let |y — y,|| < 6, for a sequence {5, > 0} of noise levels
converging monotonically to zero. Moreover, we consider a sequence {&, > 0} of

regularization parameters and an associated sequence {x, = xg’j,} of regularized
solutions that are minimizers of
1
—[F(x) = ynll? + o Q(x) — min, subjectto x € D(F) C X. 4.7
4

Under the conditions

limsup Q(xz) < Q(xp) forall xpe{xeD: F(x) =y} 4.8)

n—oo

and
lim [|F(xz) —yull =0 4.9
n—>o0

the sequence {x,} has a weakly convergent subsequence, where each weak limit of
such a subsequence is an Q-minimizing solution xT € D of the operator equation
(3.3). If, in addition, the Q2-minimizing solution xT e Dis unique, we have the weak
convergence x, — x1 in X.

Proof. Let xT denote an Q-minimizing solution to (3.3). From (4.8), it follows that

limsup Q(x,) < Q(x). (4.10)
n—oo

On the other hand, from (4.9) and 8, — 0 as n — ©0, by the triangle inequality, we
obtain that

Jim [F () = v = 0. (4.11)
By (4.10), we have a constant K > 0 such that x,, € Mq(K) for all n € N. Con-
sequently, by Assumption 3.22 (c), a subsequence {x,, } converges weakly in X to
some element X € . Since F is weak-to-weak continuous, it follows from (4.11)
that F(X) = y. From the weak lower semi-continuity of 2 we derive that

Q(X) < liminf Q(x,, ) < limsup Q(x,,) < Q(xT) < Q(xp) (4.12)
k—o0 k—o00
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for all xo € D satisfying F(xo) = y. Taking xo := X shows that Q(%) = Q(xT).
Hence X is an Q-minimizing solution. Using this and (4.12) it follows, by a sub-
sequence-subsequence argument, that

Jim Q) = Q@x"). (4.13)

If the 2-minimizing solution xT is uniquely determined, it follows that {x,} has a
weakly convergent subsequence and the limit of any such subsequence equals xt.
Therefore, again a subsequence-subsequence argument implies weak convergence of
the whole sequence to xt. O

Remark 4.4. We strongly emphasize that the limit conditions (4.11) and (4.13),
which are derived in the proof of Theorem 4.3, are important properties of the se-
quences of Tikhonov-regularized solutions on their own. Together with the weak
convergence in X of regularized solutions x, along subsequences to $2-minimizing
solutions xT, we even have norm convergence in Y of the corresponding image ele-
ments F(x,) to the exact right-hand side y = F(xT) of the operator equation (3.3)
and moreover we have convergence of the values Q(x,) of the stabilizing functional
to Q(xT). If the implication

xn — xTand Q(xn) — Q") = |x, —xT|| > 0asn - oo (4.14)

is true in X, we say that a generalized Radon—Riesz property holds. In this case,
under the assumptions of Theorem 4.3, we even have norm convergence of regular-
ized solutions,. The condition (4.14) is an extension of the Radon—Riesz property,
which is also called Kadec—Klee property, where Q(x) in (4.14) is simply taken as
the norm || x||. A wide range of frequently used Banach spaces X satisfy this condi-
tion and are called Kadec—Klee spaces (cf. [186, Remark 3.1] and reference therein).
In such spaces X and for functionals of the types (3.10) and (3.12), we obtain norm
convergence under our assumptions, including the reflexivity of X and the condition
q > 1. For functionals 2 violating (4.14), however, the convergence of regularized
solutions derived from Theorem 4.3 is not necessarily a convergence with respect to
the norm topology in X, but norm convergence can be shown under stronger assump-
tions on the type of convexity of 2, and we refer to [210, pp.67—69] for sufficient
conditions. In general, we note that norm convergence of regularized solutions holds
true if convergence rates for the error norm can be proved, or if convergence rates for
the Bregman distance can be proved and the Bregman distance can be bounded below
by an index function of the error norm. It will be an essential goal of Section 4.2 to
discuss convergence rates results.

Remark 4.5. If we relax the strong condition (4.8) in Theorem 4.3 to

Q(x,) < K forall n € N and some constant K > 0, 4.15)
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it also follows from (4.11) that F(X) = y, whenever x,, — X, since F is weak-
to-weak continuous. Each such weak limit X is indeed a solution to (3.3), but not
necessarily an 2-minimizing solution.

Corollary 4.6 (convergence under a priori parameter choice). For an a priori param-
eter choice ay := «(8,), based on an index function (cf. Definition 3.18) a(8) that
satisfies the limit conditions

p
a(d) >0 and 8——)0 as 6§—0 (4.16)
a(b)

8

o
sequences of {x,\, which have Q-minimizing solutions x of (3.3) as weak limits.

and associated regularized solutions xp := x, Theorem 4.3 applies and yields sub-

Proof. From the definition of x; as minimizers of (4.7), it follows that

1 sF
;”F(xn) - )’n”p + anQ(xy) < ?n + anQ(xT), 4.17)

where xT denotes an Q-minimizing solution to (3.3). The inequality (4.17) implies

one the one hand »

Qo) < 1 4 o
pan

and, by (4.16) with 14 /an — 0asn — oo, that (4.10) and consequently also (4.8)
are valid. On the other hand, (4.17) with «;, — 0 also implies that

+ 1/p
||F(xn)—yn||§(8,1” +anp Q(x )) — 0 as n — oo.
Hence, we have (4.9) and Theorem 4.3 applies. |

From the inequality (4.17) in the proof of Corollary 4.6, we immediately find the
assertion of the following remark.

Remark 4.7. Given 5 > 0, let ®(§) denote an index function, satisfying (4.16).
Moreover, set C := supg<s<s, .. % < 00. Then, for all 0 < § < pax, the

Tikhonov-regularized solutions xg ) 3 minimizers of (4.1), with regularization pa-

rameters @« = «(8), belong to a common sublevel set of 2, which also contains the
Q-minimizing solutions xT of (3.3). More precisely, we have

x5 5 € Mg (C n sz(x’f)) ADF), 0<8< S (4.18)

Moreover, for alternative a priori parameter choices, with index functions o = «/(§)
that violate (4.16), but satisfy C := supgs<s_ . ag(_g) < 00, the condition (4.15) is
satisfied and Remark 4.5 can be exploited to show weak convergence of regularized
solutions to solutions of (3.3), which are not necessarily $2-minimizing solutions.
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The most prominent a posteriori strategy for choosing the regularization parameter
is the discrepancy principle, frequently named after Morozov (cf. [165]), where, for
given 1 < 11 < 15 < 00, the parameter ®giser = Qdiscr( y‘g, 0) satisfies the inequalities

a8 < |Fxd, )—» <08 (4.19)

[67

for regularized solutions xg, solving the extremal problem (4.1). Since, for fixed

and sufficiently small § > 0, the discrepancy norm | F (xg) — 8| is monotonically
increasing and continuous with respect to «, if Ty in (4.1) has a unique minimizer
x(‘i € P forall @ > 0 and y8 € Y under consideration, then, under this assumption,
the equation

IF(xg) =y’ =8, =1, (4.20)

has a uniquely determined solution « = «(8). Then xgdiscr € D satisfying (4.19)
exists for any given 1 < 71 < 172 < oo. In the case of injective and bounded linear
operators F = A : X — Y, this assumption is always satisfied.

However, for nonlinear forward operators F' : D(F) € X — Y and equations
(3.3), parameters o > 0 satisfying (4.20) and in the same manner (4.19) need not
always exist, since the problem

Vo2 = w, x e D(F), (421

Q(x) — min, subject to % | F(x) —
which is similar to the extremal problem (3.8) of the residual method, will in general
be a nonconvex optimization problem, as a consequence of the fact that the set of
admissible solutions in (4.21) can be nonconvex for nonlinear F'. On the other hand,
nonconvex optimization problems often possess duality gaps (cf., e.g., [23]), where
the saddle point problem of the associated Lagrangian functional has no solution.
The Tikhonov functional T, (x) however, plays the role of the Lagrangian functional
in problem (4.21) (cf. [100, Section 4.1.2]). For fixed o > 0, the sets Xg of regular-
ized solutions xg need not be singletons. If we consider a trajectory of regularized
solutions, i.e., we choose some element xg e X O‘E for all « > 0, then, for that trajec-
tory, the function Ty (xg) is continuous and monotonically increasing with respect to
o > 0and ||F(xg) — 9| is also monotonically increasing. But ||F(xg) — %) can
attain different values if x& varies through the set XJ. As a consequence, the residual
norm of regularized solutions may have jumps in the sense that there are o9 > 0 such
that

. § § . : § 8
lim sup [[F(xg,) —»°ll < lim inf || F(xg,)—y°l-
oy ap—0 xgzn GXgn oy \o+0 x{in eX{?m

Hence, the conditions (4.20) and (4.19) may be failed by all regularization parameters
o > 0. Mostly, sufficient conditions to avoid such gaps and to ensure the uniqueness

of the minimizers xg seem to be based on some smallness of the penalty term Q(xg)
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(see, e.g., [122,123]). For an alternative kind of sufficient conditions ensuring the
existence of agjscr We also refer to [8].

In the next corollary, we simply assume that ogiscr exists for all § > 0 and all data
elements y8 under consideration.

Corollary 4.8 (convergence under a posteriori parameter choice). For an a posteriori
parameter choice o = Ogiser(Vn,6n) and associated regularized solutions x, =

xgn, satisfying the discrepancy principle

7100 < |[F(xn) — yull < 1285 (4.22)

for some 1 < t1 < 15 Theorem 4.3 applies and yields subsequences of {x,} having
Q-minimizing solutions xt of (3.3) as weak limits.

Proof. From the definition of x, as minimizers of (4.7) result (4.17) follows again,
where xT denotes an Q-minimizing solution of (3.3). The inequality (4.17) here im-
plies

Q(xn) < (82 — IIF (xn) — yall?) + (") < Q(xT)

Op P

and hence (4.10), as a consequence of the left-hand inequality in (4.22). On the other
hand, (4.9) is an immediate consequence of the right-hand inequality in (4.22). Hence
Theorem 4.3 applies. m

From the proof of Corollary 4.8 we see that x, € Mg (Q(xT)) N D(F) for all

6 > 0and yS € Y, whenever the discrepancy principle can be realized, that is, if there
exists some Qgjscr satisfying (4.19).

Remark 4.9. Relaxing our assumptions stated above, convergence theory for
Tikhonov-regularized solutions can be extended twofold:

(i)  On the one hand, some models of inverse problems in machine learning, me-
chanics and optimal control require Banach spaces X that are not reflexive,
i.e. for which our standing Assumption 3.11 (a) is violated.

(i)  On the other hand, in imaging one often makes use of penalties €2 that are not
stabilizing in the sense of Assumption 3.22 (c).

We note that there is a close relationship between both kinds of extensions. Tak-
ing into account Lemma 3.12 closed balls in a non-reflexive Banach space fail to be
weakly sequentially compact. Then, the penalty functionals Q(x) = ||x||§1(, q>1,as
powers of the norm in a non-reflexive Banach space X, are not stabilizing functionals
in the sense of Assumption 3.22 (c). As mentioned earlier, when L9- or £4-spaces
are used as Banach space X, there are good reasons to prefer the exponent ¢ in €2.
Note that the exponent ¢ = 1 expresses an exceptional case, because L! and ¢! are
non-reflexive Banach spaces, whereas L9 and £4 are reflexive for all 1 < g < oo. If,
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however, Assumption 3.22 (c) fails, the weakly convergent subsequences of regular-
ized solutions, required in the propositions and theorems of the Sections 4.1.1, 4.1.2
and 4.2 below, do not necessarily exist. This negative property can in general be seen
when the penalty functional, with some convex index function y and some reference
element X € X, is of the form

Q(x) = x (lx = Xlx) (4.23)

for non-reflexive Banach spaces X like L1, L™ (1 (>, ©k and BV.
The standard approach for overcoming this shortcoming is based on exploiting the
sequential Banach—Alaoglu theorem in the form of the following lemma.

Lemma 4.10. The closed unit ball of a Banach space X is sequentially compact in
the weak*-topology if there is a separable Banach space Z (predual space), with dual
Z* = X. Then, any bounded sequence {x,} in X has a subsequence {xy, }, such that
Xn, =% x0 € X ask — oo.

If we replace Assumption 3.22 (c) with the assumption

(c*) R is assumed to be a weak*-stabilizing functional, in the sense that the sublevel
sets
Ma(c) ={xe X : Q) <c}

are weak* sequentially pre-compact in X, for all ¢ > 0,

then due to Lemma 4.10 weak *-convergent subsequences of regularized solutions ex-
ist that are able to replace the weakly convergent ones (see, e.g., [234, Sect. 2.5]
and [34]). Then, for non-reflexive Banach spaces X like X = ¢Yand X = BV, which
possess separable predual spaces (cf., e.g., [7, Remark B.7, p. 299]), the penalty func-
tionals (3.10), (3.12) and more generally (4.23), can be included into the theory. In
this context, however, the forward operator F is assumed to be weak*-to-weak con-
tinuous between X and Y, at least in the sense of subsequences (cf., e.g., [125]). For
X = BV, itis common to use the semi-norm as penalty 2, see (4.30) below and
for more details [33]. We conclude this remark by noting that non-reflexive and non-
separable Banach spaces like BV and L°° require some specific attention, when the
discretization of Tikhonov-type approaches is under consideration, which is a neces-
sary step for the numerical solution of the corresponding ill-posed equations, and we
refer to the recent paper [186] for many details concerning this field.

4.2 Error estimates and convergence rates

In this chapter, we are going to collect assertions on error estimates and convergence
rates of regularized solutions xg, that are minimizers of the extremal problem (4.1) for
an a priori, as well as an a posteriori choice of the regularization parameter « > 0. We
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aim at formulating the results as generally as possible for nonlinear operator equations
(3.3) in Banach spaces, under the standing Assumptions 3.11, 3.22, and 3.26 on the
Banach spaces X and Y, the forward operator F and its derivatives, its domain O (F),
and on the stabilizing penalty functional €2. If, as a special case, linear operator
equations (3.1) are considered, we again use the symbol A to characterize the bounded
linear forward operator. We denote by xT the Q-minimizing solutions to equation
(3.3), in the sense of Definition 3.25 which always exist.

4.2.1 Error estimates under variational inequalities

Definition 4.11 (error measure). We call a non-negative functional, defined on a sub-
set of the product space X x X, an error measure for an approximation x € X of
the element X € X, if the value E(x, X) expresses the precision of this approximation
with respect to X in a well-defined sense. In general, the properties E (X, x) = 0 and
the limit condition limy_, 3 E(x, X) = 0 are required.

An error measure can be constructed, based on a metric in X, i.e., we have
E(X,xX) =0and E(x,X) > 0if x # X, moreover E(x,X) = E(X,x) and

E(x,%) < E(x,X) + E(x,X)
for all x, ¥, x € X. The simplest form is the error norm in the space X,
E(x,X):=|x—-X], x,XeX. 4.24)

In Banach space theory, however, also non-symmetric measures E, like Kullback—
Leibler and other divergences play an important role and we refer to [185] for a col-
lection of such measures. In this work, however, our focus is on the non-symmetric
Bregman distance

D (x, %) = Q) =Q(F) — (£, x = Dxoxx.

. (4.25)
xed, XeDp(R), §&eiX)
and the corresponding error measure
E@jyzbgujy (4.26)

Let us mention here that some authors, e.g. [34], prefer the corresponding symmetric
analog

DS (6. %) = (§ = &.x = F)xexx = DE(F.x) + DE(x. %),
£edQx), £ei),

to (4.25), which, however, acts on a more restricted domain.
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We note that originally Bregman distances (4.25) were only formulated for strictly
convex functionals €2. In that case, the error measure (4.26) satisfies the advantageous
property

E(x,X)=0 ifandonlyif x=X. 4.27)

If a convex functional €2, failing to be strictly convex, is chosen as penalty, approxi-
mate solutions x can be far from the exact one X although Dgz (x,X) = 0. This is the

case, for example, if €2 is taken from (3.10), with ¢ = 1, and more generally when
Q is a positively homogeneous functional. In [147, §4], Bregman distances vanishing
for x # X are verified in a sparsity setting for the penalty functional

o0
Q(x) := > wplxnl. wp =0, (4.28)

n=1

with x = (x1,x2,...) from the space X = ¢? of quadratically summable infinite
sequences of real numbers. The same situation occurs for

Qx) =Y wal{lw.x).  wn >0, (4.29)

n=1

and X being a separable Hilbert space with orthonormal basis {{,} (see [79, 82] and
Section 4.2.6), as well as for the Rudin—Osher—Fatemi-model (cf. [204]), using the
semi-norm

Q(x) := |x|pyg) = sup /x V.gdt (4.30)
g€CSC@), llglLoog)=<1 2

in the Banach space X = BV/(§) of functions of bounded variation embedded into
the Hilbert space L2(€) , with some bounded domain ¥ € R¥, k = 1,2,... (see,
e.g., [11,33,34,46,179,236]).

Definition 4.12 (error estimate and convergence rate). If, for given error measure £
and given 8.« > 0, we have a non-negative functional & such that an inequality of
the form

E(x.x") = 8 (8,26, 20, 1 Fed) - FeehI ) (431)

holds for 0 < § < dnax and all @ = «(§), according to a given a priori parameter
choice rule, or all @ = a(y%,§), according to a given a posteriori parameter choice
rule, then we call (4.31) an error estimate for regularized solutions, with respect to
the 2-minimizing solution xt of (3.3). If, moreover, E can be estimated from above
by an index function y, such that

ExS, xT)y < x(8) (4.32)
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for all 0 < § < 8max and all associated o > 0 under consideration, we call an index
function y in (4.32) convergence rate and

2 (xﬁ(ya,sy XNy =0@©) as §-0 (4.33)
convergence rate result for the Tikhonov regularization.

In the classical regularization theory in Hilbert spaces, see [67], convergence rates
results (4.33) for E from (4.24) and linear problems were obtained under source con-
ditions expressing the solution smoothness of xT with respect to A. See in particular
the versions (3.18) and (3.20). These particular source conditions have (3.22) and
(3.23) as counterparts in Banach spaces. For nonlinear problems A is replaced with
F’ (x*) in the source conditions but, additionally, structural conditions on the nonlin-
earity of F (cf. Section 3.2.4) have to be handled, in order to get such rates.

In the past, research on convergence rates in Tikhonov-type regularization often
used the idea of exploiting variational inequalities, which have the capability of
expressing both solution smoothness and nonlinearity conditions. Following an ap-
proach developed simultaneously by Flemming (cf. [73, 74]) and Grasmair (cf. [78]),
we first of all consider variational inequalities of the form

BE(x.x") <Qx) - (") + (| F(x) — F(x")|) forall x e M C D (4.34)

with some index function ¢ and some 0 < 8 < 1. If, for 0 < § < &pyax, all asso-
ciated regularized solutions x(‘i belong to M (for an example see Remark 4.7, with
sublevel sets M = Mg (C + Q(xT)) N D(F)), then (4.34), after multiplication by
1/8, provides us with an error estimate in the sense of Definition 4.12.

Note that variational inequalities (4.34) for E from (4.24) were already mentioned
in [27, Lemma 4.4]. The most prominent version in Banach space regularization,
however, refers to the Bregman distance £ from (4.26). For that case, by setting
B1 = % and B, = %, (4.34) can be rewritten as

(T 2T —x)xexx = B DG (e xT) + B2 oI F(x) — FxDID
forall x e M C D

with £7 € 9Q(xT), some index function ¢ and constants 0 < f; < 1, B > 0, as
was suggested originally for ¢(¢#) = ¢ in [104] and extended to the case of general
concave index functions ¢ in [20]. For more details see also the Sections 3.2.3, 3.2.4
and 4.2.2.

We now show that the right-hand side in inequality (4.34) has an appropriate struc-
ture to derive convergence rates for the Tikhonov-type regularization. More pre-
cisely, under the variational inequality (4.34), with some concave index function ¢
and some 0 < B < 1, we obtain an inequality (4.32), with y(§) < K ¢(8), for
some constant K > 0 independent of § > 0 and hence a convergence rate result
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E (xg, x) = 0(¢(8)) for § — 0, whenever « is chosen in an adapted manner. This
parameter choice can be of a posteriori type o = ®giser, according to the discrepancy
principle

a8 < |F&S, )=y <ws (4.35)
for prescribed 1 < 11 < 12, or of a priori type, according to an appropriate choice
o = a(§), depending on p > 1 and ¢ .

Theorem 4.13. Let ¢ > Q(xV) and let, for all 0 < 8 < 8ax, regularization pa-
rameters ogiser = a(y®,8), satisfying the discrepancy principle (4.35) exist. More-
over, let the variational inequality (4.34) be valid for a concave index function ¢ and
M = Mgq(c) N D(F). Then we obtain the convergence rate result

ExS  xNYy=0@@®) as §—0. (4.36)

Uiscr’

Proof. From the proof of Corollary 4.8 we see that Q(xgdm) < Q(xT) < ¢. Hence,
as a consequence of (4.34), we have the error estimate

_eUFGS,) — FEOD _ e(F(d,.) — 81 +9)

- B - B

for 0 < § < émax. Then, the right-hand inequality of (4.35), together with the well-
known property

E (xgdiscr ’ XT)

©(K§) <max(l,K) @) forall §>0 4.37)
of concave index functions ¢, yield
< ¢((1 + 12)d) Lt
p p

for 0 < § < Smax, Which gives (4.36) and proves the theorem. O

E(x§, .xh) ¢(4)

Note that Neubauer, in the recent paper [176], suggests an alternative approach for
handling the discrepancy principle.

For a theorem analogous to Theorem 4.13, but involving an a priori parameter
choice, we now translate Theorem 4.11 from [74] and its proof into our setting. We
note that, for similar results in [78], the focus is on the Fenchel conjugate function

f*(s) :=sup (st — f(1)), s>0,
t>0
of a convex function f(¢), ¢ > 0.

Theorem 4.14. Let the variational inequality (4.34) be valid for a concave index
function ¢ and M = Mq(c) N D(F) with ¢ > Q(xT). Then, there is an a priori
parameter choice o = o/(8), satisfying (4.16) that implies the convergence rate result

E(xSs).xT) = 0(p@) as §—0. (4.38)
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Proof. Whenever o = «(§) is chosen such that % is small enough for implying
Xy € M for 0 < § < §ax (cf. Remark 4.7), by setting

@(ﬂt==¢((p2p‘1f/pr”P), t>0,

and due to
(a +b)? <2771 (a? +b?), a,b>0,

we have the following chain of inequalities, where we note that ¢ is a strictly concave
index function, satisfying the limit condition

D (t
lim P9~ oo (4.39)
t—+0

since @ is concave:
BE(S.x") = Q) —auh +¢ (IF6h) - F)
= & (Tud) o0t~ S 1FGd) - 717
p
+o (IFE3) - FGh)
1 /1 1
<2 (G1Feh =50 = SiFed 1)
p p
+o (IFGS) =y I+ 1P = »7))

1( 1 1
L (__“F(xg) 7+ —51’) + o (IFGd) —y°1+ )
o p p

Q

287 5y _ 8 1 By _ 8P o 5D
=, T (IFeD =y 1+8) = (1F05) 17 +57)

25° s § 1 ) 8 P
< Ew(nF(xa)—y ||+8)—ap2,,_1 (IF G-y 11+5)

Setting again

817
(@) =—, §>0,
p
this gives
BE(xS, xT) < 2'/’(5)+§u13 (<p(z) 1 ) 2‘”(8) + (—-¢)* (—;) (4.40)

Now the strict concavity of the index function ¢ ensures that

o) =G _ L SO -6 _

0<
seW@),00) S — V() se[O v@) Y8 —s
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Consequently, there exists @ = «(§) > 0 such that for 0 < § < 8pax

wp POZUE) 1 )~
se@@)o0) S—VE) T ald) Tseloy@y Y@ -—s

(4.41)

Note that, for differentiable ¢, this a priori parameter choice (4.41) simplifies to

1

From (4.39), we obtain that supe(.o0) 22=2@ — o0 as 1 — +0 and hence

a(8) > 0 as § — 0. On the other hand, from both inequalities in (4.41) we sim-
ply derive that

- V()
<P(S)—W_ (‘//())—T) forall s>0.

Together with (4.40) we have

V() e (©5)) —@(s)
a(3) TeWE) =vE) [3,111/,(5)) V(8) —

and taking s := 0 also (4.16) in the form Z((g)) < @Y (6)) — 0asd — 0 since ¢ and

Y are both index functions. Consequently we arrive at the error estimate

BE(x) s xT) < =22 + @Y (8))

E(xgs)x) < B(WW

Hence, with the a priori parameter choice (4.41) and due to the property (4.37) of
concave index functions, we obtain

E(xS)x") = 0(3(67) =0(p@®) as §—-0. O

4.2.2 Convergence rates for the Bregman distance

In this section we consider rates for the error measure E (xg,xT) = DEQ (xg,xT),
preferably under variational inequalities of the form

(T 2T —x)xesx < B1 DEGexT) + B2 (I F(x) — Fx)
forall xe M C D

(4.43)

with §T € 9Q(xT), some index function ¢ and constants 0 < 81 < 1, 2 > 0.

When we recognize the powerful role of variational inequalities (4.43) for obtain-
ing convergence rates in Tikhonov regularization, it is of some interest to verify and
compare various sufficient conditions that imply such inequalities with index func-
tions ¢. Variational inequalities represent a sophisticated tool for expressing solution
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smoothness and to combine it with the nonlinearity structure of the forward opera-
tor in case of nonlinear problems. A main advantage is the fact that the function ¢
immediately expresses the occurring convergence rate. A series of such sufficient con-
ditions and cross connections between source conditions and variational inequalities
were already formulated in Section 3.2 (see Propositions 3.30, 3.31, 3.32, 3.33) and
can also be found in [9,20, 104,210].

For concave index functions ¢, we can immediately apply Theorem 4.13, yielding
the convergence rate result

DE(x§.xT) = 0(p(®) as §—0 (4.44)

if (4.43) is valid for M := Mgq(Q(xT)) N D(F) and if the discrepancy principle
(4.35) with @ = agiser can be realized for sufficiently small § > 0.

The same rate can be obtained by applying Theorem 4.14 directly, when for concave
index functions ¢ the a priori parameter choice @ = «(§) is made in accordance with
(4.41) and if (4.43) is valid for M := MQ(Q(XT) 4+ C) N D(F), with some C > 0.
An alternative proof of this convergence rate result for differentiable ¢ and «(8) in
accordance with (4.42), but also extended to more general convex index functions g
in the misfit term S(F(x), y%) = g(| F(x) — y%|), was given in [20, Theorem 4.3],
based on the generalized Young inequality

a b
ab < | f()dt+ | f~Y(t)dt, a,b>0,
o]

which is true for any index function f.

Now, we can formulate corollaries for the cases that the benchmark source condi-
tion is satisfied or violated. In the latter case, we additionally require g-coercivity of
the Bregman distance.

Corollary 4.15. From Proposition 3.32, and due to the Theorems 4.13 and 4.14 we
have the convergence rate result (4.44), with the concave index function ¢, for appro-
priate choices of the regularization parameter a > 0, whenever the source condition
(3.29) is satisfied for some £ € 3Q2(xT) and the nonlinearity condition (3.43) holds,
withg = o forall x € M := Ma(Q(xT) + C) N D(F) and some constant C > 0.

Corollary 4.16. From Proposition 3.33 and due to the Theorems 4.13 and 4.14, we
have the convergence rate result (4.44), with an index function ¢, defined as

0(0) =0, ¢(t) = [der (¥ o @))]* . >0,

using the auxiliary function
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for appropriate choices of the regularization parameter a > 0, whenever for &1 €
3Q2(x ") the source condition (3.29) is violated, but the distance function dgi (R) tends
to zero as R — o0 and, moreover, the conditions (3.43) and (3.44) hold, with some
concave index function o and with ¢ > 2 forall x € M = Mq(Q(x")+C)ND(F)
and some constant C > 0.

Note that, in Corollary 4.16, ¢ can be replaced by a concave majorant index function
@, in case that (3.45) itself fails to be concave. Such concave majorants always exist.

Example 4.17. In this example, concerning logarithmic convergence rates

Dg(xg,xT) =0 (%) as §—0 (4.45)
[log (5)]

for some p > 0, we show that such rate result, as a special case of (4.44), can be
derived along the lines of the Corollaries 4.15 and 4.16, for two completely different
extreme situations, with respect to the assumptions on solution smoothness of x and
nonlinearity of F.

Supposed that the source condition (3.29) is satisfied by Corollary 4.15, we imme-
diately derive, for all 1 > 0, the logarithmic convergence rate (4.45), if we have

1
1\1#’

[log (5)]
in the nonlinearity condition (3.43). This now means, that the nonlinearity condition
expressing the smoothness of F at xT is extremely poor, but the solution smoothness
is good enough. For any p > 0, the rate in (4.45) is slower than a Holder rate (4.48),
for arbitrarily small v > 0.

The converse situation occurs if o(¢f) = ¢, i.e. the n-condition (3.42) represents
an advantageous structure of nonlinearity, but the solution smoothness is poor in the
sense that a logarithmic decay rate

o(t) = t>0,

dgt (R) < C (log RY™,

for sufficiently large R > 0 and with some constant C > 0, expresses that &' strongly
violates the source condition (3.29), independent of the_ choice of A > 0. However,
since we have, for all such R and for ¢ > 0, a constant K > 0 with

1 K

Y(R) = R(log R))Lq* z R1+e

’

which implies W1 (r) > K¢~1/(1+) for some constant K > 0 and sufficiently small
t > 0. Hence, by Corollary 4.16 we have a rate result (4.45) with

no=Axrq".
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The following proposition, which was proved as Proposition 12.10 in [74], will
show that strictly concave index functions ¢ do not make sense in (4.43). Furthermore,
higher rates than

Dé% S xHy=0@©) as §—0 (4.46)

cannot be expected based on such a variational inequality alone. We refer to [80] for
further ideas.

Proposition 4.18. Under the standing assumptions, in particular Assump-
tion 3.26, let the variational inequality (4.43) hold for an index function ¢ satisfy-
ing the limit condition lim;_, 4 ¢ @ = 0 and for some set M starlike with respect to
x¥. Then we have Q(xT) < Q(x) forall x € M.

The message of this proposition is, that the occurrence of index functions ¢ with
lim;— 4o @ = 0in (4.43) represents a singular case, which is really not of interest
in the solution theory of operator equations (3.3). Note that a pre-stage of Propo-
sition 4.18 for the Holder (power) case ¢(¢) = t“, « > 1 was already presented
in [113, Proposition 4.3]. The proof of such propositions is always based on the exis-
tence of a bounded linear operator F'(xT) with Gateaux-derivative properties (3.9).

We will now highlight the case of Holder rates a bit more. From Theorem 4.14, we
easily derive the following proposition, taking into account that p > 1 is assumed.
Sufficient conditions for obtaining (4.43) can be found in Propositions 3.32 and 3.33,
and we refer to the Corollaries 4.15 and 4.16 for cross connections.

Proposition 4.19. From a variational inequality (4.43), with ¢(t) =tV, 0 <v <1,
and M := Mq(Q(xT) + C)ND(F), C > 0, for the a priori parameter choice

c8P7V <a(d) <céPV, §>0, 4.47)
and constants 0 < ¢ < ¢ < 0o, we obtain the Holder convergence rate result
D (xys)x) =0(8") as §—0. (4.48)

In Tikhonov regularization for Hilbert spaces X and Y, at least for linear ill-posed
problems, Holder rates

Il =Tl =0(8%) as 50

and Holder source conditions (3.17), with «(z) = t%, 0 < v < 1, are closely con-
nected, in the sense of nearly being a one-to-one correspondence. See the so-called
converse results , presented in [67,173]. In the Banach space situation, such a scale of
intermediate (Holder) source conditions is missing and we only have the benchmark
source condition, corresponding to the exponent v = 1, which for the case of non-
linear problems can be written as (3.29). However, approximate source conditions,



Section 4.2 Error estimates and convergence rates 99

based on distance functions d¢+(R), with respect to the benchmark (3.29), can again
play the role of a replacement tool concerning Holder convergence rates, as was done
by Corollary 4.16 for general concave rate functions.

All the convergence rates results of this subsection, where the error is measured by
the Bregman distance, were obtained with the help of variational inequalities (4.43).
Whenever the benchmark source condition (3.29) is violated, we had to assume g-
coercive Bregman distances in order to get a rate at all. The subsequent result avoids
using (3.44) and hence cannot take a route via variational inequalities (4.43). Never-
theless, distance functions dg+(R) play a prominent role in getting the result, which
was presented, together with a stringent proof, using Young’s inequality and some
extensions and corollaries, in the paper [97].

Theorem 4.20. Let F be nonlinear of degree (c1,c2) with0 < c¢; <1 —c¢p at xf
with corresponding subgradient & T, where the set M, starlike with respect to xt, is
such that | F(x) — F(x)|| < C for all x € M and some constant C > 0. We now set
JRES 1211: 5> 0 and assume that the benchmark source condition (3.29) is violated,
but the corresponding distance function satisfies the limit condition dg:(R) — 0 as

R — o0. Then we have the convergence rate result

Dg(xg(s),xT)zO(ds-;-(\lf_l(S))) as §—0 (4.49)
with the auxiliary function
1
(dgt(R))»
W(R) = ——"— R>0,
R

when, for sufficiently small § > 0, the regularization parameter a = a(8) satisfies the
equation

(adgr (@7 (@) =3,

with

Remark 4.21. By thorough inspection, one can verify that the rate in (4.49) is lower
than the comparable rate ¢ in formula (3.50) of Proposition 3.38, which was essen-
tially raised by the additional g-coercivity requirement (3.44). Following the ideas of
Theorem 4.14 we easily see that (3.50) indeed represents a convergence rate for the
Tikhonov-type regularization.

4.2.3 Tikhonov regularization under convex constraints

The case where D(F) := € is a convex and closed subset of the Banach space X
refers to a situation of great practical interest. Here, Tikhonov-type regularization
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searches for minimizers x{ to the extremal problem
1
To(x) := —|F(x) — ¥} |? + € Q(x) — min, subjectto x € €, (4.50)
p

with convex constraints. In the following, we briefly mention results on projected
source conditions in Banach spaces, published in the joint paper [76] with J. Flemming
that complemented the earlier results of [172] and [45] in Hilbert spaces.

In Banach spaces, the normal cone of € at xT is defined as

Ne(xT):={s e X*: (£.xT —x)x+xx =0 forall x € €}. (4.51)

We say that xT satisfies a projected source condition with respect to the operator
F'(xT) if there are £ € 9Q(xT) and v € Y* such that

(F'(x")*v — £t € Ne(xT). (4.52)

If xT is an interior point of €, we have Ne(xT) = {0} and (4.52) reduces to the
ordinary source condition (3.29). Under the assumption that X is not only reflexive,
but also strictly convex, the metric projection

Pe:X >€CX

onto the convex set € is well-defined whenever € is additionally closed. Then, for
given x € €, there is a uniquely determined element xe = Pex € € such that

lve — x| = min [[¥ — x|.
X€€
From [132, Proposition 2.2], with the bijective duality mapping JZX X —> X, we
further have the equivalence
xT=Pe(x) <= Jfx—xT)eNexh),
for each x € X. Taking into account the equation

(PG o =" = s (x4 7 (F ety —gh - ),

where J2X Y= (J2X )y~! 1 X* — X is the inverse duality mapping, this provides us
with the fact that the projected source condition (4.52) can be rewritten as

xt = P (xt+ (P T -6h).

which motivates the term ‘projected’ in condition (4.52).
We now prove a corollary of Theorems 4.13 and 4.14, with respect to the situation
of projected source conditions.
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Corollary 4.22. Let € = D(F) denote a convex and closed subset of X and let
the Q-minimizing solution xV of (3.3), with €T € 3Q(x"), satisfy a projected source
condition (4.52) with respect to the operator F’ (xT). Furthermore, let F satisfy the
nonlinearity condition

IF N =xD| < Ko(|F(x) = F&xD|)) forall xe€ (4.53)

and some concave index function a. Then Theorems 4.13 and 4.14 both apply and
supply the convergence rates

Dg(xg, xH=0w6©) as §—>0 (4.54)
for the corresponding choices of the regularization parameter «.

Proof. By the definition of Ne (xT) and owing to (4.53), we have, for all x € €,

ET X7 — X)xewx < ((F' M) vxT = x)xexx < (0, F/GN (T =) yexy
<[y« F*Hx = xD < K|lolly o (| F(x) = FxD]).

Hence, we find a variational inequality (4.34) with E(x, xT) = D?* (x, xT), M =T,
B = 1 and the concave index function ¢(f) = K ||v||y*o(¢). Then both theorems

apply and yield (4.54). O

Remark 4.23. We can handle ordinary source conditions (3.29) along the lines of
the proof of Corollary 4.22, by replacing inequalities with equations at some points,
which is done in the proof of Proposition 3.32 above. Doing this, we see the same
rate (4.54) appear. For linear forward operators A, Proposition 3.30 mentioned such a
result, implying the best possible rate (4.46), since nonlinearity requirements are not
necessary in this case. Note that, for nonlinear forward operators F, the condition
(4.53) need not hold on the whole domain £ (F'). In general, it is sufficient to have
such a nonlinearity condition on sublevel sets M, covering the regularized solutions
under consideration.

4.2.4 Higher rates briefly visited

As we have seen in Section 4.2.2, convergence rates for the Bregman distance, mea-
suring the error of regularized solutions with respect to an 2-minimizing solution
xT € Dp(Q) to (3.3), can be obtained up to the limiting rate (4.46), based on source
conditions, approximate source conditions or variational inequalities and based on the
ansatz

Ta(xg) = Ta(xT)’ a >0,

with Ty from (4.1). This is the so-called low-rate region. To obtain higher rates,
belonging to the so-called enhanced-rate region, higher smoothness of an element
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£t € 9Q(xT) from the subdifferential with respect to the operator F’(xT), expressed
by stronger source conditions, is required. Moreover, for the proof of convergence
rates results, a new ansatz

Ty (xz) < To(xT —z) with appropriately chosen z € X

is necessary. This idea has already been suggested by Tautenhahn in [136] and has
been used in different works, see for example [67, 231] for the Hilbert space and
[93, 175, 196] for the Banach space setting. In the following theorem, we sketch
convergence rates results for exponents p > 1 in the misfit term of (4.1) that have
been recently published in the joint paper [177] with A. Neubauer et al., where also
the marginal case p = 1 was studied in detail. For the proof of Theorem 4.25, we
refer to the proof of Theorem 3.3 in [177].
Before we start, we have to pose a set of additional assumptions:

Assumption 4.24.

(a) The Banach space Y is s-smooth, with s > 1.

(b) For the element xT € Dp(Q), the set IQ(xT) contains exactly one element
£t e x*.

(c) There is an exponent r > 1 and there are constants ¢, > 0 and o, > 1, such that

Dg(x,xjr) <crllx —x7L||r forall x € D(R) with ||x — xT|| < 0r.

(d) There are constants cg > 0 and o > 0 such that the nonlinearity condition
IF(x) = F(xT) = F/(cN e = x| < cp DG (e, xT)

holds for all x € D with Q(x) < Q(x") + oF and |F(x) — F(xN)|| < oF.

Then we are ready to formulate the main theorem of this section.

Theorem 4.25. Under the Assumptions 3.11, 3.22, 3.26 and 4.24, let & f = 0 denote
the uniquely determined subgradient of Q at the solution x' € Dp(Q) of equation
(3.3), satisfying a source condition

e = F' Y I FHw), wex, (4.55)

accompanied by a corresponding smallness condition
cr |17y (F'(xHw) <1, (4.56)
such that zg .= xT — Bw € D for sufficiently small B > 0. Then for the a priori

parameter choice
(p=Ds

c8rts—1 < qa(f) < ES(r{EBf, §>0, (4.57)
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and constants 0 < ¢ < ¢ < 00, we obtain the convergence rate result
DG sy xh) = 0 (5751) as 5 0. (4.58)

From Theorem 4.25 we find, for all p > 1 that, with appropriate parameter choices
and in case of r = 2 in Assumption 4.24 (c), the Holder rate result

D?T(xg((g),xT) =0 (8%) as §—>0

can be established. According to Assumption 4.24 (a), the associated rate exponent
grows, with the smoothness s € (1, 2] of the space Y, from 1 to 4/3. The maximal rate
exponent 4/3 characterizes the limiting case s = 2 of a Hilbert space situation. As
an aside, we note that the a priori choice (4.57) of the regularization parameter in the
enhanced-rate region satisfies the condition (4.16), but the decay rate of that function
a(8) — 0as § — 0 is slower than for the choice @ ~ 877!, yielding the best rate
O(4) in the low-rate region (cf. Proposition 4.19).

4.2.5 Rate results under conditional stability estimates

In this section, following and extending the ideas of [47] and [113, §6.2], we will com-
bine Tikhonov-type regularization and conditional well-posedness (cf. Section 3.1.3),
based on conditional stability estimates, which are of significant interest for parameter
identification problems in partial differential equations and here attain the form

[x1 —x2fl = C(R) (|| F(x1) — F(x2)|) forall xi,xz € Mg. (4.59)
The radius-dependent families of sets
Mr:={xeDF)NZ: x|z <R}, (4.60)

on which the conditional stability (4.59) has been established, use a Banach space Z
with norm |-|| z. This subspace Z of X is densely defined and continuously embedded
in X. Moreover, let there exist constants C(R) > 0, for all radii R > 0 and an index
function ¢ such that (4.59) is valid. We use the Tikhonov-type regularization to find
stable approximate solutions to the nonlinear ill-posed operator equation (3.3).

Theorem 4.26. Under the conditional stability estimate (4.59)—(4.60), with a con-

cave index function ¢ and constants C(R) > 0 for all radii R > 0, consider Tikhonov-

regularized solutions xg as minimizers of the extremal problem

1 1 .
Ta®) = IF() — 3P +a gnanz — min,

subjecttox € D(F)NZ C X, (4.61)



104 Chapter 4 Tikhonov regularization in Banach spaces with general convex penalties

with exponents 1 < p,q < 0o, where the regularization parameter is chosen a priori

as
cé? <a(d) <cs”, §>0, (4.62)

for constants 0 < ¢ < ¢ < oo. If there is a solution xT € D(F) N Z of equation
(3.3), then we have a convergence rate result of the form

x5 — xTl = O(p(8)) as §—0. (4.63)

Proof. We have

1/p 1/p 1/p
1FG) =P 1= (pTaled) "= (pTalxh) "= (p 5 + o gnx*u‘é)

For the parameter choice (4.62), with focus on the upper bound and with the constant

p 1/p
Kim(pee Zig)
q
this yields the discrepancy norm estimate
||F(Xg(3)) -yl <KS$.
Also from the extremal properties of the regularized solutions, one derives
8149 <gT T < 51) 1149
alxglz =qTa(x") = g8 +alx'lZ

and further, with the lower bound in (4.62),

1/q 1/q
§ q8” q _ (4 q
x5z < (Q o hy) = (L)

By setting R := (%—i—”xTII%)l/q, we then have ||x£(8)||z < R,aswellas |xT||z < R

and hence, with xT, xi ©) € MR, the conditional stability estimate (4.59), together
with (4.37), as a consequence of the concavity of ¢, provide us with the chain of
inequalities

I35y — xIl < CRY @I F (x5 5)) — ¥ ) < C(R) 9(K8) < K C(R) 9(5).
This implies (4.63) and completes the proof. O

Remark 4.27. As we see the convergence rate (4.63) is imposed on the problem
by the character of the conditional stability estimate. In this context, Tikhonov-type
regularization only acts as an auxiliary tool to ensure that all regularized solutions lie
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within a common stability domain Mg. So, for the case () = O(t) ast — 0, it is
also possible to obtain a convergence rate

IS5 — 2Tl = 0©) as §—o0. (4.64)

Note that such convergence rates (4.64), typical for well-posed problems but atypical
for ill-posed problems, in exceptional cases can also be proved when regularization is
applied to ill-posed operator equations under sparsity constraints, as briefly mentioned
in the next subsection. From this point of view, sparsity in the sense that the solutions
xf belong to a finite dimensional subspace of X, is a specific form of conditional
well-posedness.

4.2.6 A glimpse of rate results under sparsity constraints

Motivated by numerous applications in imaging and other fields, the amount of lit-
erature on convergence and convergence rates for Tikhonov-regularized solutions of
linear and nonlinear ill-posed operator equations with forward operators A or F, map-
ping between Banach spaces X and Y, under sparsity constraints, assumed vast pro-
portions in the past few years. Sparsity constraints hold whenever the solution x
of the operator equation under consideration can be written as a linear combination
of a finite number of functions from a basis (frame) in X, where it is unfortunately
unknown which frame functions are active for the present solution.

In this subsection, we consider the Tikhonov-type regularization (4.1) of the op-
erator equation (3.3) under sparsity constraints with in general nonlinear operators
F, mapping from an infinite dimensional and separable Hilbert space X, with the
orthonormal basis {{,}52 ;, to the reflexive Banach space Y, by using the family of
convex penalty functionals

o0
Q) ==Y wy [(n.x)]7 with 1<g <2 and Wy > Wmin >0 . (4.65)

n=1

Again, the symbol xg denotes a regularized solution, associated with the regulariza-
tion parameter @ > 0. Existence, stability and convergence results along the lines of
Section 4.1 can be found for 2 from (4.65) since, with

1/q

o 1/2 o0
Ix[l = (Z |<zn,x>|2) < (Z |<zn,x>|Q) < w1 (),

forall x € X, this penalty functional is stabilizing in the sense of Assumption 3.22 (c).
For details we refer to [210, Section 3.3], where also the explicit form of the sub-
differential 9Q2(xT) (cf. formula (3.52) on p. 81 of [210]) and of the Bregman distance
Dg. (x, xT) are given. In the case where xTis sparse and 1 < g < 2 one can even
show the 2-coercivity of the Bregman distance for 2 from (4.65).
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With respect to convergence rates, for a birds-eye view of this topic, we select a
rate result by Grasmair, Haltmeier and Scherzer from [81], which came as a surprise
immediately after its publication. In this paper, it was shown that, for the special
case ¢ = 1 in the exponent of the penalty functional €2, the super-rate (4.64) occurs,
which can generally only be seen for well-posed problems. We present this result, in
a slightly modified version, as Theorem 4.30, where we sketch the proof only with
respect to the modification, presupposing the assertions and the corresponding proofs
of Theorems 14 and 15 in [81]. For further studies on regularization under sparsity,
we refer to the papers [55,82,189,191,192] with numerous references therein, as well
as to the handbook [209].

For the sparsity situation, we further complement our standing assumptions on F',
D(F) and the condition p > 1 for the exponent in the fidelity term by Assump-
tion 4.24, in order to obtain the rate results of Theorem 4.30.

Assumption 4.28.

(a) We have an Q2-minimizing solution xtof (3.3), which is sparse in the sense that
there is a k € N and a finite subset (11,75, ...,n;) of indices n; € N, such that
xT e span(lny, Cnyy - - v Cny)s 100, xf belongs to a k-dimensional subspace of
X.

(b) The operator F is Gateaux-differentiable at xT, and for every finite set / C N the
restriction of its derivative F’(xT) to the finite dimensional subspace {¢ i, jeJy}
is injective.

(c) There exists some & Te BQ(xT), such that the benchmark source condition (3.29)
is satisfied.

(d) There exist constants y1, ¥2, > 0 such that

IF()—F (") = F'(x)(x = x|

(4.66)
< 11 DG (. xN) + 2 IF () — FaP)]

holds for &' from (c) and all x € M, (0) (cf. (3.33)) for sufficiently large o > 0.

Remark 4.29. Taking into account the Gateaux-differentiability of F at x due to
Propositions 3.30 and 3.31, the requirement of Assumption 4.28 (c), concerning the
solution smoothness, is equivalent to a variational inequality (3.37), which needs to
hold for all x € M, (0) and sufficiently large ¢ > 0. On the other hand, the nonlin-
earity condition, expressed in other terms by Assumption 4.28 (d), indicates a degree
of nonlinearity (c1,c2) of F at xT, with max(cy, ¢2) = 1 for the Bregman distance
De+(-.xT) of Q, with £7 € 8Q(xT) (cf. Definition 3.37). This is not a too strong
condition and includes the common cases (3.42) with ¢y = 1, ¢, = 0 and (3.46) with
Cc1 = 0, Cy = 1.
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Now, we are ready to formulate rate results with respect to the error norm in X. In
our formulation, we suppress the fact that parts of Assumption 4.28 are only required
for ¢ = 1. For details, we refer to [81] and [210, Section 3.3].

Theorem 4.30. If 1 < g < 2 in the penalty functional (4.65) then, under Assump-
tion 4.28 and for an a priori parameter choice a(8§) ~ 8?1 with p from (4.61), we
obtain the convergence rate

||xg(8) —xf=0 (51/q) as 8§—0.
In particular, for ¢ = 1 in (4.65), this even ensures the super-rate
||xg(8) —xf|=0@©) as §—0.

Proof. The rate results immediately follow from the proofs of Theorems 14 and 15 in
[81], if we can show that the items (c) and (d) of Assumption 4.28 imply the existence
of constants y3, y4, V5, Y6 > 0 such that the inequalities

IF(x) — F(xT) = F/(xT)(x —xT)]|

4.67)
< 73 (Qx) — QN + ya |[Fx) — Fxh)

and
ys (ET. 0T —x)xexx < Q) — Q6T + 6 | F(x) — F(eD)| (4.68)
are valid for all x € M, (0). Evidently, (4.66) implies (4.67), because
D (x,x1) < B3 (Q(x) — (") + Ba | F(x) - FxD],

with some constants 83 > 0 and B4 > 0, as a reformulation of (3.37) (cf. Sec-
tion 4.2.1), is a consequence of the benchmark source condition (3.29). It follows
directly from the variational inequality (3.37), valid for 0 < f; < 1 and for all
x € Mt,(0), that (4.68) holds, with y5 = 1 — 1 > 0. This completes the proof. O

Taking into account the results of the previous subsection on conditional stability,
we see that the super-rate (4.64) in the case ¢ = 1 is not such a sensation after all: the
chance to obtain such a rate is given for problems which are originally ill-posed but
possess a hidden stability potential or, in other words, they are well-posed shrouded in
an ill-posed environment. As in the case of conditional stability in Section 4.2.5, the
Tikhonov-type regularization is only an auxiliary tool, thriving on the hidden well-
posedness of the problem, also under sparsity constraints.



Chapter 5

Tikhonov regularization of linear operators with
power-type penalties

Now that we have presented the general results concerning the regularization prop-
erties for a wide range of nonlinear operators and penalty terms, we turn our focus,
in this chapter, to the important special case of a bounded linear forward operator.
Moreover, we restrict our considerations to convex penalty functionals

Q) = Lx]%.

which are powers of the norm in X, with exponents g > 1. The aim of this chapter is
to collect all information about this case in one place. We will, therefore, once more
discuss source conditions and the resulting estimates for the error measure, being a
Bregman distance. Moreover, we will revisit the parameter choice rules, discussed
in Chapter 4, in the sense of a priori parameter choices and of the discrepancy prin-
ciple. We will also introduce a modified version of the discrepancy principle and,
finally, present two minimization schemes for the Tikhonov functional, together with
a convergence analysis for the corresponding minimization schemes. Some results
that were presented in Chapter 4 will be restated in a form adapted to the setting
considered in this chapter.
Throughout this chapter the Tikhonov functional is given by

To(x) := Sl Ax = Y2 11§ + aglx]%.

where p,q > 1 and A is a bounded (continuous) linear operator.
First, we recall that, due to the results proved in Chapter 4, the minimizers xg of the
Tikhonov functional are well-defined and provide a regularization method, i.e. xg @)

converges to xtas 8 — 0if the regularization parameter @ = «(§) is chosen appro-
priately. However, the convergence of xg @) to x' can be arbitrarily slow. Therefore,
additional conditions, namely source conditions, have to be assumed, in order to ob-
tain convergence rates with respect to some error measure £ (xg, xT). In the previous
chapter, Bregman distances proved to be the appropriate tool for measuring the error.
For the reader’s convenience, we omit the indices of the dual pairing (-, -), since it is
clear from the context whether we mean (-, -)x*xx or (-, -)y*xy . Furthermore we set
Ja =]'qX’Jq =JqX’J'p =ij and Jp ZJ};-

5.1 Source conditions

We begin our analysis with the presentation of two source conditions and the resulting
error estimates, with respect to the Bregman distance. The corresponding low-order
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source condition is given here by
jg(xT) = A*w for some j, € J;andw € Y*, (5.1
whereas the high order source condition is here defined by
jg(xT) = A* j,(Aw) forsome j, € J,. jp € Jyand w € X. (5.2)

We mention that such source conditions have already been introduced by formulas
(3.22) and (3.23).

Using these source conditions, we will provide estimates for the error measure,
given by the Bregman distance Dj, (xg, xT). Moreover, by exploiting these estimates,
we will be able to show convergence rates of the form

D;, (x5, x%) < C -8,

i.e., convergence rates with respect to the Bregman distance. In particular, we will
give an alternative proof that Morozov’s discrepancy principle, together with the low
order source condition, yields the convergence rate Dj, (xg, x%) < C -8. We note that
this result was already proved in Theorem 4.13 in a more general setting, since the
low order source condition implies the variational inequality (4.34), with ¢(t) = ¢,
cf. [81, Proposition 11].

For the low order source condition (5.1) we obtain the following estimate:

Theorem 5.1. Let the low order source condition (5.1) hold. Then we have
Dj, (x5, x") <™ 187 — | Axg — ¥°17) + llwll(14x; =PIl + 8)
and
8 1 * *—1 1 -1
Dj,(xg.x") < Zewl?” - a? 7 4+ Lot 87 + w8,

8

 minimizes the Tikhonov functional, we have

Proof. Since x

) § 8
Sl Axg =y II7 + aDj, (g, xT)
= L14x5 = Y2117 + ad x5 117 — a2 x| — a (g (x). x5 — xT)
< DlaxT = y2 117 + e x T — e b1 — (g (), x5 — xT)

1 : 8
< 187 —a(jg(xT).xd — xT).
Due to the source condition, we get

—a(jg(x").xf —x) = a(—w, Ax) - AxT) < alwl4x] - vl
< afwlldx] — y¥|| + a|w]s.
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which proves the first claim. By Young’s inequality we have
] 8 1 8 8 1 * *
allwl[|Axg —y° I = 51 Axg =y 17 + = lw]”
and therefore
1 8 ] )
1114x5 = 8 |1? + aDj, (x5, xT)
TiAgxS — 812 & L jpll2" . o2 o LgP
< Sl Axg =Y I7 + = wll? -a? 4+ 587 + allw|s,
which is equivalent to the second claim. m|

The astonishing fact concerning the above theorem is that no properties of the space
X are used in the proof. However, to translate the convergence with respect to the
Bregman distance into norm convergence, one has to assume a convexity property on
X, like uniform convexity or convexity of power type.

Next, we consider the high order source condition (5.2). For this source condition,
Hein (cf. [94, Lemma 3.1]) proved an estimate of the Bregman distance.

Theorem 5.2. Let the high order source condition (5.2) be valid. Then, we have with
— g/
y =«

qu(xg,xT) < Dj, T —yw,x") +a 1. Djp(A(xT —yw) — y8, —A(yw)).
Proof. Since
V19 = ZIxl19 = Dy, (v, %) + (Jg(x),y = x),
we have
LI 09 = i = ywll? = Lad e = 21xT19 = G Ut —yw]? = LT
= Dj,(x3, xT) + (jg(xT), x8 — xT)
= Dj, (" —yw.xT) = (g (N, (T = yw) — xT)
= Dj, (x5, x") = Dj, T — yw, xT)
+ (jq(xT),xg +yw—xT).

Since xg is the minimizer of the Tikhonov functional, with the above equality, we get
the estimate

Lijaxd = %17 + abj, (x3. x)
Z%IIAxg — 17 + aélle,nq —otéHxT —yw|?
+aDj, (" = yw. xT) —a(jg (). x3 + yw — xT)
<2IAGT —yw) = 7)1
+aDj, (x" —yw.xT) —a (g (). x§ + yw —xT).
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Moreover, we have
Liget = 5?2 = p: (ARt = 8 g 1yp_ 4 p
HAGT —yw) = y° ¥ = Dj, (A(x" —yw) — y°. —A(yw)) + ;| — A(yw)||

+ (jp(—A(yw)). (AT — yw) — y*) — (~A(yw)))
= D), (AT —yw) = y%, —Ayw)) + L[ Ayw)||?
— (p(A(yw)), Ax — y°)
and
—(jp(Ayw)), AxT = y%) + L] A(yw) ||
= —(p(AQyw)), AxT — Ax) + Axg = ¥°) + Ll AGw)1?
= — (A" jp(Ayw)), xT = x) = (jp(A(yw)), Ax§ — y°) + Ll AGw)|” .
Due to Cauchy’s inequality and Young’s inequality we derive
—(—jp(AGyw)), Axg = °) + S AGyw)||?
< S lip(Aw) 7" + Ll AGw)|1? + L114xE - y°|17 .
By the properties of the duality mapping it follows that
Llip(AGw)?” + SN AGw) P = = [AGw) [PV + Lja@w)|?
= [|[A(yw)||?
= (Jp(A(yw), A(yw))
= —(A"jp(Ayw), —yw) .

Hence, we obtain
— (jp(A(yw)), AxT = %) + Ll AGyw)|1?
< —(A*jp(Ayw)), —x§ —yw + xT) + L)1 4xf - y°|17 .
Altogether we then have
LAGT —yw) =017 < D), (—A(yw), AT - yw) — )
— (4% jp(AQw)), —x§ — yw + xT)
+ Llaxg — %117
Duetoy = o1/ (P=1) and with the source condition, we get

A* jp(A(yw)) = aA* jp(Aw) = ajg(xT)
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yielding
4xd = Y2117 + abj, (xF,xd)
< L1AGT —yw) = y° 17 + aDj, (F = yw, xT) — g (xT), 5§ + yw —xT)
< Oleq(xT - yw,xT) —a(jq(xT),xg +yw— xT)
+ Dy, (AT = yw) =% —A(yw))
.ot 8 + 1 8 8\p
—a(jg(x"), —xg —yw+x") + Sl Axg — y°|
= aDj, (x" = yw,x") + Dj, (AT = yw) =y, —AQyw)) + [ AxE = |17
This proves the theorem. O
Remark 5.3. If Y is a Hilbert space then, with p = 2, we can estimate
D), (At —yw) =%, —A(yw)) = 3y = VI = 587

Hence, Theorem 5.2 is a generalization of the results, presented in [196, p.1308] as a
remark and a corollary.

Corollary 5.4. Let x% be a minimum norm solution of Ax = y and let there exist
w € X, jg € Jgand jp € Jp satisfying

Ja(x") = A% jp (Aw).
Furthermore, let xg be a minimizer of the Tikhonov functional
To(x) := 5] Ax = yO |7 + - Lx|?

with |y — y8|| < 8 and let Y be p-smooth, as well as X be q-smooth . Then, there
exists a constant C > 0, independent of x" and xg, such that

Dj, (x5, x1) < C@? PV w|¢ + a~'57).

Proof. Due to Theorem 5.2 and the smoothness of power type of X and Y, we have
with y = /(=D

D;, (x5, x") < D, xT —yw,xT) + 7' Dy (AT — yw) — ¥, —A(yw))
< C(lyw|? + a7t AxT — y%||7). O
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5.2 Choice of the regularization parameter

The aim of this section is to show convergence rates of the form D g (xg(s), xT) <

C - 5 of the minimizers xg @) to the minimum norm solution xT. To achieve this, we
will consider the source conditions introduced in the previous section, together with
an appropriate parameter choice rule for .

First, we consider a priori choice rules «(8) ~ 6V, where v > 0. Then, we will dis-
cuss the discrepancy principle, which results in the convergence rate
Dj, (xg,xT) < C -4, cf. Theorem 4.13.

To obtain better convergence rates, H. W. Engl, in [66], proposed an alternative
discrepancy principle. In the last part of this section, we will show that the discrepancy
principle of Engl can be generalized to the setting of Banach spaces, in the best case
yielding better convergence rates than for the discrepancy principle of Morozov.

5.2.1 A priori parameter choice

For a priori parameter choice rules of the form «(8) ~ §¥, with v > 0, convergence
rates results with respect to the Bregman distance are straightforward consequences
of Proposition 4.19, for the low order source condition and of Theorem 4.25 for the
high order source condition, respectively.

In this section, we will draw the conclusions of these theorems by means of the
Bregman distance estimates, proved in the previous section.

Theorem 5.5. Let xT be the minimum norm solution of Ax = y and xg a minimizer
of the Tikhonov functional Ty(x) = %||Ax P 4 a- é||x||q with ||y — y3|| <8
and p > 1.

@ If jq (xT) = A*w for some j; € Jq and o is given by
o~ 8P,
then
(b) If jo(xT) = A% j,(Aw) for some j, € Jy, jp € Jp and if the space X is smooth
of power type q, as well as Y smooth of power type p, then for a, given by

a ~ §Pp=D/(p+g-1)

we have
Dj, (xz(s),x’r) < C .gpa/lp+a—1D,

In both cases, the constant C neither depends on xg nor on «.
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Proof. First, consider the low order source condition jg4 (xT) = A4*w. By Theo-
rem 5.1, we have

) 1 * *—1 1 -1
Dy, (5 xT) = el T 4 Lo 87+ w8,

Then, the optimal choice of «(8) is given by & ~ §7~1, resulting in the convergence
rate Dj, (xg(s),xT) < C -§. Alternatively, the claim can be regarded as a direct
consequence of Proposition 4.19 for v = 1.

Next, we consider the high order source condition jj (xT) = A* Jp(Aw). Since the
space X is smooth of power type g and Y is smooth of power type p, by Corollary 5.4,
we get that

Dj,(x8,xT) < C(a4/ @~V ||jw||? 4 a~157).

Therefore, the optimal rate §79/(P+4=1) s achieved for o ~ §7(P—D/(p+4=1), O

Alternatively, assertion (b) of Theorem 5.5 can be seen as a consequence of Theo-
rem 4.25.

Remark 5.6. If, in addition to the assumptions of the latter theorem, the space X is
convex of power type, say k-convex, then both convergence rates can be expressed in
terms of the norm of X.

First, we see that

a9 < Ta(x)) < Ta(x) < 287 +a- L)%,

8

Hence, for all sufficiently small « and §, the minimizers xg

bounded.

are uniformly

(a) First, assume that the low order source condition jg, (xT) = A*w holds. Ifk < ¢,
then, by Corollary 2.61,

and consequently

Notice that this is the rate mentioned in Theorem 4.30. If, on the other hand,
g < k then, again by Corollary 2.61,

CUXTI + Ix sy DT N1xT = x5 I < D), (x55). xT) < C -8
and, by the boundedness of xg ) We have
Ixt = x§ gl < C - 8V/%

for all sufficiently small §.
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(b) Assume, on the other hand, that the high order source condition jg " =
A* jp(Aw) holds, where X is g-smooth. Then, by Theorems 2.50 and 2.51,
we know that ¢ < k. Hence, once again by Corollary 2.61, we get

||xT — xg(s)” <C . §Pa/l(p+q—1)k]

for sufficiently small §.

5.2.2 Morozov’s discrepancy principle

As discussed in Chapter 4, the discrepancy principle from formula (4.19) is a powerful
way of choosing the regularization parameter. In this section, we want to show that
the rate obtained in Theorem 4.13 in a more general setting, can also be found by
exploiting the distance estimates of Section 5.1.

Without loss of generality, we will consider the discrepancy principle with 7; =
7 =: 7. Hence, the parameter « = «(§, y8 ) is chosen via

14x5 5 5y = ¥’ 1l = 76,

where the parameter 7 has to be chosen so as to ensure that such (8, y®) exists. For
the remaining part of the section, we will assume that this is the case. However, we
note that, for linear A, the proof of existence can be carried out along the lines of the
proofs in [121] or [21]. We also refer to the first part of the proof of Theorem 7.13 in
Chapter 7 below and of Theorem 3 in [129].

Under these assumptions, the following convergence rate can be shown:

Theorem 5.7. Let xT be a minimum norm solution of Ax = v, such that j, x") =
A*w for some jg € Jgand w € Y*. Let xg be a minimizer of the Tikhonov functional
Tu(x) := %HAx — VP +a- é||x||q, where p > 1. Moreover, let T > 1 be chosen

such that, for y®, with ||y — y%|| < 8, there exists an a(8, y®) such that

14xE (5 sy = V21l = 76

Then,
Dj, (x4 5.p5yx) = L+ D)lw]| 8.

Proof. By Theorem 5.1 we have

Dj,(xg:x") =@t L7 — [ Axg = ¥°IP) + Iwl (| Axg — y° 1l + ) -

Since ”Axg(s,y&) — ¥ = 18, with T > 1, we have
87 — [ AxS sy = Y IIP = 87 — (z8) <.

— Y3 +8 =18+

[m|

This proves the claim, since || Ax @)
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5.2.3 Modified discrepancy principle

It is well known that, at least if X and Y are Hilbert spaces and for ¢ = 2, the con-
vergence rate obtained in the previous section is the best one possible for Morozov’s
discrepancy principle (cf. [67, Section 4.3]). This fact is known as early saturation of
Morozov’s discrepancy principle and is its fundamental drawback. Therefore, we will
consider a modified version of the discrepancy principle, which does not exhibit this
phenomenon.

In [66], it was shown that the choice of (8, y%) from

1A% ) (Ax) 5 oy = YD Ge =807, s >0, (5.3)
leads to an optimal convergence rate in the Hilbert space setting, if the parameters
r and s are chosen appropriately. Hence, this modified version of the discrepancy
principle does not suffer from early saturation.

Since [66] was published, the modified discrepancy principle was extended to non-
linear operator equations in Hilbert spaces in [124]. In this section, we will show
that this modified approach can also be extended to linear operators mapping between
Banach spaces.

We will present the claims as a series of theorems. First, in Theorem 5.9, we in-
dicate that, in Banach spaces, the modified discrepancy principle is well-defined. In
Theorem 5.11, we will emphasize that it is a regularization and, finally, in Theo-
rem 5.12, we will show that the same convergence rates are achieved as for a priori
parameter choice, if one of the source conditions

jaaxH =a*w wer*

or
Ja(x) = A% j,(Aw) weX

holds.

Remark 5.8. We remark that all results of this section are also true if a(8, y%) is
chosen in a more general way. Namely, if (8, y5 ) is selected such that

1A% ) (A5 oy = YOIGe ~ 87,
i.e. .
c-8a™s < ||A*ij(Ax2(8,y8) — )% = C 870,

where the constants 0 < ¢ < C are independent of 6 and y8.
However, for the sake of clarity, we will prove the claims for ¢ and C being both
set to one.

‘We shall show that the for o > 0, (5.3) is well-defined.
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Theorem 5.9. Let X be convex of power type and Y be smooth of power type. Then,
for everyr,s > 0,p,q > 1,6 > 0,y € Y, with A*jp(yg) # 0, there exists a
regularization parameter o > 0 such that

4% ) (Ax =y = 87
is satisfied and hence the parameter choice (5.3) is well-defined.

Proof. We will prove the claim in three steps:

(a) First, we show that cxs||A*jp(Axg — 9|79 > 0asa — 0.
(b) Then, we will show that as||A*jp(Axg — 9" > o asa — .

(c) Finally, we will show that the function & = o*[|A™ j, (Axg — y5)||9” is contin-
uous.

First, we notice that
A*Jp(Ax — %) = 0L (14 =% 1P)(xE)

and, due to smoothness of power type of Y, the duality mapping Jj is single valued.

The optimality condition for 7y is given by 0 € A*J, (Axg -y +a Jyq (xg).
Hence, there exists a j; € Jg, such that

A" jp(Ax = V) + - jg(xd) = 0
and we have
14%jp(Axg = YT = @ |lxgll? < @ ~'qTa(xg) < a? qTulx").

For bounded «, the term || A* j, (Ax% — y%)||9" is bounded and the limit condition
af || A* jp(AxE — 94" — 0 as @ —> 0 holds.
Moreover, we have

§1a—1 < ,—1 § _ 8-l
IxG 197" < o™ | A™ [ Axg — ¥°II17

p—1

<C-a ' T(x)"r
<C-a ' T(H T
<C-aNCta-C)F
<C-(@ ' +a7VP)

This implies that x3 — 0 as @ — oo.
The space Y is assumed to be smooth of power type, say o-smooth. Then, by the
Xu—Roach inequalities (cf. Theorem 2.42), we obtain

1A% jp(AxS — y5) — A* j (O] < C - 1jp(AxE = ¥%) — (D)
< C - (max{]|AxS — Y8 |, Iy [hP=exE|e .
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If p > o then, by xg —> 0 as ¢ —> 00, there exists a constant C > 0 such that, for
all sufficiently large o > 0

(max{[|AxS — y¥ |, [¥* 1P~ < (1A= 1 + I1y3 )P~ < C.

If, on the other hand, p < o, then we know, as a consequence of A* j, (y%) # 0, that
y8 2 0. Then there exists a constant C > 0 such that

(max{[|AxS — y*||, [¥* NP2 < 1/|Iy%[e7? < C.
Hence, for « — oo, the convergence
4% jp(AxS =y 7" — 4%, 619" > 0

and consequently as||A*jp(Axg — 99" — o0 as @ —> oo hold.
Finally, we show that the mapping « > o®||A*j, (Axg — y%)||7” is continuous.
Because of ||A*jp(Axg —yH| = a||xg||q_1, this is true if & > ||xg|| is continuous.
Now let @ > 0 be fixed. Since X is convex of power type and since J, is the
subgradient of %H - |?, we have, for every § > 0,

N Axd = Y0117 = Sl Axg — y° 17 + (p(Axf — y%), Ax) — Ax])
a 13119 = a LG9 + ol (x§). x& — x5) + aoq (x§. x§ — x3),

where the function o, > 01is defined as in Theorem 2.40. Summing up the inequalities
and taking into account the optimality condition, we get

Tu(x3) > Ta(xg) + (o — ﬂ)(jq(xg),xg - xg) + aaq(xg,xg —xJ).
Since xg minimizes Ty, we have 0 > T, (xg) — Ty (xg). Hence,
0 < oy (xf. x§ —x3) < (@ = B)(jg(x§). x5 — x§) < (@ — BIIXGIT 1x§ — x5

Moreover, for all sufficiently small § > 0, and all 8 sufficiently close to o, we
have||xg | < C (cf. Remark 5.6). Therefore,

a0g(xg.xp —xq) = 1B —al - [xg 97 xg — xpll = CIp —al - [lxg —xg].

If g —« < 0, we have, by Corollary 2.61 of the Xu—Roach inequalities for convexity
of power type and by the uniform boundedness of the minimizers of the Tikhonov
function, for all sufficiently small «, 8,6 > 0,

og(xh.xf —x3) = C(Ix3 N + Ix§ NP~ [1xd — x§ 1 = Cllxd — x4

and we get
) §k—1
o Clxd — x5! < |8 —al.

Thus, ||x§[| — ||x§ ]| as p —> & > 0.
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If, on the other hand, ¢ — k > 0, then, again by Corollary 2.61,
Uq(xg,xg —-x3y>c|xd - xg 19

and thus
§ §19—1
o Cllxd x5! < |B —al.

Therefore, again ||xg|| — [|x8] as B — @ > 0 is valid. This completes the

proof. O

Remark 5.10. If Y is smooth of power type and A*J,(y) # 0, then for all suffi-
ciently small § > 0, we also have A*J, (y%) # 0, since J) is Holder continuous
on bounded subsets of spaces smooth of power type (cf. Corollary 2.44). Hence, if
A*Jp(y) # 0, the assumption of the latter theorem is satisfied for sufficiently small
6 > 0. In the next theorem, we will see that this condition is also sufficient to show
the regularization property.

Theorem 5.11. Let X be convex of power type, Y be smooth of power type, xT be the
minimum norm solution of Ax =y with 'y € R(A), where A* j,(y) # 0. Moreover,
letr,s >0, p,q > 1 be such that

(s+qg*—1)p—r=>0.

Then

xg(&ya) —x as §—o.

i.e., the parameter choice under consideration leads to a regularization method.
Proof. Since Y is smooth of power type, the duality mapping J, is single valued
and continuous on bounded sets (cf. Corollary 2.44). Therefore, by Theorem 5.9, the

parameter choice (5.3) is well-defined for all sufficiently small § > 0.
We will prove the claim in two steps:

(a) First, we show that a(§, y‘s) —0asé — 0.
(b) Next, we show that §% /a (6, yS) —0asé§ — 0.

Hence, the claim is a consequence of the regularization property of the minimizers of
the Tikhonov functional.
Due to the optimality condition, we have

@B,y sy 11 = 147 Jp (g oy = YOIT = 86,9~ (54

Assume there is a sequence 8, — 0 as n — 0 such that, for o, := (6, y5”),
we have limsup, _, o @y > ¢ > 0. Without loss of generality, we can assume that
limy 00 0ty = ¢ and that o, > ¢/2 for all n € N. Due to (5.4) we have

gz 19 = 8oy €D < 87 (/2)76F) — 0.
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Since j, is continuous on bounded sets, we get
0= lim §,(c/2)™° > lim §,a,°
n—00 n—00
— 3 * - 8,, _ 8,, q* — P q*
= lim 47 /5 (Axg, =y 147 jp DI > 0.

Hence, we get (8, y®) — 0 as § —> 0.
Furthermore, we have

8" = a8, YOy s o)1 = @8 Y0 T T G T ) (0 5.y
< a(d, ys)s+q*_1qTa(8,y5)(xT)

and
Ty <587 +a@,)%) - LxT|4 —0 as §— 0.
Consequently,

(67 (8, Y )" < (@Tys.,5 (NP - a (@, y5) TP 0 a5 §—0,

since we assume (s + ¢* — 1)p —r > 0. This implies §? /a(8, y¥) —> 0 for
5§ — 0. m|

Theorem 5.12. Let the parameter choice (5.3) be well-defined and regularizing, i.e.,
a(s, y‘g) exists and we have x — xT for § — 0. Then, the following assertions
are true:

§
a(8,y%)

@) If jo(xT) = A*w for some j, € Jg, w € Y*, and r, s > 0 are chosen such that

r

=p—1,
s+q* P

we have, for sufficiently small § > 0,

qu(xg(&ys),xT) <C-§.

o =
(b) IfY is p-smooth, X is q-smooth, where p,q are the powers in
To(x) = L1Ax — 2|17 + a kx|,
and, moreover, the source condition jg (x") = 4* Jp(Aw) holds for some j, €
Jg, jp € Jp, w € X, and r, s > 0 are chosen such that

ro_p
s+q* p4q-

(p—1),
=D
then we have for sufficiently small § > 0

prq
Dj, (xg(s,ya)’xT) < C-§rta-T,
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Proof. First, we consider the case xT # 0. We note that the optimality condition of
Ty, leads to

8 *
8 (8, y*)"CH) = a8, y*) T A jp(Ax s sy — YOI
= (8, ") a8, YN xS 5.y 1 = 11%0 5. I
Therefore, due to the regularization property, we obtain

hm §" (8, y8)~6+eN) = hm [B% 5)||q =[x > 0.

a(8,y
Hence, for all sufficiently small § > 0, we have
0<c<8 -a(y) 6+ < ¢ < . (5.5)
We now show the first claim. By Theorem 5.1 and (5.5), we deduce
P §y—1 8\ 5t
Dj, (g o1 = € (876, 5") 7 + a6, %) 71 + )
__r _r .1
<C (51’ Ha® 4 §iteT ool +5).

Since # = p — 1 this shows (a).
Next, we show (b). Using Corollary 5.4 of Theorem 5.2 and (5.5) yields

_4q
DJCI(X()[(S y5)5 T) < C (ot(S,yS)p—l + a(5,y5)_1 81))
_q r
< C (87T T 4 g7 ).

—_p
The claim follows, since here ' = p5q=1 2 —D.

Finally, we consider the case xT = 0. We have then

hm 8 a8, y3)~HaD) = hm ||X @, 5)|| = <714 =0

and hence, for all sufficiently small § > 0,
0<8 -a@ ") ¢t < C < .
As in the proof of Theorem 5.1, we may conclude that
aqu(xg,xT) < %81’ — (jq(xT),xg —xT) )
Since xT = 0 we get jg (x*) = 0 and, therefore,

Dj, (x] s),xT) < 587 a8, y%) Tt < cspT/GHa),

oS,y
Hence, the (a) and (b) hold in this case too.

O
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5.3 Minimization of the Tikhonov functionals

In this section we present two methods for iteratively minimizing Tikhonov function-
als. More precisely, we solve

To(x) —> min, subjectto x € X, (5.6)

where the Tikhonov functional 7, : X — R is given by
To(x) = ~Ax = y1§ + o)
x)=—||Ax -y a—|x|%y .
¢ p YT

with a bounded (continuous) linear operator A : X — Y, mapping between Banach
spaces X and Y. The functional Ty is strictly convex on X for all regularization
parameters & > 0 and hence we have a unique minimizer xg € X, such that

Ta(xg) = )rcrél)rfl Tou(x).

Whenever X and Y are Hilbert spaces, there exist comprehensive results concern-
ing solution methods for (5.6), as well as results on convergence and stability. On
the other hand, a wide range of parameter choice rules for @ can be found in the
literature. In the case where only Y is a Hilbert space, the minimization of the
Tikhonov functional has been thoroughly studied and many solvers have been es-
tablished, see [55, 145]. One way to get an approximate solution for (5.6) in Banach
spaces is to use steepest descent methods. The two methods that we describe and
analyze in this section are essentially of this type. For smooth 7;,, we consider the
iteration process

Xng1 = Xn — ptnd % (VTu(xn)). n=0.1,..., (5.7)

which we call the primal method, since the new iterate is computed in X directly. In
contrast to (5.7) we also investigate the iteration scheme

Xpi1 =Xy — Un¥n With ¥ € 0T (xp),
X1 = I8 (). (5.8)

which first computes an iterate in the dual space X *. This new iterate is then pulled
back to X by the dual mapping J ;ﬂ*. This is why we call (5.8) the dual method. Note
that we do not postulate T to be smooth in order to perform this method. We will
prove strong convergence to the unique minimizer xg for both methods.

Since we consider smooth Banach spaces X, we write D, for the Bregman distance
D fq on X throughout this chapter. We write J,,, J; for JpY, JqX and J 1;"*, J q** for JPY:,

J q)ﬁ* , respectively. We omit the subscripts of the norms || - || when it is clear from the
context. Furthermore, by C > 0 we always denote a generic positive constant.
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In [3], Alber, Iusem and Solodov presented an algorithm for the minimization of
convex and not necessarily smooth functionals on uniformly smooth and uniformly
convex Banach spaces, which looks very similar to the dual method, where the authors
impose summation conditions on the step sizes u,. However, only weak convergence
of the proposed scheme is shown there. Another interesting approach for obtaining
convergence results of descent methods in general Banach spaces can be found in
[193,194].

5.3.1 Primal method

Let X be uniformly convex and uniformly smooth and Y be uniformly smooth. Then,
the Tikhonov functional

1 o
To(x) = ;IIAx—yII’; +g||x||§( (5.9)

is strictly convex, weakly lower semi-continuous, coercive and Gateaux differentiable,
with derivative
VTy(x) = A*Jp (Ax —y) +aJy(x). (5.10)

Hence, the unique minimizer xg of Ty is characterized by
To(xl) = min g (x) <= VTu(x3) =0. (5.11)
xXe

In [36,182], it has already been proved that, for a general continuously differentiable
functional T, every cluster point of a steepest descent method like (5.7), is a station-
ary point. Recently, Canuto and Urban [39] have shown strong convergence under
the additional assumption of ellipticity, which our Ty in (5.9) would satisfy, if we
required X to be g-convex. Here, we prove strong convergence for uniformly convex
and uniformly smooth X and uniformly smooth Y.

Algorithm 5.13 (Primal method).
(1) Choose an arbitrary starting point xo € X and setn = 0.

(2) If VT (x,) = 0 then STOP else do a line search to find @, > 0 such that
Ta(n = pin 5 (VTaon)) ) = min T (3n = T3 (VTaoxm) )

(3) Set
Xn+1 = Xp — MnJ;* (VTa(Xn)) )
n < (n 4+ 1) and go to step (1).
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Remark 5.14.

(a) If the stopping criterion VT, (x;,) = 0 is satisfied for some n € N, then by (5.11)
we already have x, = xg and we can stop the iteration process.

(b) Due to the properties of Ty, the function f; : R — [0, 00), defined by

Fa ) = Ta (% = 1d e (VTa i)

appearing in the line search of step (1), is strictly convex and differentiable, with
the continuous derivative

fn,(,u) = _(VTot(xn - I/«J;* (VTot(xn)))’ J;* (VTa(xn))>-

Since, by the monotonicity of the duality mappings, f,,(0) = —||VT(xy) ||‘1* <
0 and f, is increasing, we know that 1, must in fact be positive.

Theorem 5.15. If X is uniformly convex and uniformly smooth, Y uniformly
smooth and p,q > 2, then the sequence {x,}, generated by the primal method of
Algorithm 5.13, converges strongly to the unique minimizer xg of Ty.

Before we are able to prove Theorem 5.15, we need an additional result, based on
the article of Xu and Roach [239]. Let py : (0, 00) —> (0, 1] be the function

px (7) := pXT(T) ,

where py is the modulus of smoothness of a Banach space X. The function py is
known to be continuous and nondecreasing, see [71, 143].

Lemma 5.16. Let X be a uniformly smooth Banach space with duality mapping Jg4
and weight g > 2. Then, forall x,y € X, we have

g ) = Jg)ll < Cmax {1 (Il v D) ox (e —yl) 612
and
e = ¥19 < I = q g (0, ) + C(1v (el + DT Yox (Il . 5.13)

The estimate (5.12) implies that Jg is uniformly continuous on bounded sets of X.

Proof. By formula (3.1)’ in [239] we have

- qg—1_ ||X - y”
1 () = JgWIl < C(lIxll v Iy ox (m) '
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If —d < 1, we get, by the monotonicity of py,

lxlviyl
Px (7”)6 el ) <ox(Ix=yl).
(v Iyl

which gives (5.12) for this case.
In the case IIXIlillyII > 1, we use the fact that py is equivalent to a decreasing
function, i.e.,

px () _ L,OX(T)
772 — 'C2

for n > t > 0[143] and we get

lx = ¥l L
px( < 2 px (Ix = yll).
1V [yl (Ix1 v 11y 1)

which implies

_ w—m) L
pX( < B (I — vl
v o) = v U=

For g > 2, we thus arrive at

194(x) = T < € L{Ixll v Iy )T oy (Ix = »1)
< C Lpx(llx = »ll),

and (5.12) is also valid if m > 1.
As in [239], we consider the continuously differentiable function f : [0, 1] — R,
with

f@):=lx—ryl?, [f'@)=—q(Jg(x—1y),),
fO) = x4, f@) =lx=yl9. f(0)=—q({Jg(x).y)

and obtain
=y = 9+ ¢ (g (0 y) = (1) — £0) = £(0)
1
=Afﬁ%f@ﬂt
1
=q/<@m—&u—uawm
0

1
sqlﬂhm—h@—wWWMﬁ
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Fort € [0,1] wesety := x —ty and getx — y = ty, |J|| < |lx|| + |l¥], and thus
lx]| V 7] < llx]| + ll¥]l. The monotonicity of py yields

px Iy 1) 11yl =< ox (I¥11) Iyl = ex (Iv1).

and, by (5.12), we obtain
[x = ylI? = Ix1? +q (Jg(x). )
1
—1) =
<q [ Cmax{r (1l + )"} e 1) Iyl as

= Cmaxc {1, (Il + 1)~} px (Iy1).

This completes the proof. O

Proof of Theorem 5.15. We fix y € (0,1), w > 0 and for n € N we choose i, €
(0, ] such that
On(fn) = $n() Ny . (5.14)

Here, the function ¢, : (0, 00) —> (0, 00) is defined by

Pn (1) :=% (1 v (IIAxn —yi+r HAJq** (VT"‘(X”))H)p_I)

AT (VT (xn)
| ||éTa(xn)||);* | pr (1 |475 (VTutenn)|)

CX . x_1\4—1
+a7(1v(||xn||+u||vra<xn)||‘f Y )

px (1 IV TuCen )7
V7o)l

(5.15)

with the constants Cy, Cy being the ones appearing in the respective characteris-
tic inequalities (5.13). This choice of ji, is possible since, by the properties of py
and py, the function ¢, is continuous, increasing and satisfies the limit condition
limy 0 ¢» () = 0. At first, we prove an estimate of the form

To(nt1) < Ta(Xn) = fnlI VT (xn) 19 (1 = y),

which will finally assure convergence. We use the characteristic inequalities (5.13) to
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estimate
Ta(xXnt1) < Ta(n) = fin |V Ta(xn) |7
Cy
+ —(1 \ (IIAxn -yl + ‘
p
X PY()

C
#a (1 (bl +

finAJ g (VT ()| )’H)
indJ g (VTa(n)| )
find e (VT xn) | )q_l)

An Jq** (VTot(xn)) H ) .

X PX( ‘
By (i, < u, taking into account the definition of ¢, (5.15), we derive

To(Xnt1) < Ta(xn) = finl| Vo (xn) |47
+ C;(1 v (14 = 1l + 72 [ 4S5 (V) | )p_l)
X py (ﬂn AJ;* (VTa(xn)) H )
" a%(l v (||x,,|| +7 HJ;* (VTa(xn)) H )q_l)
o (fin [ (VTuen))| )
= Tu(xn) — in ||VTot(xn)||q* (1 - (pn(ﬂn)) :

The choice of i, (5.14) eventually yields

To(¥n+1) < Ta(xn) = Al VT Cen) |77 (1 = 7). (5.16)
The next step of the proof consists in proving the convergence

lim ||[VTy(xp)|| =0.
n—>o0
From (5.16), we infer that
lim lln”VTa(xn)Hq* =0 (5.17)
n—>oo

and that the sequences {x,} and {VTy(x,)} are bounded.

Suppose im sup,,_, oo | VT (xn)|| = € > 0 and let | VT (xp, )| — &, for k — oo.
By (5.17), then we have limy_, o6 fln, = 0. We show that this leads to a contradiction.
On the one hand, by (5.15), we get

Ly . Cy
: Lo) + o
oy (A L2) + (g7 o]

Oy (fn) < m

px (ﬂnk CZ)'



128 Chapter 5  Tikhonov regularization of linear operators with power-type penalties

Since the right-hand side converges to zero for k — oo, so does ¢, (fin,). On the
other hand, by (5.14), we have

¢nk (llnk) = ¢nk (ﬁ) ANY

and 1
b () = 0+ Chy (7| VTulen) | ) -

Hence, ¢p, (fin, ) = L > 0, for all sufficiently large k, which contradicts
lim ¢n, (fln,) = 0.
k—o00

So, we have lim sup,,_, o, |VT(x5)|| = 0 and thus limy,— s ||VTy (xz)] = 0.
We finally show that {x, } converges strongly to xg. By (5.11) and the monotonicity
of the duality mapping J;, we obtain
IV T o) l6n = 2G| = (VT (). xn = xg)
= (VTu(xn) = VTu(xg). Xn = Xg)
= (Jp(Axn = )= Jp(Ax5=y). (Axn—y)—(Ax5~))
+ (g (xn) = J(xg). xn = Xg)
= a{Jg(n) = Jg (). xn — x3) .

Since {x,} is bounded and limy,— o | VT (x5)| = O, this yields

: § 5

nlgr;o(Jq(xn) — Jg(x5), Xn —x4) =0,

from which we infer that {x,} converges strongly to xgl whenever X is uniformly
convex (cf. [48, Th. I1.2.17]). O

Next, we will show what kind of convergence rates are obtained by this choice of
the step size, if we impose additional assumptions on the spaces X and Y.

Remark 5.17. We will see that the convergence results, achieved in this section, also
hold for the step size (,, being a minimizer of

* GY * GX * .
|7l AT W)l el Y| — min,
subject to w > 0,

where Gy and Gy are the constants in the definition of smoothness of power type
for X and Y. We notice that, to compute the above modified step size, we only have
to solve a one-dimensional minimization problem. However, we also must know the
values of the constants Gy and Gy, which are not needed for the original step size
choice.
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Theorem 5.18. Let X be a g-smooth and c-convex Banach space, as well as Y be a

p-smooth Banach space satisfying the condition
s :=min{p,q} <c.

Then, we have
lxn —x3| < € .n= = D/e=9),

Proof. Since X is g-smooth and Y 1is p-smooth, there exist constants

Gx,Gy > 0, such that

1 1 Gy
—lx =y} < =lxly = (7 (). ) + —lyl§ Vx,yeY and
p p

’—‘ﬁ

1 Gx
ATV = il T g ’ Wy ’ :
Ix = yI% <~ lxlg = (X p) + —lyl§ VxyeXx
q q q
Hence, for every u, we get that
1 *
114G~ wI & W) =y |1P
1Axn — 217 — (I (Axn — y). ATE (ym))
GY *
|u|P7||AJ;£ Wn)l1?
1 *
=l - YoNP = u{A* T (Axy — %) T X ()
+|u|1’ Y1ATX ()P

and

1 *
= lon = 1 K ) 4
q

1 *
< —lxnll9 = (I X Cen), K (Ym)) + == Ox 17X )14

—_

|‘1X

=l — w{I ) IE W) + 1T

With the equalities above, we find that

Ta(xn - /“ﬂn) < Ty(xn) _/'L”wn”q*
+ |P LasX <wn)||1’+a|u|‘1—||«/fn||q*

(5.18)
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based on (A*JPY (Axn — yg) + O‘J;((xn)a J;{k* (Vn)) = (¥n. J;{k* Yn)) = ”Wn”q*
The iterates x, are uniformly bounded because of

1
aa”xnnq < To(xn) < Ta(xp—1) < -+ < Ty(xo).

Since X and Y are smooth of power type ¢ and p respectively, the mappings x +>
Jy(x)and x — A*J,(Ax— y%) are (¢—1) and (p—1) Holder continuous, respectively
(cf. Theorem 2.42). Therefore, we have

[¥nll < € - (ln = xg 177" + ln = xg 171,
Consequently, the gradients v, are uniformly bounded. With s = min{p, g}, we get
min(p(¢* —1).¢") = min(p(g* —1).q(¢" = 1)) = s(g" = 1).
Since ||Y, || are uniformly bounded, we have the estimate
GY * GX * *__ *
mas{ =145 Wl @ E 1l ) < C - max{l AN @07 1l

< C - max({{[Yn |9 V2, |y}
< C-|yn|*@ D,

Moreover, we get
Ta(xp41) = H}in To(xn — 1 ¥n)
< min{7a (o) = plYn |7+ (ul? + 1l -y |40 - C

< min {To (o) = wlYnll + @ + 1) - [yl C 7V - C).
o<u<l

For0 < p < 1,wehave u? < pSand u? < u®,sinces < p ands < ¢. Summarizing
this, the estimate

To(ing1) < min {To(xn) — wllYnl? + 15 1Yul*@ D Co} (519
o<u<l1

is true for some Cy > 0. The minimization problem on the right-hand side of the last
inequality is solved by

2= min {1,1/(sCo) /670 -y, |77}

If my = 1/(sCo) /=D - ||y, | 9", then

1 - [P | A S (Y54 Co < —C Yl
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If m, = 1, then s Co||y, |*@"~D=9" < 1, and thus
=i [Yu T+ s Y74 Co < ~C ]|
Then, we have
To(¥nt1) < Ta(xn) = C -mind [y I |19 17},
Since T, is bounded from below, we can conclude that
|¥nll — 0 as n — oo.
Thus, for n € N sufficiently large, we have
[l <1
enabling the estimate
Ta(¥nt1) < Ta(in) = C - [[¥n*, (5.20)

due to s* > ¢*. Now, let us introduce the numbers

ra = Ta(n) = Ta(x3),

where x(‘i is the minimizer of the Tikhonov functional. Due to the assumptions about
X and Y, we know that xg is unique, and therefore the numbers r, are well-defined.
We also note that the numbers r, may be regarded as a Bregman distance with respect
to the functional Ty, i.e.

I'nm = D;E(xn’xg) = Ty (xp) — Ta(xg) - (W&gsxn —xf,)-

Evidently 1//3 = VTa(xg) = 0, i.e., the gradient of T, at the minimizer xg of the
Tikhonov functional vanishes.

The next step of the proof is to connect r, to ||, ]|]. Since, by Theorem 2.40, the
space X is c-convex, we have

(JX (o) = JX (S, xn — x8) = Clmax{||xa |, IXE 1) Nl — x5 1.

Theorem 2.50, together with Theorem 2.51, show that ¢ < c¢. Therefore, since the
sequence {x} is uniformly bounded, we get

(X Gen) = I (x8), xn = x8) = Cllxw — x5

Since wg = VT, (x(‘i) = 0 and the subgradient of a convex functional is monotone
(cf. Theorem 2.26), we obtain

1Wnllllxn —xS1 = (Yn — W&, xn — x3)
> (I (o) = JX(8). 2 — x8) = Cllxn — x5
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Hence,
§c—1
[¥nll = Clixn —xg [ .

The above inequality indicates that
[l —x(‘i” — 0 as n — oo,

since we have already proved that ||, || = 0asn — oo and ¢ — 1 > 0. Thus

ln — 231l < 1
for n € N sufficiently large. We already know that

lén = >3l < Cllymll” "
A view on the definition of the subgradient gives
Fa < (Y X0 — x8) < [¥nllllxn — x3I.

Hence, we get .
Fa < Cllall- [l = C - Yl
By (5.20), we find that, for all sufficiently large n,

S*
Fng1 <1rpn—C- ||Wn“
<rp—C-rsle,
Hence,
m — 0 as n — oo.

Next, we use a trick developed by Dunn [59, 60], which is common in the literature
with respect to convergence rates in Banach spaces (cf., e.g., [26, 131]). We set

= (s*/c*) - 1.
Exploiting the mean value theorem, we have
1 1
e - E = —GW(’%H —In)

with p € (ry+1, ). Therefore, for all sufficiently large n € N, we also have

1

a a
Tny1  Tn

and consequently, for all sufficiently large » and N,

AP

(A%
§Q| —

zC-(n—N).

|-
2&
?r‘a|

+1
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Hence, for all n > 0, we get
m<C .nYa,

Since the functional %||Ax — y%|? is convex and é||x||‘1 is c-convex, this yields for
the Tikhonov functional T, that

rn > Cllxn — x31°. (5.21)
For a proof of (5.21) we refer to Lemma 5.19. Finally, the estimate
lon = x| < € -n 7M@)
completes the proof. O

Lemma 5.19. Under the assumptions of Theorem 5.18, the Tikhonov functional Ty, is
c-convex in the sense that

To(xn) = Ta(x8) = 1y > Cllxn — x|I°. (5.22)

Proof. The c-convexity of T, seems to be intuitively reasonable, since it is common
knowledge that the sum of two convex functionals always inherits the best of both
convexity properties. The proof is done as follows: Since X is c-convex, we get, from
Corollary 2.61,

1 1 ,
Dj, (X8, xn) = 5||xn||q - 5||x2||‘1 — (g (x3), xn — x3)

8 — 8
> C - (lxg I + lIxn DT Nlxg, — xnll€
and

1 1

“xnll? == X819 + (g (x8), xn — x3)

R AFanmn e (5.23)
+C (xS + DT 1xE = xu .

Furthermore, we have
1 1 )
A= Yor = ;quzi — YOUIP 4+ (A% jp(AxS — 0). xp —X5). (5.24)

Multiplying (5.23) by « and summing, with (5.24), we get
Ta(xn) = Ta(x8) + (W8, xn — x8) + C - (Ix81] + I3 D€ 1158 — xa €,

where wg € 0Ty (xg). Since in Theorem 5.18 we also assumed that both X and Y are
smooth spaces, we also find that the subgradient is in fact a gradient. Since xg is the
minimizer of Ty, we have wg = 0. This finally leads to

8 —c |18
rn = C - (Ixgll + Ixa DT flxg = xn €.
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For a g-smooth and c-convex space X, we have ¢ < 2 and ¢ > 2. Hence,
qg—c=<0.
Finally, the boundedness of {x,} implies (5.22). O

Theorem 5.18 is not applicable if
s :=min{p,q} =c. (5.25)

Since p < 2,q < 2 and ¢ > 2 (cf. Theorems 2.51 and 2.50), the condition (5.25)
holds only if
p = q = C = 2

In such a case, stronger convergence results can be proved.

Theorem 5.20. Let X be a 2-smooth and 2-convex Banach space as well as Y a
2-smooth Banach space, i.e., p = q = 2. Then,

xn — x5 |l < C - exp(=n/C). (5.26)

Proof. As in the proof of Theorem 5.18, we arrive at the inequality
1
Tatin = 1) = Tan) = (1= 510 [G7 1417 + aGx]) -1

1
< To(xp) — (0 — §|V~|2 - Co) - ”an“Zv

which is an analogue of equation (5.18). The right-hand side of the last inequality is
minimal, if u is chosen as
my = 1/C0.
Hence,
Ta(xn+1) < Ta(Xn —ma¥in) < Ta(xn) = C - [¥nll*.
Since X is 2-smooth and 2-convex, we get that

1V llllxn — xS = a(Ja(xn) = J2(x), %0 — x8) = Cllxn — x5 |12

resulting in
8
lxn = xgll = Cllymll.

With 7y, := Ty(xn) — To(x2), this implies that

8 § 2
n < (Y, Xn —xa) =< [[¥nllllxn —xa|| < Cl[¢ml

and hence
Fng1 <ty —C- ||‘//n||2 <1 -=C)ry.

Since the functional %||Ax — 3|17 is convex and é||x||q is 2-convex, we get for Ty
that
ra = Cllxn = 317,

which proves (5.26), since the numbers r, decrease to zero in geometrical order. O
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5.3.2 Dual method

In this section, we still consider the minimization of the functional
Ta(x) 1=~ Ax — 3|2 +a- Lx) 5.27
alx) = p” X—=y ”Y + o q”x”X’ (5.27)

but we now assume that p > 1 and X is convex and smooth of power type. This is
the main difference with the previous section, where the index g was connected to the
smoothness properties of X . Furthermore, we make no assumptions on Y.

For the minimization, we consider the iteration process, defined as

x;—i—l 1= Xy — [nVn With Yy € 0To(xp) = A*JpY(Axn - y8) + anX(xn)s
Xng1 = T (). (5.28)

We stress that the choice of u, is crucial for the convergence properties of the
steepest descent iteration. Therefore, we start with the construction of the step size

Mn-
Since X is convex of power type and smooth of power type, we can apply Theo-

rem 2.64 and get
Dj, (xg Jq= (= 1m))
= Dy, (5 Xn) + D (557 = 1Y 53 + 11{Ym. X5, — ).
Since x(‘i is the minimizer of Ty, there exists a single valued selection jj,, such that
Ya = 0= A% jp(Ax5 — %) + ajy(x3) . (5.29)

Therefore, with the monotonicity of the duality mapping (cf. Theorem 2.26), we get

(Wn,xg —Xn) = (Yn — Wg,xg —Xn) < —a{jq(xn) — jq(xg)vxn _xgz>'

Furthermore, we recall that
(g (Xn) = Jg (x§). xn = x§) = Dj, (xn. x5) + Dj, (x5, xn).
Hence we have
—14(Ym. X — xn) < —puor Dj, (x5, xn)
and end up with

Dj, (g g+ (o = u¥n)) < (1 = @) Dj, (x5, xn) + Dju (X5 = 119m, %),

Of course, we do not know the exact value of D i (xg, Xp). Assume that we know an
upper estimate R, of Dj, (xz, Xp) as

qu(xg,xn) < Ry.
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Then, we arrive at the important inequality
Dj, (xS, T (X — ) < max{l — pa, O} R, + Dj . (Xg — (1¥m, Xp).

The space X ™ is ¢*-smooth, since X is g-convex (cf. Theorem 2.52 (a)). Therefore,
there exists a constant G4 > 0, such that

Gy
q*
Finally, we arrive at the main inequality of our convergence analysis

Dj Oy = ¥, xy) < |l 1¥nll?.

Gq*
q*

Dj, (x3, Jg (xjf — pm)) < max{l — pat, 0} Ry + 1|7 —L— ||y ]|

The optimal value of u,, with respect to the right-hand side of the above inequality,

is given by
1
. ( oa Ry )q*—l 1
Un = min y— -
" Gg= [|¥nll? o

We now have all the ingredients necessary to formulate the dual method.

Algorithm 5.21 (Dual method). Let G4+ be the constant in the definition of smooth-
ness of power type, for the space X *.

(1) Choose an arbitrary initial point xo € X, a dual initial point x; = Jy4(xo) and
Ro, such that the condition Dj, (xg, x9) < Ry is satisfied. Setn = 0.

(2) Stop, if 0 € 0Ty (xy). Else, choose ¥, € 0Ty(x5) and set

1
) o R, -1 ]
Up i= min ( . *) ,— (5.30)
" { Gge  Wmll® a}
and
Ry+1:= (1 — pup@) Ry + p13) 7" [Vl .
(3) Set

* Lk g X*F %
Xy =X, — Un¥n and  Xp4q = Jq* (Xp41)-

(4) Letn < (n + 1) and go to step (1).
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Remark 5.22. All convergence results presented below also hold if the step size p,
is alternatively chosen as

max{l — ua,0}Ry + Dj,. (X — W¥n, X,) — min, subjectto s >0,
and R, is updated by
Ryy1:= (1 — pn@)Ry + Dj, . (Xy — UnWns Xp)-

Next, we prove the convergence rates results for Algorithm 5.21. We introduce the

variable B, via
1
Bn :=( o ) Rn *)q*_l'
Ggx ynl

1
Un = min {Bn, } (5.3D)
o

Then,

and o
Rpy1=[1— pno + q—*uz B W VIR, . (5.32)

Theorem 5.23. Let X be a q-convex Banach space and Y an arbitrary Banach space.
Then,

__ 1
lxn —x3| < C-n~ @D,

Proof. We again use Dunn’s trick, to prove the convergence rate (cf. proof of Theo-
rem 5.18). We have

—(a*—1)191
1 1 1— [1 — Mn« + i /Ln Bn @ 1)] 1
— > .
q—1 q—1 — (¥ _1y191 qg—1"
Rn+1 Ry [1 — Unot + *Mn B (q 1)] Ry

Since 0 < ppo — %/Lz*Bn_(q*_l) <land (1—(1—-x)")/(1 —x)” > yx for all
0<x<landy >0, we get

1 1 1
- >@-1 (una - fu "B, ‘”) — -
g—1 g—1 n 1

RIZ,  RiT q* Rl

If u, = By, then

una——un B @ -1 = aBn.
q* q

Ifu, = é, then B, > 1 and

1
Mna—;—*un BV = 1——(B @) @D > =2
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Hence, |
1 1
— — — > C -min{By, 1} ——.
q—1 q—1 q—1
Rn+1 Ry Ry

Next, we will show that the right-hand side is uniformly bounded away from zero.
By construction, we have 1/RZ " > 1/RI™". Therefore, the numbers 1/R% " are

uniformly bounded away from zero. Now, we consider the numbers B;,/ RZ_I. We

have :
o 1 g*—1
B,/RI7! = ( 7) .
me Gg= ¥nle

To estimate {||¥/, |4}, we need the following lemma:

Lemma 5.24. Let X be a normed space and f : X — R a convex functional. If | f |
is bounded on all bounded sets of X, then df is also bounded on all bounded sets.

Proof. Let A C B(0, R) be an arbitrary bounded set. Then,
F :=sup{|f(x)] : x € BO,R+ 1)} < 0.

Assume x € A,¢¥ € df(x),y € X, with ||y|| = 1. Then, x + ysign(y, y) €
B(0, R + 1). By definition of the subgradient we get

(¥, v} = (¥, x + ysign(y, y) — x) < f(x + ysign(y, y)) — f(x) < 2F.
Hence, sup{||¥| : ¥ € df(x) withx € A} <2F < oo. O

By construction, the sequence {Dj, (xz,xn)} is bounded. Therefore, by Theo-
rem 2.60, the sequence {xy} is also bounded. Finally, by Lemma 5.24, the sequence
{¥n} is bounded, since any norm is bounded on bounded sets. Then the numbers
B,/ RZ7" are uniformly bounded away from zero, and 1/ RZ;II -1/ RZ™! > C holds
uniformly for all n € N. Therefore, we have

n

1 1 1 1 1
> - =y > m+1)C
g—1 — pg—1 qg—1 Z g—1 qg—1 —
Rn+1 Rn+1 RO k=0 Rk—H Rk

and we conclude that
_1 —
R <Cmn+1D7"

Since X is g-convex, we have (cf. Theorem 2.60),

Ixw — X2 < C - D, (xn.x3) < C - Ry < C-n @D,

O

which proves the claim.
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Theorem 5.25. Assume that, in addition to the assumptions made in Theo-
rem 5.23, the space Y is p-convex and

p>2 or q>2.
Then, the convergence rate improves to
s _ (M—1)
[xXn — x5|| < C -n~ [@T=Da=H=Tla

where
M := max{p,q} > 2.

Proof. The proof goes along the lines of the proof of Theorem 5.23. The main differ-
ence is our estimation of the numbers B,,. First, we need the following lemma.

Lemma 5.26. Let X be g-convex and Y be p-convex, with g > 2 or p > 2. Then, the
subdifferential of the Tikhonov functional Ty is locally y-Holder continuous, where

. 1 1 }
y=mmny-———,—— .
{(p -1) (g—-1)
Proof. Let B be abounded set and x, y € B. Then,
18T (x) — 3T (M| < 1 A* 111 7p(Ax — ¥%) — jp(Ay — ¥+l jg (x) — jaWII-

Since X is g-convex, the dual space X* is ¢*-smooth (cf. Theorem 2.52). Further-
more, by Theorems 2.50 and 2.51, we have ¢* < ¢. Then, by Theorem 2.42, we
obtain

g () = jgI < Clmax{|lx], |y[H94 - fx -y < Cllx —y|? !

and

lip(Ax = %) = jp(Ay = YD)l < CllAx — Ay|P" ™! < Cllx =y 777",
Moreover, since g* — 1 = q%l and p* — 1 = ﬁ, we obtain

107a(0) = 0Ta )]l = € - (Ix = Y77 + [lx =y 771) = Cllx =y,
proving the assertion. O

We recall that the iterates x, are uniformly bounded. With M := max{p, ¢} and
(5.29), we can estimate

*

q* q 1
[l < C - oon — 23|70 < € RFVTD = €. RV
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since X is g-convex. Let us now define an auxiliary variable y as

1
P g <"

As in the proof of Theorem 5.23, we can estimate

o Ry,
Gg= Ry,

_1
*—1
Bu/R{U—ED > C. ( )" RITN@D > ¢ > 0.

Then, the difference 1/ R,(l:__ly)(q_l) -1/ R,(f_y)(q_l) is uniformly bounded away from

zero. Therefore, we have R,(,l_)')(q_l) < C -n~'. Hence, we get

Ixn —x8| < € - n~ TG,
with
I _ _M-D@-1 -
l-y M-1)(g-1)—-1""
which proves the claim. 5

Theorem 5.27. Let X and Y be 2-convex, i.e., p = q = 2. Then, there exists a
constant C > 0, such that the estimate

%0 —x3)| < C - exp(=n/C)
holds true.

Proof. As in the proofs of Theorem 5.25 and Theorem 5.23, the main key to the
desired convergence rate is the estimation of ||Y,|. By the same technique as in
the proof of Lemma 5.26 (and likewise employing Theorem 2.42), we find, that the
subdifferential 07T}, is locally Lipschitz continuous. Therefore,

1Vnll? < C - llxn —x5|12 < C - Ry. (5.33)

Hence, the numbers B, are uniformly bounded away from zero. By (5.31) and (5.32)
there exists a constant 0 < y < 1 such that R,11 < y - R, < y"Ry, foralln €
N. Thus, the sequence {R,} decays geometrically but the sequence {R,} dominates
{llxn — xg |12}, up to some factor. This proves (5.33). O
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Iterative methods are often an attractive alternative to variational ones, especially
for large scale problems. For this reason, during the last two decades, regularizing
iterations have been extensively investigated for both linear and nonlinear problems,
see, e.g., the monographs [14, 128] and the references therein. While the convergence
analysis presented there requires a Hilbert space setting or equality of preimage and
image space, the aim of this part is to present recent results on iterative methods in a
more general Banach space setting.

Here, the role of the regularization parameter « in Tikhonov-type methods is taken
by the stopping index, that — like in variational methods — can be chosen either by an a
priori or by an a posteriori strategy. For the latter purpose, we will mainly concentrate
on the discrepancy principle.

The first chapter — Chapter 6 — of this part deals with linear inverse problems. It
starts by extending the definition and analysis of the most elementary iterative method,
namely Landweber iteration, from the case of a Hilbert space to a Banach space set-
ting, by means of duality mappings (Section 6.1). The latter render the method a
nonlinear one, although the underlying operator equation is linear. A successful idea
to aid accelerating Landweber iteration is based on the use of several search directions
per step, leading to the sequential subspace optimization method (SESOP), studied in
Section 6.2. Here, we establish and exploit a close relation to Bregman projections,
which also enables us to introduce and analyze a regularized version (RESESOP).
Cyclic iterations (also known as Kaczmarz methods) for solving systems of operator
equations can be put into the very general context of split feasibility problems (SFP),
where the task is to find points in the intersection of a number of sets, among them also
preimages of certain sets, under linear operators. This is done in Section 6.3, where
we extend an iterative algorithm, proposed by Byrne for finite dimensional spaces, to
a Banach space setting with ill-posed operator equations, and show its regularizing
properties.

In Chapter 7, we consider nonlinear operator equations and their regularized so-
lution by either gradient or Newton-type iterations. Following some preliminaries,
which deal with assumptions about the spaces and forward operators under consider-
ation (Section 7.1), the first part of Section 7.2 is devoted to an extension of the results
on Landweber iteration, from Chapter 6, to nonlinear operator equations. Addition-
ally, for a slightly modified version of Landweber iteration, convergence rates are
established for linear and nonlinear problems. The well-known fact that Newton-type
methods are typically faster than gradient type ones was our motivation for studying
this class of iterations, in Section 7.3. Here, we concentrate on the iteratively regu-
larized Gauss—Newton method (IRGN), which, besides the stopping index ns, also
requires an appropriately chosen regularization parameter o, in each Newton step.
We provide results on convergence and convergence rates, with a priori and a posteri-
ori choice of n, and {oy, },en. This section also contains a short numerical illustration
for an example from Chapter 1.



Chapter 6

Linear operator equations

In this chapter, we consider linear problems. The simplest model we deal with, is the
solution of operator equations

Ax =y, y e R(A), (6.1)

where A : X — Y is a linear, continuous operator between Banach spaces X and
Y. If A is not continuously invertible, problem (6.1) is ill-posed and a regularization
method is needed to get a stable solution. An iterative regularization scheme, which
is well studied in a Hilbert space setting, is the Landweber method. In Section 6.1,
we describe the extension of the Landweber method to a fairly general Banach space
setting, with the help of duality mappings. The Landweber method then reads

X1 = I8 (I Cm) = n A%y (Ax = ). n=0.1...  (62)

with a specific step size i, > 0. We present a detailed analysis of this method and
prove convergence to the minimum norm solution x¥ of (6.1), in the case of exact
and noisy data. Furthermore, we prove that this iteration method actually yields a
regularization method, if we use the discrepancy principle as stopping rule.

As in Hilbert spaces, the Landweber iteration proves to be a stable regularization
scheme in Banach spaces too, but shows a tremendously slow performance in numer-
ical implementations. Hence, there is a considerable need for acceleration techniques
for this method. Since A*j}f (Axp, — y) € {||Axn — y||?/p}, the iteration (6.2)
can be seen as a gradient method, with respect to the residual || Ax, — y||?/p. In
each iteration step we seek a better solution x,41, using x, as a starting point and
A*j 5 (Axp — y) as search direction. One idea to accelerate the Landweber iteration
is to use more than one single search direction; this idea is inspired by the conjugate
gradient method and sequential subspace optimization methods (SESOP). To this end,
we use a finite number of search directions A*wj ;, with w,; € Y*, foralli € I,,
with I, a finite set of integers, where there is one iy € I, with wy ;, = j},’ (Ax, —y).
The iterates of this method are then computed as

Xpg1 = Jq)ﬁ*(JqX(x,,) ~ Y tn A*w,,,i), n=01,... (6.3)

iel,

where t, = (tni)ier, € R!nl is a minimizer of the function

1 *
hn(t) := qi*”*,;((xn) - Z In,i A*wn,i }q + Z tn,i (Wnyis ).

iel, iel,
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Section 6.2 puts iteration (6.3) in the context of Bregman projections (Sec-
tion 6.2.1) and outlines the SESOP method for exact data y € Y (Section 6.2.2). We
extend this method to noisy data y‘g, prove that it turns into a regularization method
(RESESOP) and finally describe a fast algorithm, with two search directions (Sec-
tion 6.2.3).

Solving operator equations as (6.1) can be seen as a special case of a more gen-
eral class of problems, the so called split feasibility problems (SFP). These problems
consist of finding a common point in the intersection of finitely many convex sets
C;cX,i={l,...,N},

find xeC:=()G.
iel
where some of the sets C; are associated with linear operators A; : X — Y; by

Ci:={x€X:A,~eri}

with convex subsets Q; C Y;. For finite-dimensional spaces, Byrne [37] proposed the
CQ-algorithm for finding x € C such that Ax € Q

Xn41 = Pc(xn —tn A*(Axy — Po(Ax,))), n=0,1,....

Here, Pc, Pg denote orthogonal projections onto the corresponding sets. Inspired by
the CQ-algorithm in [215], Schopfer et al. developed and analyzed the iteration

Xn1 = TE[IE (1 (xn) = ta A*JY (Axp — Po(Axn)))]. n=0.1,...

for two convex sets C and Q and the Bregman projection H‘é. This method is the
subject of Section 6.3. When proving stability of the method we assume perturbations
with respect to the sets C; and Q;, assuming that only sets Ci‘g and Qf are known,
having a Hausdorff distance less than § from the exact sets C; and Q;. Thus, in
Section 6.3.1, we consider the continuity of Bregman and metric projections with
respect to the Hausdorff distance

dy(C,D) :==min{l >0|CNB,CD+B, and DNB,CC +B;},

where B, = B,(0), By = B,(0). We then present a regularization method for
SFP in Banach spaces, using a cyclic, iterative projection method. We show that this
method is in fact stable with respect to noise in the convex sets C; and Q;. These
considerations are outlined in Section 6.3.2.

For better readability, we drop the superscripts X and Y of the duality mappings
J ;( and j Z , if they are clear from the context and write Dy (x, y) instead of Dj, (x, y)
for the Bregman distance in X and D ;(** for the Bregman distance on the dual X*.
Furthermore, we omit the subscripts X and Y and only write (-,-), || - || for their dual
pairings and norms, respectively, since this is always clear from the context.
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6.1 The Landweber iteration

Among the most popular iterative methods for solving linear ill-posed problems in
Hilbert spaces are variations of the Landweber iteration

Xn+1 = Xn — MnA*(Axn -) (6.4)

with xo € X and p,, > 0 appropriately. We refer the interested reader to the classical
article of Landweber [142], where this method was established.

The first iterative methods for solving (6.1) in a Banach space setting were restricted
to the case Y = X and the operator A was required to satisfy certain resolvent condi-
tions which, in concrete situations, may be difficult to verify, see [12, 137, 183]. Sub-
sequently, nonlinear iterative methods have been proposed, in the context of Bregman
projections and the minimization of convex functionals, and they have been shown to
be weakly convergent, see [35, 178]. We present an extension of the Landweber iter-
ation (6.4) to Banach spaces, that converges to the minimum norm solution of (6.1),
provided that certain conditions are satisfied. Thereby, X is assumed to be smooth
and uniformly convex, whereas Y can even be an arbitrary Banach space. Note that
now, by Theorem 2.53, j, = Jy is single valued, X is reflexive and X* is strictly
convex and uniformly smooth.

We consider two different situations: the case of noise-free measured data y and
operator A and the case where the data, as well as the operator, are contaminated by
noise. We adjust the choice of the step size p, in (6.2) to both situations so that it
yields convergence of the corresponding iterates to the minimum norm solution x 7.

6.1.1 Noise-free case

At first, we consider the case of exact data y € R(A). Let x be the minimum norm
solution of (6.1), which exists, according to Lemma 3.3. To recover xT, we propose
the following algorithm.

Algorithm 6.1 (Exact data y and operator A).
(1) If y = 0 then xT = 0 and we are done. Else, we start with

(2) Fix p,q € (1,00), choose a constant
C (0,1 (6.5)
and an initial vector xo € X, such that

1
J4(x0) € R(A%) and  Dy(x', x0) < —|IxT|7. (6.6)
q

Forn =0,1,2,... repeat
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(2) Set
Ry = ||Axp — y|. (6.7)

If R, = 0, then stop iterating.

Else, choose the step size u, according to

(a) Incase xy = 0 set

@) ap
po :=C R (6.8)
lAfa —°
(b) Foralln > 0 (respectively n > 1 if xo = 0), let
C R,
b= (e () (57 ).
= o O) M G AT Tl
where G4+ > 0 is the constant from (2.9) (for p = p*).
Since X* is uniformly smooth, we find a t,, € (0, 1] with
px*(Tn) =, (6.9)
Tn
due to Theorem 2.48. Then set
o B
M i= — (6.10)
TUAL g2
Compute the new iterate as
Xnt1 = & (Jg(n) = tnA* jp(Axn = ) . (6.11)

Remark 6.2.

(a) The choice of xqp (6.6) and the definition of the iterates (6.11) guarantee that
Jq(xn) € R(A*), forall n € N. The choice xo = 0 is always possible, since
Dy(xT,0) = LjxT|e.

(b) If the stopping rule R,, = 0 is satisfied for a certain n € N then || A(x, —xT)|| =
|Ax, — y|l = Rn = 0 and thus x — x;, lies in N (A). So, by (a) and Lemma 3.3,
——
Xp = x'.

(c) In proving the convergence of the above method, we will see that (6.6) also en-
sures that x, # O for all n > 1 and thus the parameters 7, (6.9) are always
well-defined.

It remains to prove the convergence of Algorithm 6.1.
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Theorem 6.3. Algorithm 6.1 either stops after a finite number of iterations with the
minimum norm solution x© of (6.1) or the sequence of the iterates {x,} converges
strongly to x7.

Proof. 1f the method stops at step n with R, = 0, we are done, due to Remark 6.2.
Otherwise R, > 0, for all n > 0. The proof of convergence, in that case, will be
structured as follows: At first, we show that the sequence {A,}, with

1 1
Ap = Dg(xT,xn) = q—*llxnllq + glleHq — (Jg(xn), xT) (6.12)
(see (2.10)) obeys a recursive inequality, which implies its convergence. We then

deduce that the sequence {x; } has a Cauchy-subsequence. Finally, we show that {x, }

converges strongly to x .
From (6.1) and (2.3), together with (6.12), we deduce

1 . * 1
But1 = 5 qlen) — U A jp(Axy — WY + 5||xT||q
— (Jg(Xn) — un A* jp(Axy — y), xT)

1 N - (6.13)
= 2 1aln) = ™ jp(Aa = )]

1 .
I = g xT) o (A = ). AXT)
In case xo = 0, we have Ry = ||y|| > 0 and Ag = é||xT||q and thus (6.13) gives

1 * . * .
Ay = q—*uf’, 1A% DT + Ao — po{jp(y), AxT)

IA

1 * * —1 *
J= 10 AT R Ao = uoR§

since AxT = y. Choosing o as in (6.8) yields the estimate

*q*q—l q*q—l
A <CY RI+ Ay—C R
Afa 0 IAfa 0
*_1 ‘I*q_l q
=Ag—C(1—-C9 R
Afa 0

and therefore A1 < Ag = é||x7||q, which implies that x; # 0.
For all n > 0 (respectively n > 1 if xo = 0), we apply Theorems 2.42 and 2.53 to
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equation (6.13) and obtain
Bt = (gl =g (s sin A (A = )

+ g (Jg(on). pn A" p (A%, — 1))

2 19 = gCon)x) g (A = ). AxT).
With (6.12), this can be written as

An+1 = An = pn(jp(Axn = y), Axn — AxT)
+ ql—*éq* (Ja (B in A (An — 7)) 614
= D= RE + g (g (o). in A"y (A =)

Now, we estimate the integrand in the explicit expression for 64+ (2.9). Choosing up

according to (6.10) and 7, as in (6.9) yields, for all ¢ € [0, 1],
/g (xn) — tMnA*jp(Axn -V ||Jq(xn)|| = ||xn||q_1 + //vn”A”RrI:_l
= [|xn ”q—l (1 + )
<2f|xn 77!
and
1g(en) = tpn A* jp(Axn — YV 1 Tg )|l = 17 Gen) | = llxa 1971
Together with the monotonicity of px = this gives
U (2] xp)la 1)

G+ (Jq(xn), n A" j p(Axn — ) < q* Gy /0 — x

A||RP!
% t“n” I _nl di
B Ki
N 11
= 27 4 G e | / e (o
0

* T ]
=20 Gyl [ pre 1
0
< 274" Ggrllxn | px+ ().
Substituting the last estimate into (6.14) we get
A1 < Dy = tn R + 27 G |l xul| px=(a)

_ * ol P (o)
tallxn 4 R,y (1—2‘1 Gy Ay ol o= (En) )

1
= Ay, - ——
1Al Ry
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The choice of C (6.5) and t,, (6.9) finally gives the recursive inequality

Apt1 < Ay — TallXn |97 Ry . (6.15)

Al
Hence, the relation Ay < Ag < é||xT||‘1 holds also if xg # 0, compare (6.6).
Inductively, we obtain, for every admissible choice of the initial vector,

1
0 < Ant1 < Ap < Ay < Dg(xT,0) = ~||xT||9 (6.16)
q

and conclude that x,, # 0, for all » > 1, and that the sequence {A,} is non-increasing
and therefore convergent and, in particular, bounded. Theorem 2.60 (c) then ensures
that the sequence {x,} is bounded, which also implies the boundedness of the se-
quences {J4(x,)} and {Ry} (6.7).

From (6.15), we further derive

1-C
0= Al Tn”xn”q anfA —Apt1

and thus, for all N € N, we have

N
1-C
0= —— anﬂxn 197" Ry <Z(A Ant1) = Do —Ant1 = Ao,
1] Z
which gives

o0
> tallxnllf Ry < 0. (6.17)
n=0

Suppose lim inf, o R, > 0. Then there exist ng € N and ¢ > 0, such that R,, > ¢
for all n > ng and thus

00 00
& Z Tn”xn”q_1 = Z Tn”xn”q_an <00,
n=no n=no

which forces {x,} to be a null-sequence, since by the boundedness of {x,} and by
R, > ¢, the sequence {t, } remains bounded away from zero, too (6.9). The continuity
of D, (xT, -), cf. Theorem 2.60 (d), and (6.16) result in

1 1
T = il — il — 1 “NyTie
q||x I Dy(x',0) nhm Dy(x", xy) nhrn Ay < q||x 4,

which is a contradiction. So, we have liminf, .o R, = 0 and can thus choose a
subsequence (Ry, ) with the property that

Ry, =0 for k— o0 and Ry, <R, forall n <ng. (6.18)
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Then, the same property also holds for every subsequence of {R;, }¢. By the bound-
edness of {x,} and {J;(x,)} we can thus find a subsequence {x;, }x, having the fol-
lowing properties

(S.1) the sequence of the norms {||xy, || }x is convergent,
(S.2) the sequence {J4(xn, )}k is weakly convergent,
(S.3) the sequence {Rj, }k satisfies (6.18).

Next, we show that {x,, }x is a Cauchy-sequence. With (2.10), for all [,k € N with
k > [, we have

1
Dq(xnk,xn/) = C]_* (”xnl ”q - ||xnk ”q) + (Jq(xnk) - Jq(xn/)’xnk>‘

Because of (S.1), the first summand converges to zero for / — oo. The second
summand can be written as

(Jg(xng) = Jg(Xn,) s Xng ) = (Jg(Xny) — Jq(xn,),xT)
+ (Jg(Xny ) — Jg(xn,)s Xny —XT) .

By (S.2), The first summand converges to zero for / — co. The second summand can
be estimated as

Z (Jq(xn+1) - Jq(xn)’xnk _XT) .

n=n;

|<Jq(xnk) - Jq(xn/)’xnk - xT)| =

ng—1 ‘

The recursive definition of iteration (6.11) yields

ng—1
(g (xni) — Jqg(Xn,)s Xnye — XT)| = Z MUn{jp(Axn —y), AXp, — )
n=ny
nig—1
< > tnlljp(Axn = )| | Axn; — ¥
n=ny
ni—1
= — Tn|lx ||q_1R .
1Al ; ol
Finally, (S.3) leads to
ni—1
(Jg (i) = Jg (tny). Xy, — xT)] < AT > tallxn |77 Ry
n=n;

By (6.17), the right-hand side converges to zero for I — oo and so does
Dy (X, Xn,). By Theorem 2.60, we conclude that {x,, }x is a Cauchy-sequence and
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thus convergent to an ¥ € X. It remains to prove that ¥ = xT and
limy 00 || Xn — xT|| = 0. We have

Ry = 1A%, =yl = 4G, — xD],

where the left-hand side converges to zero for k — oo (S.3). Since A4 is continuous,
the right-hand side converges to ||A(X¥ — xT)| for k — oo and we see that ¥ — xT €
N (A). On the other hand, J;(X) € R(A*), by Remark 6.2 and Theorem 2.53.
Together with Lemma 3.3, this shows that ¥ = xT. So, by the continuity of Dy (T,
and with Theorem 2.60, we have

lim An, = lim Dg(xT,x,) = Dg(xT,xT) = 0.
k—o00 k—00

Since the sequence {A,} is convergent and has a subsequence converging to zero, it
must be a null-sequence. By Theorem 2.60 (e), we finally conclude that {x,} con-

verges strongly to xT, which completes the proof. o

6.1.2 Regularization properties

In this section, we analyze the regularization properties of the Landweber method
in detail. At first, suppose that, instead of exact data y € R(A) and operator A €
£(X,Y), only some approximations {y;}z in Y and {4;}; in £(X, Y ) are available.
This is of relevance when we discretize an infinite-dimensional problem or when the
operators {A;}; allow for faster computations of A;x,. We assume that we know
estimates for the deviations

||yk—y|| §5k, 5k >8k+1 > 0, lim 8k =0, (6.19)
k—o00

A=Al =m. m>mn41 >0, limp =0. (6.20)
[ —00

Moreover, to properly include the second case (6.20), we need an a priori estimate for
the norm of xT, 1.e., there is a constant R > 0, such that

x| < R. (6.21)

Further, set
S :=sup || 4] - (6.22)
leN

Algorithm 6.1 has to be modified appropriately to account for the approximations.

Algorithm 6.4 (Noisy data y® and operator Ap).

(1) Fixgq, p € (1,00).
Choose constants
C,D e (0,1) (6.23)
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and an initial vector xo € X such that

1
Jq(x0) € R(A*) and  Dg(xt, xo) < —[x"|7.
q

Setk_q:=0and/_q :=0.
Forn =0,1,2,... repeat

(2) If, forall k > ky—q and alll > [,,_1,

1
lArxn — yill < 3(51« +mR),

stop iterating.
Else, find k;,, > k,—1 and [,, > [,,_1, with

8k, + 11, R < DR,

where
Ry = ||Al,,xn — Yk, [l

Choose (1, according to

(a) Incase xg = 0 set

jo i= C(1 - DYI~ 1‘15

(b) Forall n > 0 (respectively n > 1 if xo = 0), set

C(1-D) R,
An = +(1 paa—
(px ())A(zq Gy S nl

where G4+ > 0 is the constant from (2.9) and choose 7, € (0, 1], with

px*(Tn)
n =/\n
Tn
and set .
_ T Xl
n S Rp 1
Iterate

Xng1 = T8 (Tq(n) = tn AT jp(Ag,xn —

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)
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Remark 6.5.

(a) If the stopping rule (6.25) is satisfied for a certain n € N, then for all k > k,_;
andalll > [,,_4

1
| Arxn — yill < B(Sk +mR).
By (6.19) and (6.20), letting [, k — oo leads to
[Axn — yll = [A(xn — x)|| =0
and, as in the case of exact data, we see that x, = xT.

(b) Condition (6.26) guarantees that the sequence (A )y is non-increasing.

(c) Algorithm 6.4 suggests specific settings for the parameters u,, A, and t,, as
well as for the indices k and n. Note that the particular choice of u,, as given
in (6.30), is necessary to get the convergence in the proof of Theorem 6.6. This
is a crucial difference to the Landweber method in Hilbert spaces, where (,, may
be chosen in a certain interval, depending on ||A||, in order to get convergence
and the particular choice of the step size p, serves only to accelerate the method.

We prove that the assertions of Theorem 6.3 remain valid.

Theorem 6.6. Algorithm 6.4 either stops after a finite number of iterations, with the
minimum norm solution x of (6.1), or the sequence of the iterates {x,} converges
strongly to x7.

Proof. The proof is rather similar to the one for the case where we have exact data and
we only outline the main modifications. If the stopping rule (6.25) is never satisfied
then, according to (6.26), (6.19) and (6.20), we always have R,, > 0. For the case
xo = 0, we compute

1 * . * .
Ay = q—*/fé 147 jp )9 + Do — to(jp (ko) AsxT)
1 * . * .
= q—*ué’ AT jp k)T + Ao — 110 (p (Vko)» Vio)
+ 10{ip ko)- Yo — ¥) + 10(jp (ko). AxT — AsyxT) .
Because of (6.19), (6.20), (6.21) and (6.22), we get

1 * * — * —
Ay < q—*uﬁ ST R £ Ag— juoR? + joRE ™ Sy + Mo R) -
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Condition (6.26) and the choice of ¢ (6.28) give the estimate

1 * * _ *
s g S RP™T + Ao — poR (1 — D)

q—1

* q—1
—cT( —D)qqsq R+ Ag—C(1— D)

q* g
q Ry

S

q*q—l
Sq
and thus A < Ay and, especially, x; # 0. With (6.26) and since

=Ag—C(1—C? (1 - D)1

q
RO

—tn{Jp(AL, Xn — Vi, A1, Xn — AlnxT>
= —pn{Jp(A1,Xn = Y+ A1, Xn — Yk,,)
— un(Jp(AL,Xn = Yk, Yk, — V)
— 1 (Ap,xn — i, Ax" — 4y, xT)
< —pn R + pn R (S, + m, R).

the estimate (6.14) becomes, for all n > 0 (respectively n > 1 if xg = 0),
Ant1 < Ap = nRE + ptn RE™ (8, + 11, R)
+ qi* g (Jq(xn)» MnAl*n Jp(Ap, Xn — Yk, ))
< A= (= D)un RE + e (o). an 4, (A 50 = 32,).
The last summand can be estimated, analogously to the case of exact data, by

5q*(Jq(xn),/LnA7njp(Alnxn - ykn)) <2 q*Gq* llxn 119 px* (T1)

and thus we arrive at

1-D _ 29" G+ S ||xn | px+(tn)
An-HEAn_( S )Tn”xn”q an(l_ 1_qD R’:z ‘L’nn .

By the choice of 7, (6.29), we get

(I-D)d-C)

An—i—l = An_ S

Tl X |97 Ry . (6.32)
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We now proceed as in the proof of Theorem 6.3, after estimate (6.15), while taking
into account that

n;—1

|(Jq(xn_;)_-]q(xn,t)7xn_; _XT” = Z /Ln(].p(Alnxn_J’k,,)vAlnxnj _Al,,xT)

n=n;
n;—1

= Z Mn (|<jp(Alnxn_yk,,)v Al,,j Xnj _J’knj”

n=n;

+ (oA, Xn = Yie,)s Yieo, = V)

+ |(p(As, xn — yi,). AxT — 47, xT)|

+ |(jP(Alnxn - ykn)’Aln‘xnj - Alannj”) :

With (6.19), (6.20) and (6.21) this leads to
n;—1

|(Jq(xn_,-) - Jq(xni),xn_,- _XT)l = Z I'LnRrI,)_l(Rn_/ +8k,1 + n, R+ 2, ”xn_/ ”) .

n=n;
Let R > 0 be a constant, such that ||x,|| < R, for all n € N. Then, by (6.26) and
property (S.3) of the sequence (Rj;);, we obtain

n;j—1

_ D -
|(Jq(xnj) _Jq(xni)vxnj _XT)| = Z anRg ! (an + DRy +2ERnR)

n=n;
o
1+ D+ 2887 _
< ———— 2wl R, =
n=n;

Finally, we consider the case of noisy data y% and a perturbed operator Ay, with
known noise-level

ly =% <8 and [|4A—A4,] <7. (6.33)

We apply Algorithm 6.4, with §; = & and n; = 7, for all k,/ € N and use the
discrepancy principle, see e.g. [67, 150]. To that end, condition (6.25) supplies us
with a simple stopping rule: We terminate the iteration (6.31) atn = n®, where

1
nd :=min{n e N: R, < 5@+ 1R} (6.34)

As long as R, > %(8 + nR), according to (6.32) and Remark 6.5 (b), x,+1 is a
better approximation to xT than x,,. As a consequence of this fact and Theorem 6.6
(for §, 7 — 0), we obtain a regularizing property of the Landweber method (6.2) that
proves the stability of the method with respect to noise.
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Corollary 6.7. Together with the discrepancy principle (6.34) as stopping rule, Algo-
rithm 6.4 is a regularization method for problem (6.1).

Remark 6.8. Since the selection j, needs not to be continuous (and in fact cannot be
continuous if J), is set-valued [48]), the method is an example for regularization with
non-continuous mappings.

6.2 Sequential subspace optimization methods

To overcome the slow convergence of the Landweber iteration (6.2) in numerical ap-
plications, we suggest using more than the single search direction A* j 5 (Axp, — y)
in each iteration step. Inspired by the fast sequential subspace optimization methods
(SESOP), developed by Narkiss and Zibulevsky [169] for large-scale unconstrained
optimization and further analyzed in [65], it was shown in [214] that, in case of exact
data § = 0, using multiple search directions A*wy, ;, i € I, speeds up the iteration
considerably. The iterates are then computed as

snr = I (Jgon) = D i A% W) (6.35)

iel,

where t, = (thi)ier, € R/l is a minimizer of the function

n(0) = g = 3 b 4% |7+ 3 b (wni s v)

iel, iel,

The key idea in obtaining a regularization technique considerably faster than the
Landweber method is to put this iteration in the context of Bregman projections. On
the one hand, this allows us to interpret the use of arbitrary initial values xo € X
in (6.2), as computing the Bregman projection x* = H;]MM:y (xg) of x¢ onto the
solution set Myx—, = {x € X : Ax = y}. On the other hand it was shown
in [216, Prop. 3.12], that minimizing %, (¢) is equivalent to computing the Bregman
projection x, 1 = H%iel H, i(xn) of x, onto the intersection of hyperplanes

Hn’i = {.x S X . (A*wn,[ 5 x) wnz ’ - 0}

This interpretation is the key to the regularizing sequential subspace optimization
methods (RESESOP), which combines acceleration with regularization. The prin-
ciple idea behind RESESOP is to replace the Bregman projections onto hyperplanes
Hj ; by Bregman projections onto stripes H;f,i’ whose width is of the order of the
noise-level §

H = {xeX [(A*wd ;. x)—(wd;. ») <§llws;|}.

n,i>
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Throughout this section, X is supposed to be g-convex and uniformly smooth and thus
reflexive with ¢*-smooth and uniformly convex dual X*. Under these assumptions,
the duality mappings J; and J q{* are both single-valued, uniformly continuous on

bounded sets and bijective, with (Jq)_1 =J ;i*, which follows from Theorem 2.53.
Analogous to to (2.4), in the g*-smooth dual X* the following inequality is valid for
all x*, y* € X*, with some constant G4+ > 1

q—*nx*—y*nq sq—*llx*llq —(JX (x*),y*>+q—i||y*||q : (6.36)

We furthermore note that the following useful estimates hold, with some constant
cg >0
cq llx =yl = Dg(y,x) = {Jg(x) = Jg(»), x = y), (6.37)

where the first inequality is due to the g-convexity of X and the second one follows
from the three-point identity, stated in Lemma 2.62.

6.2.1 Bregman projections

Letg > 2 and

IxI9, xeX.

1

Ja(x) 1=~

! q

Then J; = dfy, cf. Theorem 2.28. Here again we write Dy instead of Dj,.

Definition 6.9 (Bregman projection). Let C C X be a nonempty, closed convex set.
The Bregman projection of x € X onto C, with respect to the function f,, is the
unique element H% (x) € C such that

D, (TT.(x), x) = min D, (z, x) .
¢(TE (%), x) = min Dy (z, x)

Obviously, we have H% (x) =xiffx € C, ||H% (0)|| = minzec ||z]|| and hence
xf = g, ©).
Furthermore, we have the implication
(CicCrandX =T, (x) € C1) = F=T¢ (x). (6.38)

Bregman projections are characterized by a variational inequality: An element X € C
is the Bregman projection of x onto C with respect to the function f, iff

(Jg(X) = Jg(x),z—=X) >0 forallzeC. (6.39)
The variational inequality (6.39) is equivalent to the descent property

Dy(z,%) < Dy(z,x) — Dy(x,x) forallzeC. (6.40)
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In Hilbert spaces, the Bregman projection with respect to the function f, coincides
with the metric projection, but in general they differ from each other. Properties of
this kind of Bregman projections and their relation to metric projections can be found
in [216]. In particular we have for a closed subspace U C X and x, y,z € X, the
equivalences

X = HZ+U(y) & (x —zeUand Jy(x)— Jy(y) € UJ‘)

& Jy(x) = H‘§q vt Ja@). (6.41)

are valid, where UL C X* is the annihilator of U (cf. Definition 2.5) and I1¢ * de-
notes the Bregman projection in the dual X *, with respect to the function f q"; (x*) =

ql* lx*||9, cf. Lemma (6.10). To gain more insight into Bregman distances and pro-
jections with respect to more general functions than powers of the norm of a Banach
space, we refer to e.g. [4], Bauschke et. al. [16] and [35].

For0#u* € X*and«,§ € R, § > 0, we denote by H(u™, ) the hyperplane

Hu* o) :={xeX:(u*, x)=a}.
We denote by H<(u*, ) the halfspace
H<(u™ ) :={x € X : (u*.x) <a},

and, analogously H>(u*,«), H<(u*,o), H-(u*,«a). Finally, we denote by
H(u*,a,d) the stripe.

Hu* a,8) :={xeX:|(u*,x)—a| <§}.

Obviously, we have H(u*,a,8) = H<(u*, o0 + 8) N H>(u™*, o0 — ), H(u™,,0)
reduces to the hyperplane H(u*,«) and H> (u*, o) = H<(—u™, —a).

To prove the equivalence of the iteration (6.35) and Bregman projections onto in-
tersections of certain hyperplanes, we need some characterizations of Bregman pro-
jections, in connection with subspaces of X .

Lemma 6.10. Let U C X be a closed subspace and x,y,z € X be given. Then the
following three assertions are equivalent.

@ x=007,0),

(b)) x—zeU and Jy(x)—Jy(y) e U™,

(© Jq(x) = H_q]q(y)_i_UJ_ Jq(Z)~
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Proof. According to the variational inequality (6.39), we deduce from (a), that x —z €
U and

(Jg(x) = Jg(¥),(z +u)—x) >0 forallu € U
S (Jg(x) = Jg(),z —x) + (Jg(x) = Jg(y),u) >0 forallu e U.  (6.42)

Suppose that there exists an ug € U, with (J4(x) — Jg(y),uo) # 0, say (J4(x) —
Jq(¥),u) < 0. Since Aug € U forall A > 0, (6.42) yields

(Jg(x) = Jqg(¥),z — x) + A({Jg(x) — Jg(¥),uo) = 0.

But then the left-hand side converges to —oo for A — +o00, leading to a contradiction.
Hence J4(x)—Jq(y) € U L. Thus, (a) = (b). Since (b) implies the validity of (6.42),
we also have (b) = (a). From Lemma 2.55, we have U = U = J-(U 1) and it follows
that (b) < (c) is just the assertion (b) < (a) in the dual space. O

The building blocks of our sequential subspace optimization methods are based on
the following examples.

Example 6.11.

(a) Let H(uj,a1),..., H(uy,ay) be hyperplanes with nonempty intersection

N
H := m H(ug,ag).
k=1

Then, the Bregman projection of x onto H is given by

Y, (x) = Jq{*(Jq(x) - i i uk) , (6.43)
k=1
where 7 = (f1,...,1y) is a solution of the N -dimensional optimization problem
q N P
min h(t) = q—*H J,(x) —I;tk ukH + k;tk ap,  (6.44)

where the function / is convex and has continuous partial derivatives

N
djh(t) = —<u;, JX (Jq(x) - uk)> +aj, j=1,....N.
k=1

Moreover, if the vectors uf, .. ”7v are linearly independent, A is strict-
ly convex and 7 is unique.
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(b) Let Hy := H<(uj,a1), Hy := H<(u3,a3) be two halfspaces, with linearly
independent vectors u} and u3. Then, X is the Bregman projection of x onto
H;y N H, iff it satisfies the Karush—-Kuhn-Tucker conditions for

minze g, ne, Dq(z, X):
Jg(X) = Jg(x) —tiui —tauy, 11,60 >0,
(i, ¥) <ai, (u3, %) <a, (6.45)
f(er—(uy. %) <0, 0 (az— (u;,i)) <0.

(¢) For x € H-(u*,a) the Bregman projection of x onto the halfspace
H<(u*,a) is given by

) _ e ) ) = Ty gy () = TE (Jg(x) =t u*), (6.46)

where 74 > 0 is the unique, necessarily positive solution of

1 *
rlréﬁlq—*HJq(x)—tu*”q +tat. (6.47)

(d) The Bregman projection onto a stripe H(u*, ., §) is given by

H%S(u*,a_ks)(x), x € H-(u*,a + §)
H?I(u*,aﬁ)(x) = X , xe€ Hu* 6 . (6.48)
sz(u*’a_(g)(x), x € Ho(u*,a —98)
Proof. We prove (a) and (b) and refer to [35] for the proof of (c). Example (d) is an
immediate consequence of (c).
The convexity of & is obvious. Differentiability and continuity of the partial deriva-
tives are consequences of parts of Theorem 2.53. For any z € H, we can write

H=z+ (span{u’f,...,u}‘v})J'.

Thus, in view of Proposition 6.10, an element X € X is the Bregman projection of xg
onto H iff ¥ € H and J;(¥) € J4(xo) + span{uy,... uy},ie.,

N
Jg(®) = Jg(x0) = >l uj

k=1
with some 71,...,fxy € R, such that (uyp,X) = a forallk = 1,...,N. The
coefficients 7 are uniquely determined in the case where the vectors ut, ... uy are
linearly independent. This is equivalent to
~ _ q*
Jq(x) - HJq(x0)+span{uT,...,u*N}(Jq(z)) ’
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ie., i = (f1,...,iny) € R" is a solution of the optimization problem
N

min D (Jq (x0) — Z Ik u;:, Jyq (Z))
teRN

k=1

1 al g
= tm]én 5||Z||q (z. Jg(x0)) + Z (z, ug)+ = | Jg(x0) — ka ugl
k=1 k=1

which in turn is equivalent to (6.44), since (Z , u;:) = ay, for z € H. This proves (a).

If X satisfies (6.45), then we have X € H1N H» and, with (6.39), it is straightforward
to see that indeed X = H%hﬁ H> (x). Conversely, let X := H?Im H> (x) and U :=
span{u},u3}. Then we have X + U+ c H; N H, and it follows with (6.39), that
Jg(%) — Jg(x) € L(UL) = U (cf. Lemma 2.55), i.e.,

Jg(X) = Jg(x) —tiul —tauy, t1,t2 €R.
Since uT, uz are linearly independent, we find, for all ¢ > 0, some z, € X with
(uy, ze) = ay —eand (u3, zg) = (u5, X). Hence, z; € Hy N H, and, with (6.39),
we get
0 < (Jg(F) = Jg(x), 26 — ) = —11 (01 —8) — (u], §)),
The assertion follows by, on the one hand, putting ¢ = 0 and, on the other hand,

letting & — oo. o

Remark 6.12. The metric projection of x € X onto a closed convex set C is the
unique element Pc (x) € C, such that

[lx = Pc(x)|| = min [x — y|.
yeC

The metric projection is characterized by the variational inequality
(Jg(Pc(x)—x),y—Pc(x)) >0 forally e C (6.49)
and the connection to the Bregman projection is given by
Pc(x)—x=M¢_(0), xeX
which, together with (6.41), for any x € X gives the interesting splitting
x=Pc(x)+JX T JX (x). (6.50)

In particular, we have Pc(0) = H‘é (0) and in Hilbert spaces Pc = HZC holds,
but in general the metric and Bregman projections differ from each other. We refer
to [216] for a proof and to [181] for a general treatment of metric projections. One
decisive reason why we consider Bregman projections, rather than metric projections,
is that an analogue of the important descent property (6.40) does not exist for metric
projections.
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6.2.2 The method for exact data (SESOP)

We summarize the following general iteration method, considered in [216], to com-
pute the Bregman projection

x* =11 ey (x0)
of xo € X onto the solution set
Myx—y :={x € X : Ax = y}

in the case of exact data y € R(A). Here, Y is allowed to be an arbitrary, real Banach
space. Note that x™ = xTif xo = 0, but that, in general, x™ # xF.

In Y, we use the normalized duality mapping j := j, and in the set-valued case
we simply write j(y) for an arbitrary but fixed element in the set J(y) = J2(y).

Algorithm 6.13 (SESOP). Take x as initial value. At iteration n € N, choose some
finite index set I, and search directions A*wy ;, withw, ; € Y*,i € I, and compute
the new iterate as

X1 =TT, () (651)
with
H, = ﬂ H(A*wn,i, (Wn,i Y))- (6.52)
iel,

Note that M4x=, C H, and therefore, for all z € M4x=,, we have
(Wn,i v Axpg1—y) =(A"Wni, Xpp1—2) =0 forall i€l,. (6.53)

By Example 6.11 (a), the iterates x,; can be computed by minimizing a convex,
continuously differentiable function /% : RI/nl - R. During minimization, the search
directions A*w, ; are fixed and hence function and gradient evaluations of / are in-
dependent of the costly applications of the operators A and A*. Therefore, for large-
scale problems, the additional cost of minimizing /4 with a small number of search
directions, instead of only one, is comparatively minor.

Due to (6.41), computing x,+1 by (6.51) is also equivalent to

JgCons) =19 0 (Jg(2) s 7 € Maxey, (6.54)
where U, C R(A*) denotes the search space
Up :=span {A*wy; :i € I} .
This implies Jg (Xn+1) — J4(xx) € Uy and an immediate consequence of (6.53) is

(Jq(xn-i-l) —Jg(xn), Xn41 — Z) =0, z€Myx=y. (6.55)
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For weak convergence of the iterates, it is essential to include the current (sub-)gra-
dient A* j(Ax, — y) of the functional x > %||Ax — y||? in the search space Uy,
because then an estimate of the form

R;

Dq(Z, Xn+l) 5 Dq(Z,xn) Y T
g GL Al

forall z € Myx=y (6.56)

holds, where G4+ > 1 is the constant appearing in (6.36) and R, := ||Ax, — y|| is the
residual. This estimate implies that {Dq (z, xn)}n converges decreasingly, that {x,}
is bounded and has weak cluster points, and that lim, ., R, = 0 and consequently
each weak cluster point x is a solution x € Mgx—,.

To obtain strong convergence in the infinite-dimensional case, the condition
U,—1 C U, is sufficient, resulting in increasing dimensions of the search spaces.
Next, we show that this stringent condition is in fact not necessary; we simply have to
assure that we include the direction Jy (x5,) — J4 (xn,) of a fixed iterate J; (x5, to the
current iterate Jg(x,) in the search space Uy, for infinitely many n > ng. Observe,
that by induction we then have Jg(x,) — Jg4(xn,) € R(A¥).

Proposition 6.14. Let A* j(Ax, — y) € U, for all n € N. Then, the sequence
{xn}, generated by Algorithm 6.13, converges strongly to x™ = Hj]wa:y (xo) if it has
a strongly convergent subsequence. This holds if any of the following conditions is
satisfied:

(a) X is finite-dimensional,
(b) Y is finite-dimensional,
(©) Jq(xn) — Jg(xny) € Uy for some fixed ng € N and infinitely many n > ny.
Proof. The limit x of a strongly convergent subsequence {x, }; satisfies
X € Mgx—y =x" + N(A) and Jy(x) — J4(x0) € R(A*),

because, by (6.54) and the continuity of the duality mapping, J4(x) — J4(xo) is the
limit of Jy(xpn,) — Jg(x0) € R(A*). Hence we have x = Hjl\le:y (xo) = x™
by (6.41). Furthermore, the strong convergence implies limy_, o0 Dg(x”, x5, ) = 0.
Since {D4(z, xn)}n converges forall z € Myx—y, we have lim, o0 Dg(x™, x,) =0
and thus lim,— o ||Xn — x| = 0. In a finite-dimensional space X, the bounded-
ness of {x,} implies the existence of a strongly convergent subsequence. In case
dim(Y) < oo, we also have dim(R(A*)) < oo. Hence, J;(x,) — J4(x0) € R(A™)
has a strongly convergent subsequence, from which we deduce that {x;, } has a strongly
convergent subsequence too. Finally we assume, without loss of generality, that
Jg(xXn,) — Jg(xny) € Up,, for all k € N and that {x,, +1}¢ converges weakly to
some x € Myx—,. Inserting A*wp, ; = Jg(xn,) — Jq(xn,) into (6.53) yields

(Jq(xnk) = Jqg(Xng) . Xng+1 _x) =0,
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and, together with (6.55), we get

(T Con 1) = T () s X1 = %) = (g Cong1) = Jg (o) X1 — )
+ (Jq(xnk) - Jq(xno)7 Xng+1 — x)

+ (Jq(xno) —Jg(x), Xng41— x)

= (Jq(xno) —Jg(x), Xny 41 —X) .

Since the right hand side converges to zero for k — o0, so does the left hand side and,
by (6.37), we conclude that {x;, 41} converges strongly to x. O

6.2.3 The regularization method for noisy data (RESESOP)

In case only noisy data y5 € Y is given, with known noise-level ||y — y‘g | <38, we
propose the following modification of Algorithm 6.13, in order to compute a regular-
ized version of x™ = HZ/IAX=y (x0). As in the previous section, Y is allowed to be an
arbitrary real Banach space.

Algorithm 6.15 (RESESOP). Take xg = xo as initial value and fix some constant

T > 1. Atiteration n € N, choose some finite index set I,f and search directions
A*w® . € G¥ N DY, see (6.61) and (6.62) below. If the residual RS := || AxS — yJ||

n,i
satisfies the discrepancy principle

RS <18 6.57)

n
stop iterating. Otherwise, compute the new iterate as
= I8 (Jaed) = D Avw ) (6.58)
ielf
where t,f = (t,f Die 73 1s chosen such that
Xy € HY o= () H(A*w] ;. (w) ;. ¥*).8[lw) ;1) (6.59)
ielf
and such that an inequality of the form
Dg(z,x8 1) < Dg(z,x8) = C (R3)? forall z e Mayx—, (6.60)
holds, for some constant C > 0.

Here, we consider in particular the canonical sets of search directions (see also
[169])
Gl = {A*j(Ax} —y%): 0 <k <n}, (6.61)
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. D! .= {Jq(x,f) —Jy(x3):0<l <k <n}. (6.62)
This means that, for A*w? ; € G5 we have
wﬁ,i = j(Ax{ —»%), O0<k<n (6.63)
with
lwi ;=R and (wl;.y%) = (4*w,. xf)— (R})>. (6.64)

Hence, for this kind of search directions, we actually only need the vectors A*w n

and do not have to store the vectors w,‘z i

For A*w? , € D8 we have

i

wé . = Ul(z,l such that A*Uli,l = Jq(x,‘z) - Jq(x;g), 0<l<k<n (6.6

n,i

with the recursion vf ;= 0 and

8
Ukl—”kll Ztkllwkll‘ (6.66)

telkil

We can exploit this recursion to compute (wfl’i , y8) without using wfl,i, which is
convenient in the noise-free case (6.52). However, to compute ||w"i’i |, we actually
need the vector wﬁ’i. Hence, for noisy data, using this kind of search directions,
seems a little more involved.

Note that Mgx=y C H,f because, for all z € M=y, we have
(A% wh ;0 2) = (wh i ¥ = [(wp oy = yO) < 8wy, 1l (6.67)

For exact data, we have H‘g =0 — H,. This implies, by (6.58) and (6.41), that an =
H%,n (xﬁ 0), i.e., Algorithm 6.15 coincides with Algorithm 6.13. Therefore, in the
noise-free case, we simply drop the index § everywhere.

Inequality (6.60) assures that the sequence {Dy (z,x,‘z)}n decreases for fixed 6.
Hence, the discrepancy principle (6.57) indeed yields a finite stopping index

na = nx(8) := min{n € N, RS < ¢§}. (6.68)

To avoid exceptions, we define xf, = xﬁ* foralln > ny.

An admissible strategy to choose t;f such that (6.59) and (6.60) are valid is, for
instance, the following: Consider (6.59) as a convex feasibility problem (CFP), which
can be solved by cyclically projecting

HY = H (AWl wl;, v¥), 81w 1),
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onto the individual sets as

20:=x%, zj4 = e, (zj), x5, := lim z;.
n.(jmod |I5)) J =00

Projecting first onto the stripe, corresponding to the current subgradient
A*j (Axfl — y‘g), assures that (6.60) holds. We do not want to go into detail here
but refer to Section 6.3 for the solution of CFPs in Banach spaces. In Subsection 6.2.3
we furthermore present a fast method to compute xﬁ 41 such that (6.59) and (6.60)
hold for the special case of two search directions.

We proceed now by analyzing under which conditions the iterates xfl depend con-
tinuously on §, for fixed index n. In doing so, we need a well-known fact about
invertibility of linear operators.

Lemma 6.16. Let E be a bijective continuous linear operator between Banach

spaces. Then, all continuous linear operators E®, with |E — E%|| < ﬁ, are
also bijective and we have
ICED ™! < 1 (6.69)
B ||E1*1|| - ”E - ES”
as well as
IET = EDTH < IETIEDTIIE - E°). (6.70)
The next proposition contains the desired continuity result with respect to 6.
Proposition 6.17. Let Y be uniformly smooth. For fixed index n we have
lim [[x& — x,|| =0, (6.71)
§—0

if we assume that in previous iterations k < n — 1, we use the same number and kind
of search directions for all noise-levels 81,82 > 0 and the respective search directions
for exact data § = 0 are linearly independent. More precisely, we assume | lf =17 ;:2

and that, ifA*w;z‘i is of the form A*j(Axf1 — y81) (respectively Jq (x]‘?1 )—Jqg (xlg‘ ),
A*wlii. is of the form A*j(Axf2 — y%2) (respectively J, (xfz) —Jyq (x;gz)) as well.

Proof. We inductively show limg_, xi = Xz and limg_, ¢ w,‘i,i = wg i, forallk <n,
i € Ij. For the latter, it suffices to show limg_,¢ j(Ax,‘z —y%) = j(Ax; — y) and
limg_,¢ vli,l = vk 1, with vi,l such that A*v,‘z’l =Jg (x,‘z) - Jq(xf), [ <k.

For k = 0 we have, trivially, vg’o = 0 = vog,0 and xg = Xx¢. Since the duality
mapping is continuous in a uniformly smooth Y, we also have limg_,( j (Axg — yS) =
J(Axo = y).
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Next, we prove the induction step k — k + 1. By (6.58), we have
Jg(f) = Jg(xp ) =Y tf A*wf (6.72)
iely

where, according to our assumption, the search directions {A*wy; : i € Iy} C X*
for exact data are linearly independent. Hence, we find a dual basis {uy ; :i € I3} C
X such that

(A wpi s ug,j) = { 0. itj (6.73)
Applying the dual basis to (6.72), we obtain the equations
(JgOd) = Tg(d ) uny) = D tf (AWl uey). jele. (674

i€l
We can write these equations in the more convenient form
E%% =d° (6.75)

with the matrix E® := ((A*w,‘zl. . Uk, ;))jiel, and the vectors 8= (t,f ;Dier, and
db = ((Jg(xd) = Jg(x§, ) ur,j))jer,- By (6.73), the matrix E = E°, corre-
sponding to exact data § = 0, is the identity matrix and, by the induction hypothesis,

we have
lim |[E — E¥|| =0,
§—0

where we may take as matrix norm the one induced by the max-norm in R4!. From
Lemma 6.16, we infer that E? is bijective for § small enough and, together with (6.69)
and (6.70), we may assume

IES™ <2 and ||E—(ES)7Y <2|E - E%|. (6.76)

Since, by (6.60), the vectors d § remain bounded with respect to §, we deduce
from (6.75) and (6.76) that the coefficients 1% also remain bounded. Thus, to ev-
ery null-sequence of noise-levels {§;};, we can find a convergent subsequence of the
coefficients % so that, without loss of generality, lim;_, o, 1% = for some 7 € R,
Together with (6.72) and the induction hypothesis, existence of the strong limit

~ . S ~
Jg(Xkt1) = 11520 Ja () = Jg(x) — Z Tk A Wi
ielg

follows. Consequently, xi’ 41 converges strongly to Xx4q; for [ — oo and,
by (6.59), we get

~ . 1) ] ) 8
(A Wi s K1) — (Wi, ¥)| = ll_l)ngol(A*wk’,i X = (wly v

IA

. )
lim & [|[w;’.]| =0.
Jim 8 ]



Section 6.2 Sequential subspace optimization methods 169

Hence, X;y1 € Hy = x™ + UkJ- and J;(Xk4+1) — Jg(xx) € Ug which, by (6.41),
implies Xp 41 = H%,k (xx) = Xg1. Since this holds for every null-sequence {4;};,
we conclude that indeed

lim x?, = x .
S0 k1 k+1
From this, we infer that
lim j(Axgy, — %) = j(Axpeq1 — y)
§—0 +

and that limg_, d® = d. Together with (6.75) and (6.76), we further get
limg_,¢ 15 = ¢, from which, with (6.66) and the induction hypothesis, we finally
deduce

8

(’}Eﬂ)vk"’l’l =Vk41,4, [ <k +1. O

We give two possible choices for search directions, guaranteeing that the assump-
tion of linear independence in Proposition 6.17 is satisfied.

Lemma 6.18. In case of exact data, as long as R, # 0, the following choices yield
sets of linearly independent search directions:

(a) Choose {A*j(Axk —y)ky <k < n}, with 0 < k,_y < ky, foralln € N.
(b) Choose A* j(Axo—y) and then {A* j(Axp—Y), Jq(xn)—Jq (x0)}, foralln > 1.

Proof. Choice (a): Because of the orthogonality relations (6.53), applying x, —x™ to

n
0= AxA%j(Axg—y). A €R,
k=ky

yields 0 = A, (A*j(Axy — ), Xn — x*) = A, R2. Hence, A, = 0 and, by subse-
quently applying x; — x”, it follows inductively that Ay, = Ofork =n —1,...,k,.
Choice (b): By (6.56), we have J4(xn) — J4(x0) # 0 for n > 1 and, by (6.53) and
(6.55), we get
(Jg(xn) = Jg(x0) ., xn —x™) = 0.

Therefore, applying x,, — x”™ to
0= AA*j(Axy — ) + 1t (Jg () = Jq(x0)), A, p€R,
yields 0 = A (A* j(Axp — y), Xn —x™) = A R2. Hence, A = 0 = . m]

Proposition 6.19 contains the main result of Section 6.2.3, showing that Algo-
rithm 6.15 turns into a regularization method for the computation of x* =

Hjlwazy (X()).
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Proposition 6.19. Let A*j(AxS — y®) € U? foralln € N and § > 0, and let
nx = n«(8) be the stopping index (6.68), according to the discrepancy principle.
Then,

. § T o

Sh—I»I}) ||xn*(5) —x* =0

if any of the conditions (a)—(c) holds true:

(a) X is finite-dimensional
(b) Y is finite-dimensional

(¢) We have limy 00 || Xn — x™ || = 0 and limg_,¢ ||x£ — Xn|| = 0, for fixed indices
n. According to Propositions 6.14 and 6.17 and Lemma 6.18 (b), this holds e.g.,
if Y is uniformly smooth and if we choose as search directions A* j(Axy — ys)
and then {A* j(AxS — y%), Jg(x8) — J4(x0)}, for alln > 1.

Proof. Let {4;}; be an arbitrary null-sequence of noise-levels. For the reader’s conve-
nience, we define n; 1= n4(8;) and x! := xﬁ’l. From (6.60), we deduce that {x!}; is
bounded. Furthermore, each weak cluster point x is a solution x € M4x=y because,
by (6.57), we have Rfl’l < té; — 0 for / — oo. For strong convergence of {xl}l to
x™, it suffices again to show that every subsequence in turn has a subsequence con-
verging strongly to x™. In the finite-dimensional cases (a) and (b), this follows by
showing that, as in the case of exact data, each subsequence has a strong cluster point
x, satisfying Jg(x) — J4(x0) € R(A*), which implies x = H;IMA)Fy (x0) = x™. It
remains to show the assertion for (c). Without loss of generality, we may assume that
the sequence {n;}; is increasing. Due to (6.60) and the assumptions in (c), we then
find to every k € N some ng,l; € N such that, for all / > max{k, [}, the following
chain of inequalities holds

1

Dg(x™,x') = Dg(x™ x81) < Dg(x™, x5 ) < Dg(x™. xn,) + P =

bl

N

which implies strong convergence of {x!}; to x”. O

Remark 6.20. We emphasize, that in the finite-dimensional cases (a) and (b), we
did not make any smoothness assumption about Y and regularization can be shown
without continuous dependence of the iterates xfl on §, for fixed indices n.

We conclude this section, by describing a fast way to compute x,‘z 11 in Algo-

rithm 6.15, such that (6.59) and (6.60) hold, in case only two search directions are
used. This strategy is based on a geometrical fact, which is quite obvious in Hilbert
spaces and which is illustrated in Figure 6.1.
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Figure 6.1. The orthogonal, respectively Bregman projection, X = I1x,na, (x) of x onto the
intersection of the halfspaces H; and H, can be computed by at most two projections onto
(intersections of) the bounding hyperplanes, if x is already contained in one of the halfspaces
(left); otherwise this need not to be true (right).!

Proposition 6.21. Let Hy := H<(uj,a1), Hy := H<(uj,a2) be two halfspaces
with nonempty intersection. If x € Hx(u},a1) N Ha, the Bregman projection of x
onto HiN Hy can be computed by at most two Bregman projections onto (intersections
of) the bounding hyperplanes, with the following two steps:
(1) Compute
— 174
X1 = HH(uT,al)(x)'

Then, for all z € Hy, we have

1 u¥, x)—a1\?
Dy(z,x1) < Dg(z,%) — —= (( 1 ) 1) , (6.77)
pGL [h

where Gg+ > 1 is the constant appearing in (6.36). If x1 € Hy, we already have
X1 = HZI NH> (x), i.e., we are done. Otherwise, go to step

(2) Compute
q

Y2 = HH(MT,al)ﬂH(uZ‘,az)(xl)'

Then, we have x, = H?ImHz (x) and, forall z € H; N H»,

1
Gt
74 (6.78)

[ ()
[lutll y luszll

! This figure is reproduced from the article of F. Schopfer and T. Schuster, Fast regularizing sequen-
tial subspace optimization in Banach spaces, published in Inverse Problems, vol. 25(1), 015013,
doi:10.1088/0266-5611/25/1/015013, 2009, with kind allowance of IoP Publishing, Bristol, UK.

Dy(z,x2)

IA

Dy(z,x) —
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with

1
) (1_ I |<u1‘,J;€<*<u;>>|)")q col. 6
' (¢ - DG \ufll 175 @)l o '

Proof. Step (1). Letx; := H?I(u’f,al)(x)' Since x € Hx (u7,01), we know, by (6.46)
— 114 _
and (6.48), that we also have x; = HHS (uT,al)(x) =

x1 € Hy N Hy C Hj and, by (6.38), we conclude that indeed x; = Hil‘llﬁHz (x).
By (6.46) we furthermore know that

4 (x). If x1 € Ha, we have

Jq(xl) = Jq(x) —n u’l‘, t1 >0,

where 1 minimizes the function
1 *
hi(t) ::q—*||Jq(x)—tu’f}|q +tay.
Hence, h1(t1) < h1(f1), with

. wr, x) —ap 97!
Hi=— 0 6.80
! ( G 1) (050

and, since ¢; > 0, we get, forall z € H;
Dy(zx1) = qi [Jg@) =t |* 40 (uh . 2) — (g (). 2) + énzuq
< ql [JgGo) =t [T + o = (Jg(x). 2) + ;nznq
< M) — (g (). z>+é||z||q. (6.31)

We estimate /1 (77) with (6.36) and get

~ 1 ~ G * g%k *
@) < L Ixl9 =i ((uy, x) —ar) + q—‘it{’ [l (1
1 1 (u¥, x) —ap\?
= Ll -5 ( s . (6.82)
q qGL. Jutll

Inserting this estimate into (6.81) yields (6.77).

Step (2). At first we show that, if u] and u} are linearly dependent, we must have
X1 € Hj,i.e., we already finish in Step (1). Letu; = Auj, A € R. If A < 0, we get
forz € Hi N Hy

oy = (M;,Z) =A<MT12> Z)&O[l,
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and for A > 0 we get, with x € H> (u7, 1) N Ho,
a2 > (uy, x) =A(uj, x)>ray.
Hence, Aoy < @z and (u3, x1) = A (u}, x1) = Aoy < az, showing that x; € Ha.
Letxy ¢ Ha,ie., x1 € H>(u3,a2). As we have just shown, u7 and u; must then
be linearly independent, implying that the intersection H (u7, 1) N H(u3, a2) is not
empty. Therefore, we can compute
—_ 174
X2 = HH(uT,al)mH(ug,az)(xl)
and (6.43) yields
Jg(x2) = Jg(x1) — 12,1 MT —Ip MZ, 1,22 €R.

Hence, on the one hand we get

0 < (Jg(x2) = Jg(x1), x2 — x1) = —t2,1 (U], X2 —x1) —t22 (U3, X2 — X1)

= —tr5 (a2 — (U3, x1)),
implying #2 » > 0. And on the other hand we get

0 < (Jg(x2) = Jg(x), x2 — x)
= —(t2,1 +11) (Ui, X2 —x) =122 (u3 ., X2 — X)
= (21 + 1) (01 — (U7, x)) =122 (02 — (u3, x)) .

From this we deduce, with x € Hx (u7, 1) N Hy,
—(t2,1 +11) (1 — (uy . x)) > 2o (2 — (3, x)) =0

implying 5 1 + t1 > 0. With (6.45), we conclude that indeed x, = H;{Il NH> (x). It
remains to show (6.78). Since 1> 1 + 1 > 0and 12 » > 0 we get, forall z € Hy N Hy,

Dy(z,x2) < qi* [Jg(x) = (t2,1 + t1)uf — 122 M;Hq* + (2,1 + 1)y
+ 200 = (gl 2)+ 2]
=h12(t2,1,.t22) +trag — (Jg(x), z) + $||Z||q : (6.83)
where, by (6.43), we know that (2,1, 72 2) minimizes the function

1 *
hLz(Sl,Sz) = q—* ||Jq(x1) — 951 MT — 85 M;”q + 5101+ 5207
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Hence, we can estimate 11 2(f2,1,72,2) < h12(51 12,2, 12,2) with

* —1
) . 15 @) R
5= — (qululllq -sgn((uy, JX 3))) (6.84)
and .
* _ q—
Py = (M) >0 (6.85)
Gg y? ||lusz|4

with the factor y of (6.79). Note that y € (0, 1], because
Gt T @) < 15 @)l (6.86)

and we have equality in (6.86) iff u7 and u3 are linearly dependent. With (6.36) and
(ui, x1) = aq, we get

Gq*
*

~ ~ ~ 1 ~ ~q* -~ *
h12(01-t22,t22) < q_*”xl 19— 120 ((u3, x1) —a2) + lzq,z ujy +51ufl? .

Similar to the upper estimate for /11 (71) in the proof of Step (1), we see that §; yields
the estimate

1 <|<u1‘, Jq’i*(u;)n)q

pGI! [

1 - * 1 *
— Mg +5uf? < q—*nuzn" -
q

1 * *
=q—*)/q luzll?" .

Hence, we get

~ ~ ~ 1 ~ G * gk * *
h12(1-122.122) < q_*”xl 19— 122 ((u3 . x1) —a2) + qti iy ¥4 us |

1 1 uX, x1) —az\?
— e - — (M)
q qGL y sl

Inserting this estimate into (6.83), we finally arrive at
D(z.32) = bt e = (g 2) + 211
1 (s, x1) —o2\?
¢GY! ( A ) ’

and, together with /11 (1) = qi* |lx1]|9+11 a1 < hq(27) and estimate (6.82), we finally
obtain (6.78). ]
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Note that this two-step method is guaranteed to work only if x is already con-
tained in one of the halfspaces. If this is not the case, it might fail, as can be seen in
Figure 6.1. Proposition 6.21 confirms that in many cases Bregman projections con-
veniently behave like orthogonal projections in Hilbert spaces. However, we point
out that in a Hilbert space it can be shown that in Step (2) we also have x, =
Hj{ll NH, (x1), which is not necessarily true in general Banach spaces.

Together with (6.38), (6.48) and (6.64), we obtain a strategy for computing x8
in Algorithm 6.15.

n+1

Algorithm 6.22 (RESESOP with two search directions). Take ug and then
{un, n—_1) forall n > 1, as search directions in Algorithm 6.15 with

u .= A*w?

n - n’

w,‘z = j(Ax,‘z —y‘g),
Define Hfl := X and, for n € N, the stripes

HE = Hul, o, 8 R) with of := (ub, x8) — (RS)2.

n>-n’ n

Then, as long as Rﬁ > 7§, we have

x €H>(u o +8R5)DH5

n>=—n
Hence, compute x,‘z 11 by the following two steps:
(1) Compute
~8 — 174 )
1= g ag s ) ()
ie.,
~8 ) 8,68
Jq(er—l) = Jl](xn) — Iy Uy

such that £8 minimizes

q*
+1(@S +8R).

1
= ”Jq(xﬁ)—ruf,

Then, for all z € M4x=, (recall that Mgx—), C H,f by (6.67)), we have

1 (R(RS—5)\”
Dy(z, %5, 1) < Dy(z, x5) — — =2
7 tna) = PalE I T \ g

(xﬁ) i.e., define xthl =5

Ifxn+1 € H _1» we have x‘S = 114 el

8 8
HiNH;_,

and we are done. Otherwise, go to step
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ozs :|:8R8

o 1) compute

(2) Depending on %8 nil € H>(

nl’

Yoy = HH(u,,,otn+8 RONH@S _, o8_ +8 Rz_l)(ifl‘H)’
i.€e.,
Jq<f,‘2+1) = Ja 1) =l U =l nmt U
such that (£} nn n »—1) Minimizes

q*
n) fuy, _tg ufl—l”

ha(ty,12) =
q*
+1 (aﬁ +5RY 4+l £5R_)).

Then, we have xle =1 (x3) and forall z € Myx=y,

HENHS_,
Dg(z.x5 1) < Dyg(z.x5) — "
q*
with
q 5§ =8 8 8 4
g8 . W + [(Up—1 - Fnp1) — (@ £SR, )|
n s | Vo llud_ |
and
1
* qa\ g*
| s, TX a8\
(q =D GI \ 175 Gy
Since
Ry —6 _1-1
udll — Al

for Rfl > 1§, we see that both (6.59) and (6.60) hold.

Remark 6.23.

(a) The factor y, (6.87), whose magnitude is determined by |( J X* (un Nl
contains some information about the additional speedup we gain, by using two
search directions instead of only one: The larger | (uf, ,J q)ﬁ* (ui_1 )}|, the smaller
yn and hence, the larger the decrease in the Bregman distance. If the search di-
rections ”781 and ”781—1 are orthogonal, in the sense that (ufl , Jq},{* (ufl_l)) =0,
the improvement, compared to using only uﬁ, might be negligible; in a Hilbert
space this would in fact imply that we already finish in Step (1). But, if the
distance between xi and H,f N H,‘f_l is large and the search directions are al-
most linearly dependent, i.e., |(u‘fl , Jq}i* (“ﬁ—l)” ~ ||uf,|| ||Jq{* (“;81—1)“’ then

the improvement, when passing to xﬁ 41 might be significant.
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(b) If we have a good estimate for the constant G4+, (6.80), (6.84) and (6.85) yield
good initial guesses for the minimization problems, namely

q—1
l78 = sz (sz —6)
" G~ Ilug |19

for the minimization of /1 and
8 =8 8 8 q-1
7 o (’(un—l X)) — (o £ Rn—1)|>
n,n—1 -— * *
Gg* )’r‘z] ||”§1_1 14
X Sgn((”i—l , iﬁ—i—l) - (“;‘2—1 + 4 th—l)) ’

* q—l

N IR ] :

) 8 n 1 8 8

- ( Gor W17 sen(fen . gk 04n))
q* n

l:‘S

nn - " ‘nnp—1"
for the minimization of /5. In a Hilbert space these values are already optimal.

6.3 Iterative solution of split feasibility problems (SFP)

We are concerned with the solution of the split feasibility problem (SFP) in a Banach
space X, by an iterative regularization method. The SFP is a special kind of con-
vex feasibility problem (CFP). Formally, it consists of finding a common point in the

intersection of finitely many convex sets C; C X,i € I ={l1,...,N},ie,
find xeC:=()G. (6.88)
iel

where some of the sets C; arise by imposing convex constraints Q; C Y; in the range
of linear operators A; : X — Y;, with Banach spaces Y;,

Ci={xeX:Aix e Q;}. (6.89)

Many inverse problems can be modeled as an SFP. E.g., if N = 1 and Q; =
{y}, (6.88) is equivalent to solving (6.1). If one is interested in a positive solution
of Ax = y, where only noisy data y% are available, this can be written as

find xe{xeX: x>0 N{xeX:Ax € Bs(y)},

where Bg(y) denotes the ball with radius é around y. An extensive overview of
applications of the CFP/SFP and solution methods in Hilbert spaces can be found
in [40,43] and [51,52].

One strategy for solving (6.88) is to project cyclically onto the individual sets. In
Banach spaces, the convergence of the resulting algorithm, in the general framework
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of Bregman projections, was analyzed by Alber and Butnariu [4]. In applications
such projection algorithms are efficient, if the projections onto the individual sets
are simple to calculate. If the sets are of the form (6.89) then it is, in general, too
difficult or too costly to project onto these sets in each iteration. In finite dimensional
spaces, Byrne [37] suggested the CQ-algorithm, to solve the problem of finding a
point x € C such that Ax € Q; it has the iterative form

Xna1 = Pc (xn — ty A*(Ax, — Po (Axn)))

with appropriately chosen parameters #, > 0. Here, Pc and Pg denote the orthogonal
projections onto the respective sets. The special case of O = {y} being a singleton is
also known as the projected Landweber method. The advantage is that the difficulty
of directly projecting onto the set {x : Ax € Q} is avoided by using the gradient of
the functional f(x) = %||Ax — Pg(Ax)|? and thus only the projection onto Q is
involved. Here, we consider a generalization of this method to Banach spaces which,
in case of two sets C, Q, reads as

Xor = T2 JX (JqX (xn) — tn A*JY (Ax, — Py (Ax,,))) : (6.90)

where H‘é denotes the Bregman projection onto C and Py is the metric projection
onto Q.

Often only noisy data Ci‘g, Qf is available and hence it is important to analyze the
regularizing properties of a solution method for SFPs and to modify them if necessary.
Some results in this direction were given in e.g., [64], for the projected Landweber
method in Hilbert spaces, or [244], where a relaxed version of the CQ-algorithm,
for the use of approximately given convex sets, has been studied. In this context,
continuity properties of the projection operators, with respect to both the argument
and the sets onto which we project, play a decisive role. Resmerita [195] showed
continuity for a wide class of Bregman projections, with respect to set convergence
in the sense of Mosco [166], which can be used to prove stability of the projection
methods. Here, we intend to analyze the regularizing properties in connection with
a discrepancy principle. For our purpose, it is therefore more convenient to use a
notion of convergence induced by local versions of the Hausdorff distance, allowing
us to quantitatively measure the distance between two convex sets C, D on bounded
parts

do(C,D) :=minfA >0|CNB,C D+ B, and DNB,CC+ By}, (691)

where B, = By(0), By = Bj(0). Note that the minimum defining d,(C, D) is
actually attained, which can be proved by the boundedness of B, and Bj and the
application of weakly convergent subsequences. We prove a uniform continuity re-
sult with respect to these distances in Section 6.3.1. This notion of convergence has
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already been used by Penot [180], in the context of metric projections. Its advan-
tage, compared to the standard Hausdorff distance, is that it does not exclude many
important classes of unbounded convex sets, like cones or halfspaces.

Throughout this section, we assume X to be a real g-convex and uniformly smooth
and thus reflexive Banach space, with then ¢ *-smooth and uniformly convex dual X*,
see Theorem 2.52 (b), (d). Furthermore, we denote by

C(X) :={C C X : C closed, convex and nonempty }

the set consisting of all closed, convex subsets of X.

6.3.1 Continuity of Bregman and metric projections

Letagaing > 2, C € C(X) and

x4, xeX.

1
Jq(x) = —~
! q
We recall that the metric projection Pc : X — C is defined by

[x = Pc(x)[| = min [[x — y]l,
yeC

whereas the Bregman projection H‘é : X — C minimizes the distance of a given
x € X to C, with respect to the Bregman distance

Dp(MZ(x),x) = ;rélg Dy(y,x).

We give and recall specific Bregman and metric projections of elementary convex
subsets.

Example 6.24.
(a) The metric projection onto a hyperplane H(u™*, «) is given by

(u*, x) —«a

=2 T g wr). 6.92
e @) (692

PH(u*,a)(x) =X
If x is not yet contained in H<(u™, ), then PH_(u* ) (x) is also given by (6.92).

(b) The Bregman projection onto a hyperplane H(u*, «) is given by
T, oy X) = TE (Jg(x) — t°Pu*) (6.93)

where ¢°P is the unique solution of the optimization problem

. 1 *
min h(0) = 1 7g() —tu* T +ar. (6.94)
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Note that the function /% is strictly convex and continuously differentiable, with
increasing derivative

() = —<u*, JE (Jg0) —tu*)> ta.

This was proved in Section 6.2.1. If x is not yet contained in H<(u*, &), we have
h(0) = — (u™, x)+a < 0and thus H?‘I<(u* a)(x) is also given by (6.93), where
t°P is the then necessarily positive solution of the optimization problem (6.94).

(¢) If Xisan L9 ({9)-space (1l < g <oo)and [a,b] :={x € LY ({9) :a < x < b}
is a closed box, with extended real valued functions respectively sequences a, b,
we have

H’[Ia,b](x) = Plg,p)(X) = max {a, min{x,b}} , (6.95)

EEINNT3

where “<”, “min” and “max” are to be understood point-wise and component-
wise, respectively, a.e., and the index ¢ in H‘[Ia p) Must be the same as in L4

(£9).

Our aim is to use d, (6.91), to measure the distance between convex sets and prove
continuity of the Bregman and metric projections, with respect to their arguments and
the sets they project onto. For more information about set convergence, we refer to
the book of Rockafellar and Wets [203].

Example 6.25.
(a) Forall o > 0 we have

o — Bl + e llu™ — v
ming [l |, lv* ||}

do(H(u*, ), HW*, p)) <

(6.96)
The same estimate holds for d, (Hs (u*, ), H<(v*, /3))
(b) Inan L9 (£9)-space, we have
do([a,b]. [, b]) < min {|| max{la —al.|b — b}l 0 + max{|c|l. [¢]}} (6.97)

,|b — b]}|| may be

with any ¢ € [a,b] and & € [@, b]. Note that || max{|a — a
infinite.

Boundedness properties of the projections indicate that it indeed suffices to know
the distance between convex sets on bounded parts. Recall, that the metric projection
maps bounded sets onto bounded sets because

[Pc) = llx = Pc)ll + [Ix] < lx = Pc(O)]| + [lx]| = 3 max{[| Pc (O)]. [[x]]} -

The same holds for the Bregman projection.
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Lemma 6.26. The Bregman projection maps bounded sets onto bounded sets. More
precisely, we have
ITEE (O < 3 max{||TTE )], flx1}- (6.98)

Proof. From the variational inequality (6.39) with y = H‘é (0), we deduce that

ITE )9 < ITE) 1771 ITE O]

(6.99)
+ XIS O + 27 HITIE Ol
In case ||H | <2 ||H (0)|| we are done. Otherwise, we get from (6.99)
ITTE ()17 < —||1'I 17 + —IIXIIq g
from which we infer that, for g < 2
ITE (O < max{2 [TE )], 377 lx[} < 3 max{ [ TTE O)]), [1x]} - O

Next, we prove that the metric, as well as the Bregman projection, are uniformly
continuous on bounded sets, with respect to simultaneous variations of the argu-
ment and the sets onto which we project. For the case of metric projections, see
also [5], where similar estimates have been proved with the standard Hausdorff dis-
tance, and [180], where local versions of the Hausdorff distance have been used to
obtain estimates, with respect to either variations of the argument or variations of the
sets projected onto, but under weaker assumptions on X.

Proposition 6.27. There exist constants ¢ > 0 such that, forall x,y € X and C,D €
C(X), the following estimates hold for all 0 > 3 M with

M = max{|| Pc (Ol | Pp O)[l. x1. Iy ]I} -

(a) For the Bregman projection we have
[Te (0 -0

1 (6.100)
= ¢ (MT714p(C. D) + M [y = Ju0)] )"

(b) For the metric projection we have
a1 1
[Pc(x) = Pp()|| < ¢ Ma* (do(C. D) + |x = y[)* +lx = »]. (6.101)

Proof. Part (a). Because of (6.98) we have, forall o > 3 M,

H‘é(x) eCNBy, and H%(y) eDNB,.
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Due to the definition of do(C, D) (6.91) we therefore find xp € D and yc € C, such
that
ITE (x) = xpll < do(C, D), [T (y) = ycll < do(C, D)

and write

(Jg ME(x) = Jg TG (y) . TE(x) — 05 ()
= (Jg OE(x) = Jg(x) , TE(x) — ye)

+ (Jg TE(x) = Jg(x) yc—H"D(y))

+ (Jg(x) = Jg(») . DG (x) — TH ()

+{/ Jg T (y) . ME(x) — xp)

+ (/. Je % () . xp =1L (») .

Since xp € D and yc € C, the variational inequality (6.39) assures that the first and
the last summand are less than or equal to zero and we can estimate

(Jg ME () = Jg MG (v) - TG (x) = TR ()
= H Jq Hqc(x) - Jq(x)H do(C, D)
+ [Jg () = JgO) | [TE ) = TH 0|
+ [ Jg () = JgL ()| do(C, D).
Inequality (6.100) now follows from (6.98) and (6.37).

Part (b). The inequality (6.101) for the metric projection can be proved in a similar
way by at first estimating the term

(Jg(Pc(x) —x) = Jg(Pp(») = ¥) . (Pc(x) —x) — (Pp(y) — y))

with variational inequality (6.49) and then using (6.37), as well as the triangle inequal-
ity

a(y) —
7)) —

| Pc(x) = Po)| < | (Pc(x) —x) = (Pp(») = y)| + Ix =¥l O

The following lemma assures that cluster points of sequences generated by Algo-
rithm 6.29, introduced in the next section, are solutions of (6.88).

Lemma 6.28. Let x,x, € X and C,C,, € C(X) be such that the sequence {xp}
converges weakly to x and limy o0 dg, (C, Cy) = 0 for 0n > 3 M, with

M, = max{| Pc 0)]. [ Pc, O)II. l[x]l. [lxn I} -
If, additionally,

lim [lx, — ¢ ()l =0 or  lim [lxy — Pc,(xa)| =0
n—00 n n—00

then we have x € C.
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Proof. At first, we show that {M,, }, is bounded, i.e.,

M := sup M, < c0.
neN

The sequence {x,} is bounded, because it converges weakly. To Pc(0) € C N B,,
we find some ¢, € Cy such that || Pc(0) — ¢zl < dp, (C., Cy) and we get

I1Pc, O < lleall = 1Pc )| + dg, (C. Cn).

which is uniformly bounded for alln € N, since {dQn (c, Cn)}n converges. Hence, M
is indeed finite. Next, we show that x = Hqc (x) € C, respectively x = Pc(x) € C.
In case of Bregman projections, we write

(Jq (x) = Jq H'é(x) , X — H‘é (x))
= (Jq(x) —Jq H'é(x) , X — xn)
(T4 () = Jg TECO) 20— T, ()
o+ (J (0 = Jg TEG) T, (o) — T ()
+ (Jg(x) = Jg TTE(x) L TTL (xp) — TTE (x))
Because (J4(x) — Jg HE(x) L TTE (xn) — TIE (x)) < 0, we obtain, with (6.100),
(Jg(x) = Jg TE(x) L x =TI (%))
< (Jq(x) —Jq H‘é(x) , X — xn)
+ g (x) = Jg TEQ) | Ixn — TE (xn)|
+ 1) = Jy T )| ¢ M7 d, (C.Ca)t

Since the right hand side converges to zero, we conclude, with (6.37), that x =
H‘é (x) € C. The proof for the metric projection can be done similarly, by estimating

Ix = Pc )| = (Jg(x = Pc(x)) . x = Pc(x)) . O

6.3.2 A regularization method for the solution of SFPs

We turn to the method for the solution of problem (6.88). Let o C I ={1,...,N}
be the set of all indices 7, belonging to sets C;, of the form C; = {x € X : A;jx € Q;}
and denote by Ic := I \ Ig the set of the remaining indices. We assume that all
A; : X —> Y; are continuous linear operators, with adjoints A;‘ and that all Y;
are real p;-convex and uniformly smooth Banach spaces. For simplicity we take,
for all spaces Y;, the normalized duality mapping J = J. Y which is also uniformly



184 Chapter 6 Linear operator equations

continuous on bounded sets. Suppose we are given only noisy data Ci‘g e C(X),
Qf € €(Y;), with known noise-level § = (8;)ier € RV,

do, (Ci,CPYy <68, ielc, dp(Q:i,00) <8, ielp (6.102)

for sufficiently large ;. Doing so, we assume that we know an upper estimate ¢ > 0
for the norm of some members of the solution set, i.e.,

|lz]| <o forsome zeC.

We define
M = 6 max{]||xo

.0},

where xo € X will be an initial guess for the iteration. Then, we postulate

0i = 3 max{[| Pc; O[], [ Pcs ()], M}, ielc, 6.103)
0i = 3 max{[|Po, (O). [ Pos (O, M [|A; ][}, i€ lg. '
Leti : N — I be the cyclic control mapping
i(n):=(m mod N)+ 1.

Algorithm 6.29 (SFP). Choose some constant T > 1, an initial value xg =x0€ X
and forn = 0,1, 2, ... repeat the following steps:
If the residual RS with

Dy (H(é& (xﬁ),xﬁ)

i) , i(n)el
RS = 174 Gd)—14 n‘gﬁ(m(xm (n) &l (6.104)
1A nyxs — PQ;s(n)(Ai(n)xﬁ)H, i(n) €lg
satisfies
RS < w6 (6.105)
then define x,‘z 11 = x,‘z. Otherwise, define
] e, (), i(n)elc
X8 = i) s (6.106)
| Mgt O 10 € 1o
with
wd 1= J (xS - PQ;;(n)(Ai(n)xﬁ)) (6.107)
and

ab = (A7 wh . x3) — RS (RS —8;(n)) - (6.108)



Section 6.3 Iterative solution of split feasibility problems (SFP) 185

Note that (A mW ﬁ, 8) > a8 + (- l)(R‘s)2 > as for R8 > rSi(,,) Hence, in

this case, the iterate xS is not yet contained in the halfspace H< (Al W n) and, by
Example 6.24 (b), we have
xXpn = I (Ja(xh) — ® AT ywh), (6.109)

where £, > 0 is the solution of the one-dimensional optimization problem

q* P
+ral. (6.110)

min i (1) ——HJq(xn) ¢ A% wd

If the metric projection onto a set C;, i € I¢ is easier to compute than the Bregman
projection, one may use (6.109), with ¥; = X and A; being the identity operator,
resulting in

s = I8 (Jad) =67 Jo (5 = Pep (D). (6.111)

This can be interpreted as a relaxed metric projection because, in a Hilbert space, it
reads as

= =6 x) + 0" Pey (65).

Relaxed projections have also been used by e.g., Byrne [38], Censor et al. [41, 42],
Qu and Xiu [187] and Yang [240,241].
We proceed by proving that Algorithm 6.29 generates iterates, whose Bregman

distances to any element of C are decreasing. Recall that, in case Rf, < 7 8i(n)» We set

x,‘z 1= x,‘z and therefore it holds trivially that

Dq(z,xﬁ+1) < Dq(z,xﬁ), zeC.
Otherwise, the Bregman distances are even strictly decreasing.
Lemma 6.30. If RS > ©§; (n) then we have
Dy(z,x3 ) < Dy(z,x8) = S, forall zeCN By, (6.112)
where, in case i (n) € I¢, this holds for S, = Snc, with
SCi=(1-HDy(xf 1. x8) > (1= L)y (RS > 0 (6.113)

and, in case i(n) € I g, this holds for both S, = S,,Q’A and S, = S,,Q’R, with

q
S2A = Dy(x8,,,x%) and SER .= : -0k, >0. (6.114)
i aXny1>Xn noo- Gt A;om | ) )
qGgx i(n)
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Proof. At first, we consider the case i (n) € I¢. Note that, by (6.37), we have

1

1 q

§ 8 8

= || Xpp1 — Xpll < (c Dq(xn+1,xn))
q

§ _ Dq(xle,xﬁ)
n § F§
17g (x3) = Jq ()l
and thus the first inequality in (6.113) holds. To z € C N By C Cjn) N By, > We
find some z% € Ci‘g(n) with ||z — 28| < di(n) and write

D@%m—D@%m+(Mqwwymwmjtdmm>

8
In case §;(») < Rt” we have x9 nil = =114 cs (xg) and hence, by the descent property

i(n)
of the Bregman projection (6.40),

Dq(287x5+1) = Dq(ngxfz) - Dq(xﬁﬂ,x,f)-
Inserting this into (6.115) yields
Dq(z.%p41) < Dg(z°.x3) = Dg(xp11, %)
1
o (1217 = 120) + (g ) 2 =)
= Dq(z,x,‘z) - Dq(xﬁﬂ,x,‘z,) + (Jq(xﬁﬂ) - Jq(xﬁ)7 20— Z)
< Dq(z.x3) = Dg(xp s X)) + Sy 1 g (5 41) = Jg i) |
< Dy(z.x5) — (1= H)Dg (x4 1. x3).

Incase i(n) € Ig, we get for the Bregman distance

q
Jg (8 — 1P A% wd

i(n

1
Dq(z,xﬁ_H) = qi*

1
+ ['(l)p (At(n)wn ’ ) (Jq(xﬁ) ’ Z) + 5”2”(1 .

We aim at replacing (A;“(n) " ) by an expression independent of the unknown z.

Since Ajn)z € Qi) N By, for z € CN By, we find some q‘g € Qf(n) with
| Aimyz — ¢l < 8i(n) and write

) ) 8
(Afywn . 2) = (Afgywn. x0) = (wy . Aigyx, — Pos (Al(n)xn))
+(wf,, Aim)z _‘18) + (wn’ q - Q;?(n)(Ai(n)xn))'
Due to (6.49), we have (wfl , q5 — PQ§( )(Ai(n)x,‘z)) < 0, because c]‘s € Qf(n). There-
fore, with ||w£ | = Rfl (6.107) and the definition of aﬁ (6.108), we can estimate

(A;k(n)wfl’ z) ={ ;'k(n)wfl’ x3) = RE(RS — i) = o). (6.116)
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Thus, since #,,° > 0, we get

q
Ja(edy =P ar wd

*

1 1
Dy(z.x5.)) < = + 1P ol — Ty (). 2)+ lzl?

Recalling that £,° minimizes the function
q*
)

() = (x8) — 1 45

we have 1, (tn") < hn(ty), for

o =R
In ’ " .

= T (6.117)
GI T | Aigylle

We use inequality (6.36) for the ¢*-smooth dual X * to estimate

~ 1 * G * ~
ha(n) < — X511 zn(Af(n)wﬁ,x5)+q ATy w1+ T

IA

1 * . G *
= xS — 7 RE(R — 8iny) + =2 79" || Af,ywi ||

q q*

1 * ~ G * ok * *
< q—*nx;ﬁnq —rna—%)(Rﬁ)%q—itz 1A 19" (RS

A short calculation confirms that 7, is just the value which minimizes the right hand
side of the above inequality. Inserting this 7, finally yields

- 1
Dy(z,x8,1) < hn(zn)—(Jq(x;i),z)+5||z||q

1 1—-HRr3\?
< Dy(z,x3) - — (( ) ") .

qGL [ 4i @y

proving that (6.112) holds, with §;, = S,,Q’R. It remains to show that (6.112) also
holds with S, = S,2°%. Recall that x8 | = 117 (xn) From (6.116) we

infer that

<(Al(n) n &, n

CN By C He(Afywh. o). (6.118)

Hence, as a direct consequence of the descent property of the Bregman projec-
tion (6.40), we get, for all z € C N Byy,

Dq(z,Xp41) < Dg(z, %) = Dg(xp 1. %) - =

8

Lemma 6.30 further assures that the iterates x;, remain bounded.
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Lemma 6.31. The iterates x , generated by Algorithm 6.29, remain bounded with
lxpll < M = 6 max{|lxo]. o} (6.119)

Proof. Since inequality Dg(z, xﬁ) < Dy(z,x0)is valid for all z € CN By, we deduce
that

1
] -1 §g—1
—Ixpll? < q—*IIXOHq +llxoll? o+ Xy 197 0

If ||x£ | <2g* 0 < 4pforg* <2, we are done. Otherwise, we get

*

max{[lxo[|?, 07} . O

2qg*

For exact data § = 0, we simply write x, := x8 0,

Proposition 6.32. The sequence {x,}, generated by Algorithm 6.29 with exact data,
has the following properties:

(a) It is bounded and thus has weak cluster points. Furthermore, the sequence
{Dy(z,xn)}n converges decreasingly, forall z € C N Byy.

(b) Every weak cluster point is a solution of the SFP (6.88).

(c) It converges weakly, if the duality mapping of X is sequentially weak-to-weak-
continuous, i.e., {Jq (x,,)}n converges weakly to J4(x), if {xn} converges weakly
to x.

(d) It converges strongly, if it has a strongly convergent subsequence. In particular,
this is the case, if X is finite dimensional or one of the sets C; is boundedly
compact, i.e., every bounded closed subset is compact.

Proof. Using Lemma 6.28 and Lemma 6.30, the proof can be done along the lines
of [4].

Part (a). This follows from Lemma 6.30 and Lemma 6.31.

Part (b). Let z; € X be a weak cluster point and {x,, }; a subsequence converging
weakly to z1. Since i is the cyclic control mapping, we may assume, without loss of
generality, i (n;+k) = k+1fork = 0,..., N—1. Hence, we have C;(,, 4k) = C41-
By passing to subsequences, we may further assume that each sequence {x,,x};
converges weakly to some zx; € X. The decrease of the Bregman distances (6.112)
leads to lim; o0 Sy, +x = 0. From (6.113), (6.114), together with (6.37), we deduce
that, on the one hand, the weak limits zx; and zg 45 of {x,, 4«}; and {x,, 4 k+1};
must coincide and, on the other hand,

lim ||xn[+k
=00

Ck+l (xn1+k)|| =0
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and

11520 | Ak+1%n, 4k — Posyt (Aks1Xn, 42|l = 0.
Lemma 6.28 then assures that zx+1 € Cgi1, Akt+12k+1 € Qk+1, respectively.
Hence, we inductively get z; = z; € C; foralli € [ and thus z; € C.

Part (c). Suppose that J; is sequentially weak-to-weak-continuous and let z1, z5 €
C N Bjs be two weak cluster points. We show z; = z,. We have

1 1
Dg(z1,%n) = Dg(22,%n) — 5||21 17+ 5||Zz||q = {Jq(xn), 22— 21).

Since the left hand side has a limit, say A, so does the right hand side. Let {x, }; con-
verge weakly to zq and {x,, }; converge weakly to z5. Then, {Jq (xn k)} , converges
weakly to J,4(z1) and {Jq (Xm; } ; converges weakly to Jg(z2). We get
(Jg(z2) = Jq(z1), 22 = 21) = (Jq(22) , 22 — 21) = (U4 (21) , 22 — 21)
= lim (Jg(xm,), 22 — 21)
=00
- kh_?;o(-]q(xnk) » 22 — Zl)
=A-A=0,
from which we infer that z; = z5.
Part (d). Let a subsequence {xy, }; converge strongly to some z € X. From (6.37),
we deduce that, in this case, lim;_,, Dg(z, xn,;) = 0. By part (b) and (6.119), we
know that z € C N Bjs and therefore, by part (a), the sequence {Dq (z, xn)}n con-

verges. Hence, we must have lim, 0 Dg(z,x,) = 0, i.e., {x,} converges strongly
to z. O

In the presence of noise, we employ a discrepancy principle as stopping rule: Ter-
minate the iteration with stopping index ns« = n«(8) when, for the first time in N
consecutive iterations, all residuals Rf, satisfy (6.105), i.e.,

ny = min{n € N : Rfl_'_k < 10i(tk) forall k=0,....,N—1}. (6.120)
Observe that the way the iterates are defined then implies
X5 e=x3 for k=0... N-1. (6.121)
This stopping rule indeed provides us with a finite stopping index 7 4.
Lemma 6.33. If§ > 0, the minimum in (6.120) exists.

Proof. Suppose, to the contrary, that, for all » € N, there exists some
kn, € {0,...,N — 1} such that Rﬁ+kn > T8i(n+k,)- Since k, and i(n + ky) can
only achieve finitely many different values, there is a subsequence {7;}; such that

RS >78>0 (6.122)
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for some fixed k € {0,...,N — 1} and i € I. But then the decrease of the Breg-
man distances (6.113), respectively (6.114), implies that lim;_, o R,‘il k= 0, which
contradicts (6.122). m|

The discrepancy principle renders Algorithm 6.29 a regularization method.

Proposition 6.34. Together with the discrepancy principle as stopping rule, Algo-
rithm 6.29 is a regularization method for the solution of (6.88) in the following sense:

Let {8'}; be any null-sequence of noise-levels in RN and let {xﬁl}n be sequences,
generated by Algorithm 6.29, with the same initial guess xgl = Xxo and correspond-
ing to noisy data Cigl, Qfl, such that (6.102) and (6.103) hold. If n; := n*(SZ) is
the stopping index, then, according to (6.120), the sequence {xflj } ; has the following
properties:

(a) It is bounded and therefore has weak cluster points.

(b) Every weak cluster point is a solution of (6.88).
31

(¢) [If, for exact data, the sequence {x,} converges strongly to x, then {xn ;

verges strongly to x as well, i.e.,

}l con-
Jim x5y~ x]| = 0.

The principle idea of the proof of (c) — showing continuity of xfl, with respect to §,
for a fixed index # and then using the decrease of the distance of x,‘z to solution points
— is taken from [88], where the regularizing properties of the nonlinear Landweber
method in Hilbert spaces are analyzed.

Proof. Part (a). This follows from (6.119).
Part (b). The definition of the stopping index n; = n4(8%) by (6.120), together with
{8!}; being a null-sequence, leads to

lim R®

I 00 n;+

¢ =0 forall k=0,....,N—1.
From (6.121) we then deduce that, for alli € I,

- 8! q I\ =
lli)n;o ”xn; - Hcigl (xnl)” =0

respectively

: 8! LA
1113.10 | Aixp, — PQ;;/ (A,xnl)|| =0.
By Lemma 6.28 it follows that any weak cluster point x of {xﬁ; } ; 1s contained in Cj,

foralli € I,i.e. x € C.
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Part (c). At first we note that, for a fixed index n, an iterate x , generated by
Algorithm 6.29, depends continuously on 6, i.e.,

lim x5 = x, . (6.123)

§—0
This is due to the continuity properties of all mappings involved. We have a closer
look at this for the case i(n) € I and prove (6.123) inductively. Recall that the
initial guess xg = xg is the same for all §. Suppose that (6.123) holds for some
n > 0. For R, = 0, we have x,+1 = x5 and Ax, € Qiu) N By, (,,- Inspecting
the proof of Lemma 6.30 for R,‘i > 78;(n), we see that here (6.112) also holds for
Z = Xp = Xp41,1.€.,

Dq(xn+lsx§z+1) = Dq(xnyxs)

and, for R,‘z <t Si(,,), we have set xﬁ+1 = xﬁ anyway. Hence,

lim Dq(xn_i_l,x,‘z_,_l) < lim Dq(xn,x,‘z) =0.
§—0 §—0

Now consider the case R, > 0. Here, we also have limg_, Rfl = R, > 0 and thus
R,‘i > T J(n), for § small enough. By (6.118), we know that, for all § > 0,

1Per_az,, wh oty O < M.

Putting § = 0 in (6.116) implies
Ry <2 M || A7yl

We thus get
2

hm 1Ay w 1Ay wall = ﬁ >0,

n“ i(n

which, together w1th (6.96), yields
lim d3M(H<(A,(n)wﬁ,a;§), H<(AS wn.an)) =0

Hence, with Proposition 6.27, it follows that

lim x5+1 = lim II

) ¢
= X =X .
5§—0 §—0 H<(A1(n)w’7’a”)( n) HS(A?(n)w”’a”)( n) ntl

Let {x,} converge strongly to x. Since for the convergence of {x,‘zj } ; to x it suffices to
show that every subsequence in turn has a subsequence converging to x, we assume,
without loss of generality, that the sequence {rn;}; is increasing. To k € N, we then
find ng, l; € N such that, for all / > max{k, l;.}, the following chain of inequalities

holds 1
Dq(x x )<D ( )fDq(xJan) E

?T‘Il\-)

|

which implies convergence.
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Remark 6.35. The same results can also be proved for the use of Bregman projections
onto the sets Q;, by applying the modifications

(Jay (Ax)) = Jqy (G5 (AxD)) . Axj) — T (Ax)

R,‘z = ’
oy (4x8) = Joy (N Ax)) |

wh 1= Jgy (Ax]) = Jgy (M4 (4xD))

of = (a*w] . x5) = wi] (RS — 8i(m)) -



Chapter 7

Nonlinear operator equations

In this chapter, we will consider iterative regularization methods for nonlinear ill-
posed operator equations
F(x) =y, (7.1)

where F' maps between Banach spaces X and Y. As in the previous chapters, we will
assume that the noise level § in

ly -3 <8 (1.2)

is known and provide convergence results in the sense of regularization methods, i.e.,
as § tends to zero. In the following, x¢ is some initial guess. Throughout this chapter,
we will assume that a solution to (7.1) exists which, by Proposition 3.14 in Chapter 3,
implies existence of an xp-minimum norm solution xT (cf. Definition 3.10), provided
Assumption 3.11 is satisfied (see also Proposition 7.1 below).

The iterative methods discussed in this chapter will be either of gradient (Land-
weber and iteratively regularized Landweber) or of Newton type (iteratively regular-
ized Gauss—Newton method). Before going into detail about the methods themselves,
we will dwell on the assumptions playing a role in their formulation and their conver-
gence analysis. For better readability, these conditions will be recalled in the individ-
ual subsections where they are actually utilized.

7.1 Preliminaries

7.1.1 Conditions on the spaces

Throughout this section, we will assume that X is a reflexive Banach space, which
will indeed be sufficient for showing convergence rates with respect to the Bregman
distance (but not norm convergence) for the Newton type method, with a priori pa-
rameter choice in Subsection 7.3.1. In Subsection 7.3.2, on a Newton type method
with a posteriori parameter choice, and for the analysis of the gradient type methods
of Subsection 7.2, we will assume X to be smooth and uniformly convex which, by
Theorems 2.52, 2.53, and 2.60, implies that X is reflexive, its dual X * is uniformly
smooth, that the duality mappings J qX and J q{* are single-valued, and that bound-
edness or convergence with respect to the Bregman distance implies boundedness or
convergence with respect to the norm, respectively. In part of Section 7.2, we will
additionally assume that X is g-convex which, by Theorems 2.52 (b), 2.60(g), (h),
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implies the estimates
Dj,(x.y) Z cqllx = y||? (7.3)

for some constant ¢4 > 0 and
Dj (x*,y%) = Cgxllx™ = y* |1 (7.4)

The data space Y will be an arbitrary Banach space in most of what follows, except
for Theorem 7.4 an(Lcase (7.74) of Theorems 7.10, 7.11, 7.13.
In the following, B ,(xo) denotes the closed ball of radius p > 0 around xo, and

b {x e X:Dj, (xT,x) < p?} in Subsection 7.2.1
B, (x") =1 {xeX:DJ°(x",x) < p?} inSubsection7.2.2 (7.5)
{x € X : D;%(x,xT) < p?} in Section 7.3

is a ball with respect to the Bregman distance around some solution x of (7.1). More-
over,
- Ef,) (x) in Section 7.2
B = and Subsection 7.3.1 (7.6)
D(F) N By(xp) in Subsection 7.3.2,

where p = oo and B = D(F) are possible. Here, we use the notation

D;°(X,x) := Dj, (X — x0,x — Xo) .

7.1.2 Variational inequalities

Referring to Sections 3.2.2, 3.2.3, we consider here Q(x) = é||x||‘1 and hence the
following variational inequalities for proving convergence rates:
ForO<v <1

3B >0VxeB:
. 1—v
1K (T = x0).x = xT)xexx| < BDJ (x. xT) 2 | F'GHx —xD”. 77

or

3B >0VxeB:
. 1—v
1GE T —x0).x —xT)xexx| < BDJO (T ) 2 | F'GHx —xD”. (7.8

By avoiding || F(x) — F(xT)| on the right hand side, compared to (3.32), we are to
some extent independent of the n-condition (3.42) (i.e., (7.19) below). In particular,
we will, e.g, prove optimal rates under a mere Lipschitz condition on F’, provided the
benchmark source condition (3.29) corresponding to the case v = 1 in the variational
inequalities (7.7), (7.8), holds.
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More generally, we will consider index functions « : (0, 00) — (0, 00), satisfying
¢ := (k*)~! is convex (7.9)
and assume the variational inequality
Vxe B, x #xT (X (T —x0) x — xT)xenx]
|/ (e — xT>||2) (7.10)

X0 t\1/2
< Dq (x,x") /cx( Df;o(x,xT)

to hold, cf. (3.39) . This includes e.g., logarithmic source conditions, as appropriate
for exponentially ill-posed problems, cf., [114].

7.1.3 Conditions on the forward operator

We will assume

e continuity of F and of F’, as well as
B, (x") € D(F) (7.11)

for some p > 0, and boundedness of F’ on Ef (xT), in case of the gradient type
methods of Section 7.2 and the Newton type method of Subsection 7.3.1

e (weak) sequential closedness, in the sense that either
Xn =X N F(xp) —
(xXn (xXn) = f) 7.12)
= (xeDF) AN Fix)=f)
or
(JqX(xn —Xo) = x* A F(xn) = f)
= (x:=JX (") +x0 € D(F) A F(x) = f)
for all {x;,}nen € X, in case of the Newton type method of Section 7.3.

Note that, by J;ﬁ* = JqX_l, we have JqX (x —x0) = x*in (7.13).

(7.13)

We further remark that non-emptiness of the interior (with respect to the norm) of
D(F) is sufficient for (7.11); in a g-convex X, this is an immediate consequence
of (7.3) and in the general uniformly convex case this follows e.g., from the proof of
Theorem 2.60 (f) (see also Theorem 2.12 (e) in [213]).

To prove convergence rates, we make the following additional assumption on the
nonlinearity of F at some solution xT; see also (3.48) and note the relation to the
concept of degree of nonlinearity, see, e.g, [97].

” (F'(xT +v) — F’(xT))vH <K HF’(}CT)UHCl D;‘O(xT, v+ xh)ez, 7.14)
v e X, T rveB '
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with B as in (7.6). As already mentioned in Subsection 3.2.4, there is a close con-
nection between the exponents used for the norms, the smoothness prescribed by the
variational inequality and the condition on the nonlinearity of F. In (7.14), the expo-
nents c1, ¢z have to satisfy two conditions, depending on the exponent p of the data
term and on the smoothness index v (cf. (7.7), (7.8)):

cp=1lorcy+ca2p>1lor(c; +cap > 1and K is sufficiently small)  (7.15)

> 1. (7.16)

Cl+czv—|—1

Here, F’ is the Gateaux derivative of F, which we assume to exist and to be a bounded
linear operator X — Y, whenever (7.14) appears. With this, a Taylor remainder
estimate

HF(xﬁ) ~Feh = Frahed - xT)H (7.17)
= | =g - Pt - x|

- /1 g ) dt — F'(x")(x$ — xT)H
0

1
/ F'(xP 08 —xT) (8 —xTydr — F/(xTy(x8 — xT) H
0

C
<K HF’(xT)(x,i . xT)H DRt x8)e, (7.18)

where g : t > F(xT + 1(x3 — xT)), follows from (7.14), cf. (3.48).

We wish to point out that (7.14), (7.15), (7.16) gets weaker for larger smoothness
index v, which corresponds to results in Hilbert spaces, where — as here — forv = 1 a
Lipschitz condition suffices to prove optimal convergence rates, see e.g. [68]. Indeed,
condition (7.14), with (7.16) for v = 1, follows from the usual Lipschitz condition on
F’ in terms of the Bregman distance in X:

2
H (F'(xt +v) = F'(xT)) H < 12DP(xt v+ x1),
veEJX, xf +veEBRB.

If the exponent v in the source condition is not known, we require a nonlinearity
assumption corresponding to the strongest case v = 0in (7.14), (7.16), (7.15), namely
the n-condition

|F(x)— F(x)— F/(x)(x —%)| <n|F(x)— F(X)| VYx,x€B (7.19)

for some 0 < n < 1, cf. (3.42). Note that (7.14) for v = 0, with K sufficiently small,

becomes (7.19) at x = xT, with n= %
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In Subsection 7.3.1, we will use the following nonlinearity condition, which is
slightly stronger, compared to (7.14).

H (F'(x" +7) — F’(xT))vH

¢ ~ C: ~
> K| Fieh | Do+ 2 | Fiochs | Do+ 2T,

vieX. xT+veBxT+7eB (7.20)
with
- - 2v 1 - . 2v 1
Cl+62v+125, C3+C4v+125 (7.21)
as well as
- 1 N 1
(c1 = 5 and ¢3 = 5) or (7.22)

1 1
(C1 +cop > 531’1(153-{—54]7 > >
or

1 1
(51 4+ Cop > 3 and ¢3 + C4p > 3 and K sufficiently small).

Note that (7.20), with (7.21) and (7.22) implies (7.14), with (7.15), (7.16), ¢c; = ¢1 +
€3, C2 = C2 + C4, up to reversal of the roles of xTand xT + v in the Bregman distance.
Here, as in (7.14), (7.15), (7.16), we deal with stronger conditions for smaller v. In
case of a general (possibly only logarithmic) index function x, we have to restrict
ourselves to the strongest case in (7.20), (7.21), (7.22), corresponding to v = 0.

In our methods, we will use the abbreviation

Ap = F'(x0),

where x,‘z is the current iterate and F’ is not necessarily the Fréchet derivative of F,
but just

o the Giteaux derivative, if we assume (7.14) or

e a bounded linear operator, satisfying (7.19), if we assume the latter.

We will suppose the same kind of definition of F’ to be used in the respective formu-
lation of the variational inequalities (7.7), (7.10).

The 7- condition (7.19) allows to show not only existence of an xo-minimum norm
solution, cf. Proposition 3.14, but also a characterization via the nullspace of the
linearized forward operator, like in the Hilbert space situation, cf. Proposition 2.1
in [128], see also Lemma 3.3 here, for the linear case.

Proposition 7.1. Let X be strictly convex, let (7.19) hold in B = B,(xp), for some
0<n<1, andlet D(F) N By(xo) = Bp(xp), i.e., D(F) has a nonempty interior.
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(a) Then, for all x € B ,(x¢)
My :={X € By(xo) : F(X) = F(x)} = (x + N(F’(x))) N B,(xo) (7.23)

and
N(F'(x)) = N(F'(X)) forall X € M.

Moreover,
N(F'(x)) D{A(X —x) : X € My, X €R}, (7.24)

where, instead of 2, equality holds, if x € int(B p(xo))-

(b) If F(x) = y is solvable in B ,(xo), then an xo-minimum norm solution x T exists
and is unique.

ForxT e int(Ep(xo)), we have
JX () e R(F/(xT)*) (7.25)
and if, for some X € B p(xo),
JX(%) € R(F/(xT)*) and ¥ — x¥ € N (F'(xT))
holds, then ¥ = xT.

Proof. Part (a) follows analogously to part (i) of the proof of Proposition 2.1 in [128],
which remains valid in Banach spaces, without any modification. For the convenience
of the reader, we here provide the full argument:

From (7.19), we immediately obtain

IF) = P < = [0 =] (1.26)

|F'(x)(x —%)|| < (1 +n) |F(x) = FX)|| (7.27)
Vx,% € Bp(xo),

which implies (7.23) as well as (7.24).

Now let x, X € Fp(xo) be arbitrary, such that F(x) = F(X), i.e., X € M, and,
by (7.27), X — x € N(F'(X)) N N(F'(x)). There exists an s € R such that x5 :=
x+s5(X—x) € int(B p(xp)). Namely, if x or ¥ are in int(B (xo)), we may sets = 0 or
s = 1, respectively. If x, ¥ € B, (xo), by strict convexity of X, s = % gives an interior
point. Thus, for any & € N (F’(x)), there exists a ¢t > 0 and an s € R, such that
Xts = X+5(X—x)+1h € int(B,(xo)). Additionally, we have x; 5 € x+ N (F’(x)),
hence by (7.26), F(x;s) = F(x) = F(X), which, by (7.27), implies x;y — X €
N(F'(%)), and with that, h = %(xt,s —X+(1—s5)(X—x)) € N(F'(X)). This and the
same argument, with the roles of x and X reversed, yield N (F'(x)) = N (F'(X)). To
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obtain equality of the sets in the sixth line of assertion (a), for x € int(B,(xo)), note
that this argument can be used with s = 0. Le., for any & € N (F’(x)), there exists
at > Osuch that x; 0 := x + th € int(B,(x0)) N x + N (F'(x)), hence by (7.26),
Xt,0 € My, which implies that h = %(x,,o —x)e{A(X —x) : X € My,A € R}.

Part (b) can be seen to be exactly the respective assertion in the linear case, as
stated and proved in Lemma 3.3, up to the following small modification in the proof
of (7.25), due to the restriction to a neighborhood of x¢:

For any z € N (F'(xT)), there exists an € > 0 such that

T tere (x’f + N(F’(xf))) N By(xo) = (¥ € By(xo) : F(F) = y}.
Hence, by Theorem 2.53 (k)

(JE N x Py < (11 (D) xT £ ez)xenx

O

ie. (JqX(xT),Z)X*xX = 0.

7.2 Gradient type methods

In this section, we study iterative methods, resulting from the application of gradient
descent to the misfit functional || F (x,‘z) — y%||2. We will prove convergence (without
rates) for the resulting Landweber method, with the discrepancy principle under an
n-condition, in Subsection 7.2.1, cf. [129]. To show convergence rates, we will have
to modify the Landweber iteration in Subsection 7.2.2 slightly and use an a priori
stopping rule. For an accelerated Landweber iteration, with a particular choice of the
step sizes we refer to [98].

7.2.1 Convergence of the Landweber iteration with the discrepancy
principle

Analogous to the Landweber method in Hilbert spaces from [88], we will study the
generalization of the method (6.2), to solve nonlinear problems (7.1)

JXS ) = IX ) — un AL j Y (FGS) - D), (7.28)
X =INUXCS)). =01

where we abbreviate
Ay = F'(x0).
The step size [, has to be chosen appropriately, so as to guarantee convergence of

the method, see (7.32) below. The stopping index 74, which acts as a regularization
parameter, is chosen according to the discrepancy principle

ne(8) = min{n € N - HF(X;E) _ S H <8}, (7.29)

with a constant 7 > 1.
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The assumption here imposed on F', for showing convergence, is the n-condition
|Fe) = F@&) = FF)(x =D < |F(x) = FE)I| Yx.X¥€B (7.30)
for some 0 < 1 < 1.

Proposition 7.2. Assume that X is smooth and q-convex, that x is sufficiently close
o xT, e, xg € Ef (x"), that F satisfies (7.30) with n sufficiently small, that F and
F’ are continuous, and that (7.11) holds. Let t be chosen sufficiently large, so that

1
10
T

c(n,t):=n+ 1. (7.31)

Then, with the choice

s s q—p
_at =yt |[Fah =] _
' i l4alle =

0 (7.32)

with Cygx being the constant in (7.4), monotonicity of the Bregman distances

q*(1—c(n, 1)) HF(X;S’)_yS Hq
 q(Cqrq*)a? 1A4nll9

as well as x,‘z_H € D(F) holds for all n < n«(8) — 1, with n«(8) according to (7.29).

D, (x"x8, ) — D, (xT,x8) < (7.33)

Proof. Following the lines of the proof of the first part of Theorem 6.3, and using
| Fed) = = auef = x| = | P —v] + 8
= | Fed) =P + a4 s
and (7.29), we have
Dj, USRS D;, (xF,x%)
= ql*( X1 Hq - q) —(TE G ) = IX ). x Ty
= Dj, (x5, xi 1) — sy (FD) = 3, An () = xT))xexx
= Dj, (Xﬁ’ Xﬁ+1)

(| P = | = GE ) =), )=y = An(xl = xD)yexr)

147 r
Dyt = [ 1= (14 ET) [0
———

8

Xn

IA

=c(n,7)
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where, by inequality (7.4), we estimate
Dj, (s ¥ngt) < Cor i ARl IFGep) = y° 147 P70 (7.34)

Hence, we arrive at

D, T x ) = Dy (P

V4 * * * _

< —ptn (1= (.0 | FOD) =3 |7+ C i 1 4a 1 I F ) =87 70
and, with the choice of u, (7.32), assertion (7.33) is proven. By (7.11) and the as-
sumption that xg € Ff)) (xT), this yields x,‘z_H € Ff)) xH c DF). O

Adapting the proof of the second part of Theorem 6.3 to the nonlinear case, the
convergence result, Theorem 2.3 in [88] (see also Theorem 2.4 in [128]), can be gen-
eralized to the Banach space setting:

Theorem 7.3. Let the assumptions of Proposition 7.2 and additionally boundedness
of F' on Ef (xT) be satisfied. Then, the Landweber iterates x,, according to (7.28),
applied to exact data y, converge to a solution of F(x) = y. If R(F'(x)) <
R(F'(xT)), for all x € Ep(xT) and JqX (x0) € R(F'(xT)), then x,, converges to
xTasn — oo.

Proof. Summing (7.33) yields

o pa 00
> A”q <00, Y unRE < oo (7.35)
n=0 ” n” n=0

where we have used the abbreviation R, = || F (xfl) — y|| and the definition of w,,.

Hence, due to the boundedness of F’ on Ef (xT) D {xn)nen,
R, —->0, n—oo. (7.36)

Defining n9 = 0, ng4q minimal, such that Ry, , < min,<p, Ry, we obtain (by
minimality) that also Ry, < ming<u,  , Rp.

Monotonicity (7.33) of the errors yields boundedness of the iterates, first of all with
respect to the Bregman distance but, by Theorem 2.60 (c), also with respect to the
norm, so by possibly taking a sub-subsequence (again labeled with n;) we get that
{llxn; |} ken converges and JéX (xn, ) converges weakly, cf. (S.1), (S.2), (S.3) in the
proof of Theorem 6.3.

Thus, we are prepared to transfer the proof of {x,, }xen being a Cauchy sequence
(with respect to the Bregman distance) to the nonlinear setting. Since, just as in the
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proof of Theorem 6.3, we have, for all [,k € N withk > [,

1
Dj, (Xny, Xn;,) = e (I, 19 = 1 119) + (15 Geni) = T ¥ (xy). xT)
+ (I () = I ony)m = X7
where the first two summands converge to zero for [ — oo by (S.1), (S.2), it remains

only to estimate the last term:

X Cne) = TX (ny)oxmge — xT)xoex |
nig—1

Z ﬂn(A;];(F(xn) = ¥)s Xny _XT)X*XX

n=ny

ng—1

<> in
where we can estimate
-
< [ An (a5 + | An i = 5D
< | Fen) = Feen)| + 1F i) = vl
[ F ) = Fin) = An i, = 20| + | Fin) = F) = An (i = )|

=@ +7l)(||F(xnk)_F(xn)H + [1F(xn) = yID
<31 +n) [[F(xa) =yl

by (S.3). Thus, we end up with

iy (Fen) = )| [Antn, —

ng—1
lim sup sup Dj, (X, , Xn,) < C limsup sup Z UnRE =0
=00 k>l l—o0 k> ,= =n,

by (7.35), hence, by Theorem 2.60 (e), also im Sup; _, oo SUpg=; ||xni — Xu, | = 0.
Thus {x,, }x converges to some X € X which, by (7.36) and continuity of F, has to
solve F(X) = y.

In case R(F'(x)) € R(F'(x')) forall x € B,(x") and J X (x0) € R(F'(xT)), all
dual iterates J.X (x,) remain in R(F’(x")). Hence, also JX (¥) € R(F'(x")), so that
Proposition 7.1 yields ¥ = xT. O

For the sake of simplicity, we here restricted ourselves to the case of a ¢*-smooth
dual. Let us mention that the same results can be proved in a more technical way, if
we only require uniform smoothness, by adapting a similar technique of proof and a
parameter choice as in Section 6.1 (see also [22,213]).
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Theorem 7.4. Let the assumptions of Theorem 7.3 hold, with additionally Y being
uniformly smooth and let n«(8) be chosen according to the stopping rule (7.29),
(7.31). Then, according to (7.28), the Landweber iterates xg* () converge 1o a so-

lution of (7.1) as § — 0. If R(F'(x)) € R(F'(xT)) for all x € B,(xo) and
JqX (x0) € R(F'(x")), then x;é;*(S) convergesto xT as § — 0.

Proof. By the uniform smoothness of Y, the duality mapping j },’ is also single-valued
and uniformly continuous on bounded sets (cf. Theorem 2.41). Hence, for a fixed
iteration index 7, by continuity of F, F’, JqX ,J q{{* and j If , the coefficient u,, and

hence the iterate x,‘z, continuously depend on the data y8.

Let {0 }x ey be an arbitrary null sequence and {ny := nx(8¢)}ren the correspond-
ing sequence of stopping indices.

The case of {njy},en having a finite accumulation point can be treated in the Ba-
nach space case, as in the proof of Theorem 2.6 of [128], without any changes. For
the convenience of the reader, we here provide the argument: There exists an ny € N

and a subsequence such that ng; = ny forall j € N. As ny is fixed, x,‘z’; depends

. 8k; .
continuously on ysk, and hence x,,/ — x5, as j — oo. On the other hand, by the

definition of the stopping index ng, it follows that

Ok ; 8kj .
Yy = F(xp )| < té; > 0asj —o0.

By continuity of F, this implies that xiij converges to a solution of (7.1) as j — oo,
namely x,,, .

As a matter of fact, the proof of Theorem 2.6 of [128] also carries over for ny — oo
as k — oo although, at first glance, it looks as if the triangle inequality would be
required, which we do not have for the Bregman distance: Let x be a solution to (7.1).
For arbitrary € > 0, by Theorem 7.3, we can find n such that D i (x,xp) < % and,
by Theorem 2.60 (d), there exists ko such that, for all k > k¢, we have ny > n and

D; (x,xﬁk) — D; (x,x,)| < £. Hence, by Proposition 7.2
Ja Ja 2 y P

D), (x. x56) < Dj, (x.x%) < Dj, (x.xa) + | Dj, (x. x3) = Dj, (x. xa)| <€. O

7.2.2 Convergence rates for the iteratively regularized Landweber
iteration with a priori stopping rule

In the Hilbert space case, the proof of convergence rates for Landweber iteration under
source conditions
T —x0 € RIF'(H*F'(xT))"/?), (7.37)

cf. (3.17), relies on the fact that the iteration errors x,‘z — xT remain in the range of
(F'(x")* F’(x%))¥/2 and their preimages under (F’(xT)* F’(x1))¥/2 form a bounded



204 Chapter 7 Nonlinear operator equations

sequence (cf., Proposition 2.11 in [128]). It seems that this approach cannot be carried
over to the Banach space setting, unless more restrictive assumptions are made on
the structure of the spaces than in the proof of convergence only (see the previous
subsection), even in the special case v = 1 corresponding to the benchmark source
condition (3.29).

Therefore, we here consider the iteratively regularized Landweber iteration

JE O = x0) = (1= an) I} () = x0) — pa Ay jy (F(e) = y%). (738)
Xy =xo+ I (XS —x0). n=0.1....

which, for an appropriate choice of the sequence {&y, }nen € [0, 1], has been shown
to be convergent in a Hilbert space setting, with rates under a source condition (3.29),
in [207].

In place of the Hilbert space source condition (7.37), like in Section 4.2 on rates for
Tikhonov regularization, we consider variational inequalities

IB>0VxeB:
1—v
1Kt = x0),x = N xexx| < BDZ (T, 1) I F (e —xDP . (7.39)

According to (7.39), due to the presence of additional regularity, we can relax the
nonlinearity condition on F, compared to (7.30), to

C
[Fat o) = Foty| < & [Fratw|” pyeet o+ xhe
veX xT+veB, (7.40)
cp=1lorcy+cap>1lor(c; +cap > 1and K is sufficiently small) (7.41)

c1+ ¢ >1. (7.42)
v+
We will assume that in each step the step size , > 01in (7.38) is chosen such that
1-3C(c1)K

FGSYy— 8P — 24" +9-2
“”3(1—C(c1)1<)“ () =) 743

x Cqr i 145 jy (F(xp) = y)[4" = 0,
where C(cy) = cfl (1—c1)'™¢1, and ¢y, K are as in (7.40), which is possible, e.g., by

q—D
| FGedH)—y8|| a1 22—a*—a  1-3C(c1)K

a choice 0 < u, < Cy, RTa =: u, with C;, := T I=CNKC,
If
P=q (7.44)
and F, F’ are bounded on EPD (xT), it is possible to bound p,, away from zero
—1/(g—1)
fin=Cu | sup (IF() =yl + 8P| F (x)|| =1L (7.45)

xe?f (x™)
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for § € [0, 8], provided the iterates remain in Ef (xT). We will show this by induction,
in the proof of Theorem 7.5. Hence, there exist I3 ® > 0, independent of n and &,
such that we can choose

0<p<pin<H. (7.46)
Moreover, we will use an a priori choice of the stopping index 7, according to
v+1
ny(8) = min{n e N : ¥ 07 < 1§}, (7.47)

where v € [0, 1] is the exponent in the variational inequality (7.39).

Theorem 7.5. Assume that X is smooth and q-convex, that xo is sufficiently close to

xt ie, Xo € FpD (xT), which, by (7.3), implies that ||)cJr — xo|| is also small, that a
variational inequality (7.39), with v € (0, 1] and B sufficiently small, is satisfied, that
F satisfies (7.40), with (7.41) and (7.42), that F and F' are continuous and uniformly

bounded in EKLJ) (x"), that (7.11) holds and that

2v
> _ -
T pv+1)—2v

Let n«(8) be chosen according to (7.47), with t sufficiently large. Moreover, assume
that (7.44) holds and the sequence {{i, }neN is chosen such that (7.46) holds for 0 <
W < I, according to (7.45), and assume that the sequence {a, }nen < [0, 1] is chosen

such that 5
soth—v |
(“”“) +—a, — 1> cay (7.49)
oy 3

*

q +1. (7.48)

for some ¢ € (0, %) independent of n, and oy ax = Max,eN Oy s sufficiently small.

. . . 5D . .
Then, the iterates x£+1 remain in B , (xT) foralln < n«(8)—1, with ny according
to (7.47). Moreover, we obtain optimal convergence rates

DX (x", x4,) = O (5%) . as 80 (7.50)
as well as in the noise-free case § = 0

2v
DGt xy) =0 (a,{“”*”‘”) as n — co. (7.51)

. —=D .
Proof. First of all, for xfl € B, (xT), (7.40) allows us to estimate as follows (see
also (7.17)) for ¢y € [0, 1):

| PO = Pty = 68 — 1)

<K

C
A6 —xh| 7 Dot xhye

<C(c1)K (HA(xﬁ —xT)H + Djj“(x*,xﬁ)lc%‘l) , (7.52)
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where we have used the abbreviation A = F’(xT) and the elementary estimate

al™b* < C(A\)(a +b) with

(7.53)
CA) =221 =0)'"* fora,b>0, e (0,1),
and with that, by the second triangle inequality,
16 =0 < —ar
11— K
Cle) L (154
x (HF(x;';’) — F(xT)H + C(cl)KD;O(xT,x;j)l—q)
as well as analogously
[P = Pty = 4nf = 21|
<2C(c1)K (HA(X;';’ - x‘f)H + DgO(xT,x;z)l—zq)
2C(c1)K P " N
< enr ([Fab - Fad] e ppat i) s

For any n < ny, according to (7.47), by Lemma 2.62, we have
D;‘O(xT,x,‘zH) - D;‘O(XT,x,‘z)
= D;O(ngXgﬂ) + (Jf(Xﬁ — Xo) — J;((Xﬁ+1 — xo),xT — XS)X*XX
= DR(xd. x5 ) — un (i (FeB) = y%). An (el = xT))y ey
+ an(JqX(XT — X()), XT — xg)X*XX

—an(JF (= x0) = I (68 — x0). xT — xD)xex (7.56)

where the terms on the right hand side can be estimated as follows.
By (7.4) and Lemma 2.63 we have

DXO(xd. x5 1) (7.57)
< Cqe I (B4 = x0) = T K (e = x0) |7
q* ||Oln q (xn x0) + Un n]p( (xn) y )”
<2071 Cye (e Ilxf — ol + uf A7 Y (FG3) =y
* * 1
<20 (o 20 (1 ol + DT ) )
q

+ud 1A Y (F(x) — ys)llq*), (7.58)
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where we have used the triangle inequality in X * and X, the inequality
(a+b* <22 Y@ +b*) fora.b>0,1>1, (7.59)

and (7.3).
For the second term on the right hand side of (7.56), we get, using (7.55), (7.53),
(7.59),
(g (F(e) = 3%), An () = xT))yxy
= (g (F(xd) = y*), F(x) = y%) yexy
— g (FGep) = y°). F) = ¥° = An(xy = xD))yeny

1 —3C(c1)K
= mIIF(xﬁ)—y‘gll”
~ 2C(c1)K 2 14+ C()K
IR 1 (e e e
1 -3C(c1)K s 5
= U FGS) =P
e LCARSY
1
p—1 p—1\ »
D p—1
1-3C(c1)K 3¢
B GV, |FGe) — 80P (e (55))

3C (Ple) (1—C(eD)K) (1—C(c1)K)

« (20orDp Gl ) 4 (4 cenks)

- 1-3C(c1)K
~ 1-C(c1)K

¢ (,, , 1) { L2 3CEOK ey — o
r ) \3c (1’71) (1 - C(c1)K)

Ce (),

(I = C(c)K)

IF(xS) — »o||1P

+

x ((zC(cl)K)PDgO(xT,xg)fzfl +(1+ C(cl)K)pSP) } . (7.60)

Using the variational inequality (7.39), the estimate (7.54), and

(a+b)* < (@ +b*) fora,b>0, A e[0,1], (7.61)
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we get
lan (X (e = xo). xT — xf) x|
1—v
< Ban D (xT.x0) 2 | F/ (M) — x|
1
(1-C(cnK)

< Bay D;CO(XT’ x;z) 1?;
e \V
(HF(xﬁ) — 38| 48+ CenkDpP Gt ) l_q)

1—v _ 1
sﬂ%Dfutﬁ>2e”Gatfriav

C(Cl)K v xo
*ﬂ%(atfaﬂa)Dq“ i

<C (;) { (ﬂanDi;O(xT,xﬁ)l%vg_v)%

+(creemr IFe ="+ 5))”}
(I—Clenky

C(CI)K v xo 8 u+lU62
+ﬂ%(a—6@nK) DYl xy) 2

v)
_ v —v ﬁ v p(l —v) m
= C(;){(ﬁe ) (30 (p) c (2(p - v)))

p1—v)

g((,l,-i-llj; anD()ICO(XT,Xﬁ) 2(p—v)
e v p(1—v)
3¢ (5) ¢ (2(p—v))
1 P P P
* (G cenrrFeh-r1+9) )

Cle)K ' 5 Imvmcitve +2vey
— | DX, 2(1=¢1)
+ Ban ((1 ~Cen)K) 2 (xtxp)

K P(l—\)) v p(l—v) I_Tv m
=¢ (p) {C (2(p—v)) [(ﬁ (3C (p) ¢ (2(p—v))) )
p(1+v) o x()(xT ):|
XanP(V-i-l) —2v + (
e (7) ¢ (2=)

p
(IF ) — o +6) }

UIFGS) — )+ a))

UC2

1
*Gatfamaﬁ

1
+ 3o Dy° (x, x5y, (7.62)
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where we have used (7.53) twice and € > 0 will be chosen to be a sufficiently small
number below. Moreover, by (7.42), the exponent

1—v—c1+ver +2ve 14+v

vV
=14+
2(1—cy) LT

02—1)

is larger or equal to one and S is sufficiently small, so that

C(Cl)K
(1= C(c)K)

l—v—cj+vcy+2vey 1
v 2(1—cy) <

B(

W | =

Finally, we have that
(I3 (" = x0) = I (e = x0) 6T = xlxsex = DOt ) + DO (g xT)

> Do(x",xp). (7.63)
Inserting estimates (7.57)-(7.63) with

1 —3C(c1)K NIE (1—C(c1)K)"

— Hp—1,1/
<=2 G cenk) )

into (7.56) and using boundedness away from zero of 1, and the abbreviations
d, = D"I‘O(xjr,x,‘z)l/2 ,

o (P=T1) QCeK)P
Co =6 C( 7 ) (1= Clenk)

* _C*
C1=2q+qzq
Cq

— p(l ) v v p(l_v) m
Cz_c(;)c(z(p—u)) pe <3C(;)C(m) ) ,

C3 =29 720, ||xT — xo 7,

’

-ty L . (14 C(c1)K)?
Cy =2P"1C(= )(1_C( )K)v+ 612 )” [—CenK
€ = 2P~ ;u/p( 1-3C(c)K )1/” ( —C(Cl)K)v ,
- = 3(1 = C(c1)K) C(,)

¢ — op—171/p ( 1-3C(c)K )“” (1—C(c)K)
3(1 = C(en)K) C(2)



210 Chapter 7 Nonlinear operator equations

we obtain

p(1+v)

2c2Ap 1 * — *

1-3C(e)K
+ Cad? = (“" 31— C(en)K)

=202 i A (F ) =y

IF(x8) — yo|?

Here, the last term is non-positive, due to the choice (7.43) of u,, so that we arrive at

2cop

& 1 .
A2, < Cody " + (1 — 3% + Crad )dﬁ

-p %
+(C4+C34+Cat™ P)ay , (7.64)

=IC5

where we have used (7.48) and the stopping rule (7.47). Denoting
dz

2v
C(np(v+l)—2v

VYn =

we get the following recursion

Yn+1 (7.65)

with
2v cp
0 = w = s
p(v+1)—2v 1—c;
where
w>1
by (7.41) and
2v
P 2y

> 1,

bo = ——-
p=syrl-a
due to assumption (7.42). Hence, as sufficient conditions for uniform boundedness of

_ —D
{¥n}n<n, by ¥y and for xﬁH € Bp (xT) we get

7 < p? (7.66)

6

1 (04 1 * 1

Coar?® IVw_{( Zz+l) + 5o —1-Ciej }“n1y+C5§0, (7.67)
n
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where, by ¢* > 1, (7.42), the factors Coag"’_l, Claf{*_l and Cs can be made small,
for small tmax, B, |[xT — xo|| and large v. We use this fact to arrive at

— —_ *_ ~
Coazw Lp® 1+C1a2 l<é<e,

with ¢ independent of n, which, together with (7.49), yields sufficiency of

C5~§7§p2,
cC—¢C

for (7.66), (7.67), which, for any (even small) prescribed p, is indeed enabled by
possibly decreasing 8, ||xT — xo||, ™1, and therewith Cs.
In case c; = 1, estimates (7.54), (7.55) simplify to

HA(xz N xT)H = H%CZK HF(Xﬁ) - F(xT)H (7.68)

and

ZczK

| FOd) = FGt) = Antd — )| = TZK

” F(x)— F(xT)H (7.69)

With this, the terms containing D;“’ (xT, xﬁ)ﬁ are removed and C(c1) is replaced
by p2%¢2 in (7.57)~(7.63), so that we end up with a recursion of the
form (7.65) as before, with Cy replaced by zero. Hence, the remainder of the proof of
uniform boundedness of y, can be done in the same way as for ¢; < 1.

In case § = 0, i.e., nx = o0, uniform boundedness of {y;, },en implies (7.51). For
8 > 0, we get (7.50) by using (7.47) in

2v
—E N5 —— N5 2v
X _ p(v+1)—2v p(v—H) —2v —
qu(xT,x,,*) = Yn.0n, <7yay, < y(rd)v+T. O

Remark 7.6. Note that the rate exponent in (7.51)

2v 2 v \ 7!
pw+1)—2v v+1 P v+1
always lies in the interval [0, ﬁ], since +1 € [0,1].
Moreover, note that Theorem 7.5 provides a result on rates only, but produces no

convergence result without variational inequality. This corresponds to the situation
from [207] in a Hilbert space setting.

Remark 7.7. In view of estimate (7.64), an optimal choice of «;, would be one that
minimizes the right hand side. At least in the special case where the same power of

% = ¢*, elementary calculus yields

Df;o(xjf,x,‘z)
3¢*(C1Dg° (xT,x3) + Cs)’

oy, appears in the last two terms, i.e.,

0Pty S =
(")
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2v
which shows that the obtained relation Dy° (xT, xfl) ~ " TP72 5 indeed reason-
able and probably even optimal.

Remark 7.8. A possible choice of {&, },eN, satisfying (7.49) and smallness of & ax,

is given by
Qo

GRS
with x € (0, 1] such that 3x0 < «g sufficiently small, since in this case, with ¢ :=

L _x6 5 0, using the abbreviation 6 = € [0, ﬁ] we get by the Mean

3 ag
Value Theorem

6
1
(a”“) + ( —c) an — 1
oy 3

x6 x6
:a_n{ao(l_c)_(n—l—Z) —(n+1) (n—i—l)x}

(0%7)

2v
p(v+1)—2v

(o)) (n + 2)x0

1 x0(n + 1 +1)x0-1 .
ao( C)_ wipe T }

1 1*
oo 3 n+1+t

for some ¢ € [0, 1].

(477]

Xo

7.3 The iteratively regularized Gauss—Newton method

The iteratively regularized Gauss—Newton method (IRGNM) can be generalized to a
Banach space setting by computing iterates xﬁ 11 = xg 41 (o) in a variational form,

. . . 8
as a minimizer x;, , ; (o) of

p
HAn(x—x,‘z) + F(x,‘z)—yg H +a ||x—x¢||¢ — min, subjectto x € D(F),
n=0,1,..., (7.70)

where ¢, p € (1,00), {an}n is a sequence of regularization parameters, x¢ is some a
priori guess, and we abbreviate

Ap = F'(x3).

Thus, each Newton step is defined as a convex minimization problem (7.70) of the
type already extensively studied in Chapter 5 of this book. Well-definedness of
x,‘z 41(a) for fixed @ > 0 is implied by Proposition 4.1, where the case of a linear
operator F' = A, was considered. We provide an extension to the following result,
which will also be useful in the convergence analysis below.
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Lemma 7.9.

(a) Let X be a reflexive Banach space, let D C X be nonempty, and assume that
either

i) A:DC X —Y isweakly closed and Y reflexive

or
(i) A:D C X — Y is weak-to-weak continuous and D weakly closed.
Then, for a > 0, the functional @, defined on D by ®y(x) = ||Ax||1p, +

olx — xo||;](, has a minimizer over D, which is unique, if X is additionally
strictly convex.

(b) Let the assumptions of (a) and strict convexity of X hold and x (), for « > 0,
denote the minimizer of

®y(x) > min, subjecttox € D .

Then, ¥ = a ||Ax(oc)||§ is a continuous function on (0, 00). Furthermore, the
mapping o +— x (o) is continuous, if X is uniformly convex.

Proof. By standard arguments, existence of x(«) follows from (i) or (ii) and its
uniqueness follows from strict convexity of X.

At first, we prove monotonicity of the mappings ¥ and & > ||x () — xo|| y.in the
sense that

[x(a@1) = xolly = [x(22) —xollx
a1 <o = A A~ 7.71
s o | @) = v 7
Monotonicity of o — | x(a) — xo||x follows from
Dy, (x(1)) = P, (x(a2)) (7.72)

= g, (x(02)) + (01 — @2) [[x(0r2) — xol|%
<@g, (x(@1)) + (21 — a2) [|x(02) — xol|%

which implies (1 —a2) (|| x (a2) — x0||§ — ||x (1) — x0||§() > 0. Monotonicity of 9
follows from (7.72) and the monotonicity of & > ||x (o — x0)|lx-

To show continuity, let « > 0, oy, — «, which implies ¢ < «, < o for some
a,o > 0. For all n € N we have, by minimality of x(c;,),

Dq, (x(0tn)) < Do, (x(@)) < C.

Hence, ||x(@x)|lx, [|[Ax(on)|ly are uniformly bounded by C, C/«, respectively, and
there exists a subsequence oy, , such that x(c, ) converges weakly to some X € D.
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In case (i), by reflexivity of Y, a subsequence of Ax(oy,), denoted again by
Ax(ap, ), converges weakly to some y € Y and, by weak closedness X € D, Ax =y
holds.

In case (ii), by weak closedness of D, we have x € D and, by weak continuity of
A, Ax(otn, ), converges weakly to AXx.

By the weak lower semicontinuity of the norms, we get

Dy (x) < hm 1nf Do, (x(any)) = limsup P, (x (0ot )

k—o00

< limsup ®q,, (x(@)) = Po(x(a)),

k—o00

where we used minimality of the x (o, ) in the third inequality. Since, in a strictly
convex X, the minimizer of @, is unique, we must have X = x(«) and thus it also
follows that
lim @, (x(0otny)) = Py (x()). (7.73)
k—o00

In case o, > o for all k, we get, by weak convergence of x (ay, ) to X = x(«), weak
lower semicontinuity of the norm and (7.71)

(@) = xo[l§ < liminf |x(em,) - o[}

< limsup || x(an,) — Xo§ < x(e) — xol% -
k—o0

Hence, limy_, o ||x(oznk) X0 HX = |lx(a) — xo ”X and from (7.73) we further de-

duce limy ;oo 1/f(()fnk) = 1/I(Ot)
In case o, < « for all k, we similarly conclude at first, by the monotonicity of

¥ (7.71), that limg_ oo @(a,,k) = () and then, again with (7.73), that

Jimx (@) = xof[y = lx(e) = xol -

Finally, subsequence arguments yield continuity of o > Y («) and
o — ||x(e) —xo|x. The latter, together with the weak convergence of x (o) to
x («), implies strong convergence in a uniformly convex X. O

Throughout the remainder of this section, we will assume, in view of Lemma 7.9,
that

F'(x): X — Y weakly closed for all x € D(F) and Y reflexive (7.74)
or
D(F) weakly closed (7.75)

holds.
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In the following Subsection 7.3.1, we will consider the IRGNM (7.70), with a pri-
ori choice of {&, },en and n,. Combination of (7.70) with an a posteriori choice of
{an}tnen and ny, according to the discrepancy principle, will be studied in Subsec-
tion 7.3.2. In both cases, we will prove optimal convergence rates under Holder type
source conditions

3IB>0Vx e B:

1—v

1K = x0),x = x ) xexx | < BDZ (e xD) I F e =D (7.76)

with 0 < v < 1 and under general variational inequalities

Vx € B, x #* xt:
1T = xo). x — xT)xenx]
F’ T _ +H2
< D;Co(x’xT)l/ZK ” (xx())(x X )H (777)
Dq (_x,xT)

with « as in (7.9). The presentation partly follows [129] and [126].

7.3.1 Convergence with a priori parameter choice

The results of this subsection are based on an a priori choice of {oy},en and ns,
according to

<1, o, —>0asn—>o00, 1< On §éf0ralln (7.78)
On+1
and
v+1
nx(8) = min {n eN : qfVTH=2 < 18} , in case of (7.76) (7.79)
n«(8) = min{n € N : an < ¢,(t8)}, in caseof (7.77) (7.80)
with
op(t) =1P72071 (1), OO) :=k(M)VA. (7.81)

In this subsection, like in Subsection 7.2.2, see Remark 7.6 there, we obtain only
convergence rates, but no convergence without source conditions. Note that, in Sub-
section 7.3.2 below, with an a posteriori choice of o, and ., we will be able to prove
both convergence and convergence rates.

First of all, we will study rates under Holder type source conditions (7.76). As
for the iteratively regularized Landweber iteration with a priori parameter choice, the
nonlinearity conditions may again depend on the smoothness index v in (7.76), with
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weaker conditions for larger v:

H (F'(x" +9) - F’(xT))vH

¢ ~ ¢ ~
<K HF’(x*)vH DR+ xt,xhH F’(xT)ﬁ( T D@ 4 xT, 1ty
v,ieX, xI+veBxT+5eB (7.82)
with
I S SN U (7.83)
c c -, C c - .
T T A T )
as well as
c ! d ¢ ! (7.84)
= — a = — () .
C1 2 n C3 2 T
- - 1 . . 1
<c1+czp>— and C3+C4p>—)
2 2
or

1 1
(51 + Cap > 5 and C3+ Cap > 3 and K sufficiently small).

The necessity of using a slightly stronger condition here, compared to Subsec-
tion 7.2.2, results from the need to estimate the difference between the derivatives
of F in the proof of Theorem 7.10, see (7.91) below.

Theorem 7.10. Assume that X is reflexive, that x is sufficiently close to xT,ie, xo €

EPD (xT), and that F satisfies (7.82), with (7.83) and (7.84) for some v € [0, 1], (7.11),
and (7.74) or (7.75). Moreover, let q, p € (1,00), and t be chosen sufficiently large.
Let a variational inequality (7.76), with v € [0, 1] and B sufficiently small, hold.

Then, with the a priori choice (7.47), the iterates remain in B , (xT) and we obtain
optimal convergence rates

D;‘O(xn*,xT) = 0(8%), as § >0 (7.85)
as well as in the noise-free case § = 0
v+1
[rea 0] =0 ()

2v
DX (xp.xT)y =0 (a,{“”“””) as n— o0o. (7.86)
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Proof. Observe that, under the assumption (7.76), we get, with the notation 77 =
F'(xT)

q q
K = 0] = = xo]
= Pqu (x5+1 - xOJCJr —Xo) + P(j;((xT - XO),XEH - XT)X*xX

v
= pD3(xh 1 x") = aBDR (e X072 | Tl 4T

> PD;CO(XEHJT)

v+ 1 2v/(v+1)
— B (eDgO(x,§+1,xT) e (e, : ) HT(x;iJrl —xh ) (7.87)
with € > 0 to be chosen sufficiently small later on,
C, ) =1,
and
¢ 1/u
C(e,u) = maxi1,¢ ( )
l—p
_ o —(1—p)/
= max{l, a _M)(M+1)/ME
for i € (0, 1), where ¢(A) = MA_E, so that
M <e+ C(e,u)A  forall A > 0. (7.88)

Due to minimality in (7.70), we have, for any solution xT € D(F) of (7.1), which
needs not necessarily be an xg-minimum norm solution,

p
[An Gy =5 + FGe) = +

8 q
Xp4+1 — X0 H

p
= [An " =) + Py =08 | + e

T q
X —xo” . (7.89)

Combining (7.87) and (7.89), we get, by the simple inequality (a — b)? + bP >
_1 P
2147

1
2r-1

p
= [anert =) + Fod) =)

D
[ 7Gh0 =D+ anp(t = DR (xh 4121

+(Jean =D =] + [anet = s+ Fed =)

v+1 2v/(v+1)
+ oy pBC (e, 5 ) HT(xfl_,_l —xh .
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The terms on the right hand side can be estimated using (7.82),

[An " =) + Fd) = 5|

(An = D)) = 5N | + | Foxd) = FOrt) = T = | + 8

Cc1+¢ I
<2K Hr(xﬁ . xT)H U Do (xf, kTPt 4 (7.90)
H (An — T2, —xT) H (7.91)
¢ C - -
= K | 70d =N | Ted =D |7 Do (el xhE Do, 1t

which, together with the simple inequality (a 4+ b)? < 2P~1(a? + bP), yields

p
b= N[+ g = oDl xh

c1+¢

. V4
<(1+2°7Y (2K [7eed —xh| ™ Dol xhyre 4 5)
¢ ~
+ 2771 (K HT(x,‘zJrl —xT)H l D;‘O(xﬁ+1,xT)C2

5 & EENAY
X HT(X"_XT)H D;O(xn,xT)c“)

2v/(v+1)

v+ 1
2

+ anqpC (e, ) HT(xﬁH —xT)

Applying the estimate
abb<éa+ CE1—-0b)p/0=9 (7.92)

for ¢ € (0, 1], which follows from (7.88), with A := bl/(l_z) and u = 1 — ¢ in the

last term, and ab < 1a? + 1b? in the second term on the rlght hand side, we get

!
(zp_l ) H TGS, - xT)HP + ang(1 — BODT(xE, , xT) (7.93)

c1+¢

<(1+2r7Y (21< HT(xﬁ —xM

o p
C Dol xtyEre 8) (7.94)

2P~ IKP ‘

+ ‘T(xn - xT)H D;O(xﬁ Ly.xhyzre (7.95)

2P~ IKP ~
- HT(X —xT)H P DR, xT)2pe (7.96)

p(v+1)
. pv+1)—2v v+ 1))\ 70Fh-2v
T , 7.97
+C (6, FICES) ) (anqﬂC (e, 3 (7.97)
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where we choose € < > pl_l . Considering (7.93) and (7.97) and neglecting the rest for

a moment, which is just an estimate of the nonlinearity error, we expect that (7.86)
p+1)
p(v+1)—2v

can be obtained, which we prove as follows: Dividing (7.93)—(7.97) by «, ,
using (7.78), (7.83), (7.47), and defining

T(x$ ty[” X0 (.8
(xp —xT) qu(xn,xT)
PO+ ’

2v
H—2 nD—2
a}f(v+ )—2v arf(er )—2v

Yn 1= Inax

we get the following estimate

. 1 .
min {21,_1 —&q(1— ,36)} Yn+1
< (1 + 2P~ 1)P 1K) P € ptotirzy yC1+E+(@+e)p
2p—lgp 2(G1 4 pé
+ . yn_(:i pC2)

p—lgp | - -
+ ;Cip(‘ﬁ(ﬁﬁ)‘_’zl, 2(C3+pcs)
) Vn

_pw+D
+ C (g, P(V(-i' 21—)21)) (qﬂC (6’ V —;— 1))ﬁ(v+l)2v ép({},(-‘:_;l.:,;l_)zv
pv

(1 427~ 1)r-1
+
P

With this, we get a recursive estimate of the form

(1 _ Ey’i(f{-FpEz)—l) Vna1 < B(J/51+E3+(52+E4)p_1 (7.98)
+ V3(53+P54)—1) Vn +ec,

where ¢ can be made small by making 8 small and t large.
From this, we can now derive an induction step of the form

Yn <Y = VYn+1 =Y (7.99)

as follows: Using (7.84) and the fact that £ and B will be small if K is small, we can
conclude first of all that, for y, ¢ sufficiently small, the function

h(y): 0.7) — (0,%)
v (1_Ey2(51+p52)—1)y

is strictly monotonically increasing and invertible, with

h=H(6) < 2.
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By using the induction hypothesis y, < y, with a possibly reduced value of y, we can
cause the right hand side in (7.98) to be smaller than ¢, so that, by applying 2~! to
both sides of (7.98), we can conclude

Ynt1 < 23(),7551+53)+(52+54)P—1 + y3(53+54p)—1) Yn + 2¢

< 23(77(51 +e3)+(@+e)p-1 4 J72(5_3+5417)—1) 7+ 177 (7.100)
J— 2 9 .
where we use the fact that we can make 8 small and t large, so that ¢ < %. Now, we

use (7.84) again to arrive at
2 B(EHENH@rEN D=1 | s2@E+pE-1y < L
j— 2 K
by possibly decreasing y. Inserting this into (7.100), this yields y,4+1 < 7.
Applying (7.99) as an induction step, we can conclude that

yp < yforalln < n,
and therewith, by possibly decreasing 7 to below p?,

2 foralln < Ny,

2y
DY (xd. xT) < yuo 7T <5 < p
provided yo and ijo (x0,xT) are sufficiently small. By the assumption (7.11), this
yields well-definedness of the iterates. Moreover

2v >
DS xt) < pag T < (eI =

In the case of the general variational inequality (7.77), we have to apply some-
what different techniques, compared to the special case (7.76). Moreover, in (7.82),
we have to assume the strongest case ¢; = ¢3 = %, ¢y = ¢4 = 0, as well as K
sufficiently small:

Hl/Z ‘ 1/2

‘F’(xT)ﬁ)

” (F'(x" +7) — F/(xT))vH <K HF’(xT)v
v,ieX, x'+veB xT+5€B, (7.101)

which makes sense, in light of the fact that we may thus take a logarithmic function
Kk, with slower decay at zero than any function of the form ¢ — ¢V, v > 0.

Theorem 7.11. Assume that X is reflexive, that xq is sufficiently close to xT, e,

X0 € Ef (xT), and that F satisfies (7.101) (7.11), and (7.74) or (7.75). Moreover, let
q, p € (1,00), and let T be chosen sufficiently large.
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Let a variational inequality (7.77), with

k(1)

t — —= monotonically decreasing (7.102)

Ji

hold and assume that there exists a t > 0 sufficiently large, such that, for all C > 0,
there exists C, > 0, satisfying

Vo<t <i: k(CCFPt)<Ceklt). (7.103)

. . . . . . =D .
Then, with the a priori choice (7.80), the iterates remain in B, (xT) and we obtain
optimal convergence rates

2

DX (xn,.x") = 0 (k*(©7(3)) = 0 (®T(8)

) as § >0 (7.104)

with © as in (7.81), as well as in the noise-free case § = 0
|70~ = 0 (o @)
DX (xn,xT) = 0 (k@ (¢, (@n))?) as n — . (7.105)

Remark 7.12. It can be seen from the proof that it suffices to assume the rescaling
condition (7.103) for specific constants C, namely

Vo<t <i: k((CCEPYPry < Cerlr) (7.106)
VO<t<i: k((CCEP)YPr)y< Cerlr) (7.107)
with
~ A A —1 ~ ~ ~
1<C,:=(CCHYP <, 7, 1<C,:=(CCHY”,
C = (2C,)*>PC, C,Co.Cyasin(7.78),(7.112), (7.113)

N A A A (7.108)
=071 (Cop, (@) (CCTP)I7,
i =07 (Cop, ' (2C2)PPag))(CCEP) 2P,
where Cyp can be made small by making K small.
Condition (7.102) implies the inequality
kK(O71(C1)) < max{~/C,1}k(®(t)) Vi>0VC >0, (7.109)

a fact which can be seen as follows. Because of the monotonicity of the index func-

tions k and ®~1, we have k(®@~1(Ct)) < k(®~!(¢)) for 0 < C < 1. On the other
- o k@ '@) _ «k _  [k@ :

hand, by substituting v := ©(¢), we have 7 = Je — V vn showing

that these quotient functions, with positive arguments t and u, respectively, are both




222 Chapter 7 Nonlinear operator equations

monotonically increasing, in light of (7.102). Consequently, we have 'C@_l# <

L\/;_(Z)) for C > 1. Both facts together imply (7.109).

Moreover, condition (7.102) means that the variational inequality condition, deter-
mined by the index function f, is not too strong, i.e., the decay rate of x(¢) — 0 as
t — 0is not faster than the corresponding decay rate of /7. A sufficient condition for
this is the concavity of x2, which is equivalent to condition (7.9).

Proof. In place of (7.87), we get the estimate

q q
N e
= ijq(fo-l —xo.xT — xo) + ﬂL}X(xT - x0)7x;§+1 - xT)X*xX

p 2
[Pt )

Dt)lco(xgﬂ’ﬂ)

> gDYO(x) 1. x") — gD (e, x T 2 . (7.110)

which, together with (7.89), (7.90) and (7.91), implies

p
b =D+ anaD (4 6
< (1+2P7Y) (21< HT(x;i —xT)H + 5)”

2P~ IKP
el UCHEEU

Y g

[riste ]

D;‘O(xﬁﬂ,xT)

+ Olan;O (Xz_H ) XT)I/ZK

in place of (7.93)—(7.97), which, by moving the second term on the right-hand side to
the left-hand side, using K? < ==+ and (7.80), yields an inequality of the form

t
t9 1+ andi g < Cot? + m(p, " (@n)? + Mapdyyix (d"“) (7.111)
n+1
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for all n < n4« — 1, where we use the abbreviations

dy = D";O(x,‘z,xT)l/z,

tn= [T = xh)
27(1 422~ or—1 4 2p—1/p
Co = 1+ )~ + / K7, (7.112)
C
1 427~ 1)2r-1
c, = U+2 2
TPc
q
C, =, (7.113)
C
. ) 1 2P~ 1gp
c = 111111{2p_1 — ) ,6]} s

where Cp, C; can be made small by making K small and 7 large.
Now we prove by induction that, for all n < ny, respectively, if § = 0, for all

k eN,

dn < C3(©7 (¢, (@), (7.114)
tn < Cagy' (o), (7.115)

where Cj is sufficiently large, so that

Cp < (2(Co+m/CPYVP, Cp< 2, (7.116)
20,
o ¢l
cf. (7.108), and C3 := e so that
ciC>cl, c2=>cft. (7.117)

For this purpose, observe that (7.111), together with the induction hypothesis, im-
plies

t2
. +andiyy < (CCY + C1)(<P;1(Otn))p + Crondy41k (dgﬂ ) . (7.118)
n+1

We distinguish between two cases:

2
If (CoCYP + C1)(@, ! (@n))? < Caandp 1k (;ﬁ“ ), then we get from (7.118)

n+1

t2
t2 1+ andy ) < 2Co0pdn g1k (d’;“ ) : (7.119)
n+1
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Since, for dy,+; = 0 and thus thn+1 = 0, and for t,+1 = 0 and thus d,+; = O,
by d2 a1l = 2C2dn+1K( Jrl) the assertions (7.114), (7.115) hold trivially, for k
+

replaced with k + 1, we may assume, without loss of generality, that d,+; # 0 and
tn+1 # 0. Multiplying (7.119) by t,+1 and dividing by d%_H we get

t2 t2

+1 1 +1
d}; t5+1 + apntp+1 < 2C0,0 (d}; ) s
n+1 n+1

which implies

t2
@ (d’;“ ) t271 < 2Can,

n+1
with the monotonically increasing function (cf. (7.102))
D:ur— ﬂ S
k()  Ou)
and
n+1 . o1 tnt1 n+1
th+1 < 2C,0 , l.e. ( ) < IR (7.120)

dn+1 2G> n+1

leading to

t
) (@—1(2"?21)) t5+} <2Ca,.

Since @O (ENPT = COTHE)P2 = ¢p(E)CPTL, this implies

tnt1 < 2C20, ' ((2C2)* Pay) (7.121)
from which, by (7.120), we get
d < t%l-f—l (2C )2 (@ ( n+1) 2
< G0 (07 g, (202 Pan)) (7.122)

Otherwise, if (Con + C1)(<p;1(an))1’ > Czandn+1/c( ”+1), we get,
n+1
from (7.118),

trp1 +onds g < 2(CoCY + C(@, " (en)? . (7.123)
From (7.121), (7.122) and (7.123), using the identity
1
K(© (¢, (@) = =P
L — 0-1(z) JZP2071(2)
=z
1 1
_ LP/2 _ 7( ;1(a))p/
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and (7.78), we see that, in order to complete the induction proof of (7.114) and (7.115),
it suffices to show
95 (@) < Cppy(@/C) YO <o <ag, (7.124)
0, (@) < Cpp, ' (@/C) VO <a < (2C)Pap, (7.125)
and use (7.116), (7.117). By the definition of ¢p,, (7.124) can be concluded

from (7.106) as follows: With Cp = /C,Cy, Cp = CCy7P, cf. (7.108), A =
é¢¢;1(a/é), = ®_1()L)/ép, we have for any « € (0, ao]:

K(Cpt) < Cek ()

& O(Cpt) < /C,Cr O(1
SGERAA

A _é,

A 1
6 07'/C) 1= 407
CP

Ao A 1 o
& (A/Cp)?720 I(A/Gp)fwl” *07'()

P
& CpCP20,(1/Cy) < 9p(N)
—— ———
=C =a/C

s o @) <A = Cppy ' /0),

where we have used the fact that the functions ¢,, ©, as well as their inverses, are
strictly monotonically increasing. Analogously, (7.125) follows from (7.107). With
this, the induction proof of (7.114), (7.115) is finished.

The estimates (7.114), (7.115) immediately yield (7.105).

Inserting (7.80) into (7.114) for n = ny, with (7.109), directly yields

dn, < C3x(@7 (9, (@n,)) < C3x(O71(18)) < C3max{/7, 1} k(O (8))

*

e(O~1(8)) )
——— = C3 max{/7, |} ——.
VO~L() VOT1(6)
This provides us with the convergence rate assertion (7.104) and completes the proof
of 7.11. O

= C3 max{+/7, 1}

7.3.2 Convergence with a posteriori parameter choice

Under the n-condition

|F(x) = F(X) = F'(x)(x =%)| <n|F(x) - FX)|| Vx,x€B (7.126)
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for some 0 < n < 1, cf. (3.42), we can prove convergence and convergence rates,
with a posteriori choices of the regularization parameters o,

o [ FO) =37 = [anelyr @) — ) + Fed) =7

(7.127)
<G HF(Xﬁ)—y‘S |
cf. [87], and of the stopping index 74, by the discrepancy principle:
n«(8) = min {n eN : HF(xﬁ) —y8 H < 18} . (7.128)
A sufficient condition for o, being well-defined by (7.127) is
HAn(xo — x,‘z) + F(x,‘z) — yS H >0 HF(x,‘z) — y8 ‘ , (7.129)

see the first part of the proof of the following theorem.

Theorem 7.13. Assume that X is smooth and uniformly convex, and that F satis-
fies (7.126), with n sufficiently small, as well as (7.12) or (7.13), and (7.74) or (7.75).
Let

n<o<o<l,

and let T be chosen sufficiently large, so that
1-0
7

1
n+—+n <oandn< (7.130)
T

Moreover, assume that 5
F _
o IFe0 =)
T
Then, for all n < n4(8) — 1, with n«(8) according to (7.29), the iterates

B x3 1= x5 (an). anasin (7.127), if (7.129) holds
ntl - X0 else

are well-defined.
Moreover, there exists a weakly convergent subsequence of

{ X3 s if (7.12) holds

JXGS 5 —x0), if (7.13) holds

and along every such weakly convergent subsequence xﬁ*(s) converges strongly to a
solution of (7.1) as 8§ — 0. If the solution xTr0(7.1)is unique, then xfl*(s) converges

strongly to x¥ as § — 0.
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Proof. Well-definedness of o, for (7.129) can be seen as follows: By minimality of
xﬁH(a) we have, for

V@ = |An(xdy 1@ —x) + Fd) = »°)|

’

that

V(@)? o ‘

hence

q p q
31 @ =xo| = [ 4n G =2+ FO) -y e |2 —xo |

b4 1
timsup ¥ (@) < |4 = x) + Fd) = 23" = o+ ) [P »3))
a—0
by (7.2), (7.29), (7.126). On the other hand, minimality of xﬁ +1(a) again yields

V@7 +a 5@ = x| = | Anto - xD + Fd) 58"

so that

5 7 _ 1 5 sy _ 5|7
xn_i_l(oz)—on f&HAn(xo—xn)—i—F(xn)—y H —0asa — 00

so, by continuity of A, and the norms, there exists an & > 0 such that
_,_ 0 . g
Y@ >2 Jim v =2 |antro x5 + F(x) =3 zo | Fad) =7 |
O a—>00 o

To conclude existence of an «;, satisfying (7.127), it remains to show continuity
of ¥, which we do by using the fact that the uniformly convex Banach space X is
reflexive and strictly convex, and by setting Ax = A, (x — xﬁ) + F (xﬁ) —y8,D =
D(F) in Lemma 7.9.

In case o, can be chosen according to (7.127), we see that, by (7.70), (7.89) holds
which, together with (7.2), (7.127), (7.29) and (7.126) yields

p
a? HF(Xﬁ)—ySH + ay
1+
T

for all n < n«(8) — 1 provided xﬁ € B,(xo). By (7.130) this implies

8 q
Xn4+1 — X0 H

<M+

p
De | Fad =3t + an

T q
xt = xo H (7.131)

X1 =] = |xT = xo . (7.132)
which holds trivially in the alternative case

HAn(xo — x5+ F(xd) — )P H <5 HF(X;‘E) —y°

‘ )

. . 8 _
in which we set x;, , | = xo.
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Estimate (7.132) allows us to conclude, by an inductive argument, that xf, € Fp (x0),
for all n < n«(8).

According to (7.29), the stopping index n4(8) is finite since, on the one hand, the
situation where || 4, (xo —x,‘z) + F(x,‘z) —y¥ <3| F(x,‘z) —y%]/, and hence x"z_H =
X, can happen at most every second step:

8 § —
Xpt1 = X0 = [[An+1(x0 — Xp41) + Rut1ll = [Ru41ll = 0| Rnt1 |l

SO o, +1 can be chosen as in (7.127), with n replaced by n + 1. On the other hand,
in steps where «;, is chosen as in (7.127), the residual norm decreases by a factor of
T2, which is smaller than 1 by (7.130):

| Rn1
| An ey =) + FO) = 37 + Fed ) = Fed) = An (el g = xh)

<o |Fed)—»°

|+ Pl - Fod)

=@+ |FeD =" | + 11 Rasl

Hence, /2]
— n/2
[ty ] = (222)" <
I—n
for n sufficiently large.
Setting n = n«(6) — 1 in (7.132), we arrive at

Hence, there exist weakly convergent subsequences {xl}leN = {xfl’* (8,)}16N and

B = xo| = [+ x| - (7.133)

{JqX(xl — X0)}leN = {JqX (xil*(g,) — X0)}ien- The weak limit X of any weakly
convergent subsequence {x'};en (or X 1= J q},{* (X*) + xo with the weak limit X* of
{JX (x! = x0)}1en). by

HF(xl)—yH <G+ 1§ —>0asl - o0

and the (weak) sequential closedness of F (7.12) (or (7.13)), defines a solution x
of (7.1). Hence, we can insert x in place of xTin (7.133) to obtain, in case of (7.12),

I — xo|| < liminf Hx’ —on < lim sup Hxl —xOH < |I% = x|
I—00 =00

due to the weak lower semicontinuity of the norm, i.e., convergence of ||x! — xo|| to
|| — xo]|. Since X is uniformly convex and x; weakly converges to X, this yields
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norm convergence of x; to X. In case of {JqX (x! — x0)};en Weakly converging to x*
and (7.13), convergence in the Bregman distance can be established by the argument

0=<Dj,(x —xo,xl — X0)

1 I q
=, ([ =
q N————’

< lx=xoll?

— 1% = x0l1?) + (x* = J¥ (<! — x0). % — xo)xexx .

—0as [—»>o0

which, by Theorem 2.60 (e), implies strong convergence.
In case of uniqueness of xT, a subsequence-subsequence argument yields overall
convergence. O

The proof of convergence rates under Holder type and general variational inequal-
ities is much shorter and less technical than with a priori parameter choice, so we
provide both rates results within one theorem:

Theorem 7.14. Let the assumptions of Theorem 7.13 be satisfied.

(a) Under a variational inequality (7.76), we obtain optimal convergence rates
DX (xn,, xT) = O@7HT), as 80, (7.134)

(b) Under a variational inequality (7.77), we obtain optimal convergence rates

52

DI (xn.. ) = 0 (2@ 6)) = O (m

) as 6 —>0 (7.135)

with © as in (7.81).

Proof. In the proof of Theorem 7.13, we have seen that estimates (7.87), (7.89) to-
gether with (7.126), (7.2), (7.127) and (7.29), yield (7.131), for all n < n«(8) — 1,
provided xﬁ € Ep (x0).

Inserting (7.87) into (7.131) and taking into account (7.130) and (7.126), we get

(1—BeDF (x5, . x7)

v (3 (0o n et =)

2v/(v+1) (7.136)

in case o, is chosen according to (7.127). Hence, with € < 871, forn = n4 — 1, the
discrepancy principle (7.29) yields the optimal rate

C ’v+1
< ﬂl(é_ﬁj)((l + (1 +7)

since, due to the signal to noise ratio assumption § < |[F(xo) — y%||/7, we can ex-

clude the case xﬁ* = Xy, 1.€., the case where o, ,—1 is not chosen according to (7.127).

2v/(v+1)

D;O(x’lz*’x'r) §2v/w+1) 7
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In the general case (7.77) we get, in place of (7.87) and (7.136), the esti-
mates (7.110) and

(42 | Fed - Feh”

D;O(x,‘zﬂ,x’f)

D;O(xﬁ+1,xjr)l/2 <k

respectively. Hence, with n = ny« — 1, using (7.126) and (7.29), we get

Cé
C§=—— " prod yhH/2
DGty )

- Cs Cc?§? 6 (C8)?
K = _
= D;O (xﬁ* , xT)l/Z D;Co (xﬁ*,x’f) DZICO (xﬁ*,xT)

with C := (1 4+ n)(1 + 1) so, taking the inverse of ® on both sides, we get

C28? , 8

DXo (8 F
¢ ¥) = Goriey) <€ ey

n

since C > 1 and ®! is strictly monotonically increasing. )

7.3.3 Numerical illustration

To illustrate performance of the iteratively regularized Gauss—Newton method in a
Banach space setting, we return to the parameter identification example from Sec-
tion 1.3, where we recovered ¢ from measurements of u, with

—Au+cu=0inQ.
As a first test case we consider Q = (0, 1)?> € R? and a smooth exact parameter

(x —0.3)2 4+ (y — 0.3)2
a 0.04 ) ’

c(x,y) = 10exp ( (7.137)
see Figure 7.1 for the exact parameter ¢ and state u.

Computations were carried out on a 30 x 30 grid, using finite differences, where-
as synthetic data was generated on a different grid, in order to avoid an inverse crime.
Figure 7.2 shows the reconstructions from noisy data with 1 percent L°°-noise in
a Hilbert space setting, as well as in a Banach space setting. The latter takes into
account the fact that the noise bound is given, not only with respect to the LZ-norm
but — as often relevant in practice — with respect to the L°-norm, by using an L% -
norm with large P (P = 10) as data space. While the reconstruction with ¥ = L2
is overdamped, in spite of an optimal choice of the stopping index, the height of the
parameter values is better resolved in the reconstruction with ¥ = L1°. An additional
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Figure 7.2. Reconstruction for example (7.137) from data with 1 percent L°°-noise with
X =Y =L?(left), X = L2, Y = L' (middle), X = 1.5, Y = L'° (right).

improvement appears, due to the decrease of the norm in preimage space to L!-.
Recall that a combination X = L1, Y = L9 yields a reduction of the ill-posedness
of the parameter identification problem, compared to the Hilbert space combination
X =Y = L2 These effects are also visible for higher noise levels, see Figure 7.3.

In our second test case, we consider again Q = (0, 1)> € R?, but this time refer to
a “sparse” exact parameter

c(x,y) = 40x10.19,0.2412(x, ¥) , (7.138)

see Figure 7.4 for the exact parameter ¢ and state u. Note that the similarity of the
states in Figures 7.1 and 7.4 also illustrates the ill-posedness of the inverse problem of
identifying c. Also for this test example, the use of an L -norm with large P in data
space obviously yields an improvement, compared to the L? setting. As an additional
effect, we see the considerably better reconstruction of the sparse solution by using
an L2-norm, with Q close to one in preimage space, instead of L2, see Figure 7.5.
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Figure 7.3. Reconstruction for example (7.137) from data with 10 percent L°-noise with
X =Y =L?%(left), X = L2, Y = L'° (middle), X = 1.5, Y = L1° (right).
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Figure 7.4. Exact parameter ¢ (left) and state u (right) for the test example (7.138).

Figure 7.5. Reconstruction for example (7.138) from data with 1 percent L°°-noise with
X =Y =L?%(eft), X = L%, Y = L' (middle), X = L1, Y = L0 (right).
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This part is devoted to the solution of linear operator equations of the first kind

Af =g, g € R(A)

by the method of approximate inverse which, in contrast to the methods considered in
the previous part, is non-iterative. In Chapters 8 and 9, we consider linear, bounded
mappings A, acting on Banach spaces that are function spaces. This is why we prefer
to use the notations g € Y for the given data and f € X for the searched solution, in
order to avoid confusion with the points x and y the functions are evaluated at.

The method of approximate inverse is a mollification method for stably solving in-
verse problems. In its original form, it has been developed to solve operator equations
in L2-spaces and general Hilbert spaces. We describe its extension to linear, ill-posed
problems in Banach spaces. The method itself consists of evaluations of dual pairings
of the given data with reconstruction kernels, which are associated with so-called mol-
lifiers and the adjoint of the operator. This technique offers several features, compared
to other regularization methods: The reconstruction kernel can be precomputed before
the measurement starts and the computation is done independently of any noise, since
the mollifer is given analytically. Furthermore, invariance properties of the underly-
ing operator A might be used, in order to improve the numerical efficiency. At last,
evaluation of dual pairings is very stable with respect to noisy data g8. Chapter 8
provides all necessary definitions and notations to state the method. The method is
then analyzed in Chapter 9, which follows along the lines of [223]. There, we inves-
tigate two settings more exactly: the case of L?-spaces and the case of the Banach
space of continuous functions on a compact set. For both settings, we present cri-
teria that turn the method of approximate inverse into a regularization method and
prove convergence with rates. It will be shown that the absolute error has the order
O(8'77), for any 0 < v < 1, provided that f satisfies specific smoothness assump-
tions. As an application, we refer to X-ray diffractometry, as it was introduced in
Section 1.1. Since we know that the stress tensor is smooth, X -ray diffractometry can
be appropriately modeled by a Banach space setting, using continuous functions. Ac-
tually, X -ray diffractometry is described by a semi-discrete operator equation, since
the stress tensor is to be computed from finitely many observations. Consequently,
Chapter 10 gives an outlook on how the method of approximate inverse can be used
in general to tackle semi-discrete operator equations, that means operator equations
where the range of the forward operator has a finite dimension. Such equations are
especially important in practical applications, since there only a finite number of data
is available; a fact we will take into account when applying a so-called observation
operator W, to A. This observation operator may be seen as the mathematical model
of the measurement process, which intrinsically boils the infinite dimensional setting
down to a finite dimensional one. We give criteria to get strong convergence in general
Banach spaces.



Chapter 8
Setting of the method

The method of approximate inverse was originally developed by Louis [151], in order
to solve ill-posed operator equations of first kind. It consists of the evaluation of the
given and maybe noisy data with precomputed reconstruction kernels. These recon-
struction kernels are solutions of a dual equation, associated with a so-called mollifier
that implies the regularization property. The method is well established in Hilbert
space settings and was successfully applied to different problems, such as computer-
ized tomography [155], inverse scattering [1], Doppler tomography [217, 218, 224],
X-ray diffractometry [221], thermoacoustic tomography [86], sonar [188, 222] and
even image processing [153]. A recent publication [154] shows how an appropri-
ate choice of the mollifier can be used to extract features from the reconstruction.
In [152], an interesting unification concept is presented, for general regularization
methods, by means of the approximate inverse. A concise monograph on the method
is [220].

Let X,Y be Banach spaces with norms || - |[x, || - |[y and 4 : X — Y a linear,
bounded and injective operator. Our aim is to solve the equation

Af =¢° (8.1)
with given noisy data g5, satisfying
lg—&%ly <8, geRA.

In this and the following chapter, we only consider Banach spaces X, Y consisting of
functions on a domain Q C RY. As typical examples, we refer to L?-spaces with
1 < p < oo or the Banach space of functions continuous on a compact set. As a
first step towards constructing the method of approximate inverse, we introduce the
concept of mollifiers, which is essential for the method.

Definition 8.1 (mollifier). Let X be a Banach space consisting of functions with do-
main Q C RY. We call a family {ey },~o of mappings e, : 2 — X* a mollifier for
X (or X-mollifier), if the two following conditions hold:

(a) For each function f € X, the family { f} },~0 of mappings

Sy(x) :=(ey (%), fx*xx (8.2)

belongs to X.
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(b) The functions f, converge to f in X, that is

limy |1y = flx =0, f X, (8.3)

We will show specific criteria for such a family {e,} to be L?(2)- and €(K)-
mollifiers. Once we have chosen a mollifier {e) }, we associate a reconstruction kernel
with it. A reconstruction kernel is a family {v,},~o of mappings v, : @ — Y*
solving the dual equation

A*vy(x)] = ey (x), x€Q. (8.4)

In the following, we assume that e, (x) is in the range of A*. If we have the re-
construction kernel v, at hand, we are able to formulate the method of approximate
inverse in Banach spaces.

Definition 8.2 (approximate inverse). Let A € £(X,Y), {e, : @ — X*} be a
mollifier and {v, : @ — Y*} the corresponding reconstruction kernel, according to
(8.4). The family of mappings {+, }, defined by

['A’yg](x) = (vy(x),g)Y*xY, ge wa € Q
is called the approximate inverse of A associated with the mollifier {e, }.

In shortened form, we say that #, is the approximate inverse of A, if it is clear
which mollifier we have chosen. Obviously, #, is a linear mapping from Y into
the vector space of real-valued functions on 2 and weak convergence of a sequence
{gn} C Y implies pointwise convergence of {#,g,}n. Moreover, if Af = g, we
may deduce from (8.4) that

[Aygl(x) = (vy(x), &)y *xy = (ey(x), f)x*xx

and (8.3) tells us that
limo Ayg=f (8.5)
y—)

with respect to the strong (norm-) topology in X. In this sense, +4,, is, in fact, an ap-
proximate inverse to A. Under specific assumptions, it turns out to be a regularization
method.

Theorem 8.3. Let the assumptions of Definiton 8.2 hold. Assume that A is injective,
that the mappings 4, map Y into X and are bounded with estimates

Ay ly—-x <1y, forally >0. (8.6)

Let f € X be the solution of Af = g for g € R(A) and g € Y be noisy data, with
lg® —gly <.
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If the a priori parameter choice rule y = y(8) is chosen such that y(§) — 0 for
8 — 0and
L@ =001 asé§—0 (8.7)

then
SIE;% ”fy(,s) - fllx =0,

where ff(S) = Ay ) g%, This means, that the approximate inverse {+Ay} represents a

regularization method.

Proof. To prove the regularization property, we estimate
1A= Flx = lAvg = Flix + 14y (87 = 2)lx
< lAyg—flix +14,8.

The first summand tends to 0 as y — 0, due to (8.5), the second summand tends to
zero, because of (8.7). m|

From the proof of Theorem 8.3, we can easily deduce convergence rates.

Corollary 8.4. Let the assumptions of Theorem 8.3 hold and let f, = #,g be the
approximate inverse, applied to exact data. If the parameter choice rule y = y(8) is
chosen according to

81111}) )/(8) =0, ly(g) = (9(5_v) , O<v<l

and
||f1/(3) —flx = 81V as§—0

for a constant ¢ > 0, it follows that
1f5e — fllx =0@") as§—0.

As in Hilbert spaces, see [151], operator invariances can help to decrease the com-
putational costs.

Lemma 8.5. If to each x € Q2 there exist mappings T{* € £(X*), T € £(Y'*) and
xo € Q such that

ey(x) = T{ey(xo) and T{A* = ATy xeQ, (8.8)

then
vy (x) = T3 vy (x0) . (8.9)
Proof. Assertion (8.9) becomes obvious from (8.4) and (8.8). ]

Hence, it suffices to compute one single reconstruction kernel vy, (xg), in order to
generate all reconstruction kernels, by applying 7., if only (8.8) is satisfied.



Chapter 9

Convergence analysis in L7(€2) and € (K)

In the following, we consider two specific choices for X in detail, namely X =
LP(Q2),for1 < p < oo and X = €(K), for a compact set K C R?, and inves-
tigate under which conditions the assertions of Theorem 8.3 and Corollary 8.4 are
valid.

9.1 Thecase X = L?(R)

We set X = LP(Q2), with 1 < p < oo and an open subset 2 C R?. We recall that
we denote by p* the dual exponent to p, meaning 1 < p* < oo, with

: + =1
pp
For p = 1 we set p* = oo. Then, X* = LP"(£2) and the dual pairing is given by

¥ Fpreepr = /Q 40 f(x) di

We want to present a recipe for constructing mollifiers in this situation. Furthermore,
we prove that, under certain conditions,

1y = fllri@y < Cv™ I lemgy forally >0,

where €2 is bounded. This estimate is sufficient to achieve the convergence rate
O(8'77), see Corollary 8.4.
We first present a general recipe to generate mollifiers in bounded domains €2.

Theorem 9.1. Ler Q C R? be a bounded domain, & € LP" (RY) be a function with
ess supp(e) = B,(0) C L, for some p > 0, and

/ e(x)dx = / e(x)dx =1. 9.1)
Q B, (0)

Define
ey(x,y):=y e (%) ae.. 9.2)

Then, {ey} is a mollifier for L? (S2).
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Proof. Since €2 is bounded, we may estimate for k), (x) := [le) (x, )|/ p*

17 = [ (o7 ax = [ ey rol?e

[P p/p*
5/ (/ y‘qé( y) dy) dx 9.3)
Q \ /R« 14

p/p*
Q \JR« L&D

where we applied the substitution z <— (x — y)/y. Hence, k, € L? implying f, €
L?.

It remains to show the convergence f, — f in L?. To this end, we first assume
that f € €,(R2) is a continuous function, with compact support in €2, and then use a
density argument. Hence, let /' € €p(£2). We have

p

IIfy—fIIZp=/Q’f(x)— qf(y)e( : )dy .

We first investigate the integrand and estimate

1,(x) :=‘f(x)— ‘qf(y)e( . )dy’

=lrw- [ qf(y)e( )dy
By,o(x) Y

= | £ - / Fx — y2)é(z)dz
B,(0)

- / () — fx —y2) é(z)dz
B,(0)

1/p 1/p
/ | f(x) = f(x —y2)|? dz) (/ le(z)|”” dz)
B,(0) B,(0)

1/p
= el ( /B o SO S dz)

using Holders inequality and the substitution z < (x — y)/y. Since |a + b|? <
2P(|a|? + |b|P) for real values a, b, we have that

|f() = fx —yD)I? <27(f I + | f(x —y2)IP).

Furthermore, the function

*

IA

f(x):= sup |f(x—y2)

z€B,(0)
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is a continuous function with compact support, satisfying

f(x)=|f(x—yz)l.

As a summary of our results, we obtain

(i) Iy(x)? — 0 pointwise as y — 0

(i) I,(x)? < ||é||i,,* [Bo(0)]27 (] f(x)|? + £ (x)?) and the right-hand side of that
estimate is in L1(Q).

Finally, Lebesgue’s theorem of dominated convergence implies
li I Pdx =0.
yl_)HlO . y ()P dx

A standard argument, using the density of €y(£2) in L? (£2), completes the proof. For
a detailed outline, we refer the interested reader to [223]. |

Another criterion for f), to be a L”-function is the boundedness of k.
Lemma 9.2. Let{e, : @ — L? *\ be a family of mappings such that the function
by (x) := lley (L € LP(R). 9.4)

Then,
fy(x) ={ey(X), flpr*xrr €LP(Q). 9.5)

Condition (9.4) is satisfied, if k, € L°°(2), where, if Q is unbounded, we have to
postulate in addition

ky(x) <c|x|® forx e{x eR?:|x| >R} NQ 9.6)
for constants ¢, R > 0 and s < —q/ p.

Proof. Let f € LP. The estimate
1A ax = [ ey g ers
Q Q
<IAUEs [ Ney@IZ,e s = 1712 ey 1E,

and (9.4) imply f, € L?.
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If Q is bounded and k, € L°°(2), then obviously (9.4) holds. Now, let Q be
unbounded. We have

/‘wﬂdex=/“ wﬂdex+/’ lky (1)) dx
Q QNBR(0)

QN{xeR4:|x|>R}

< / lky (x)|? dx + cp/ |x|*? dx .
QNBR(0) QN{xeR7:|x|>R}

The first integral is bounded, since k,, € L°°(£2). The second integral can be esti-
mated by using spherical coordinates x = rw,r > 0, ® € S9! and

/ |x|*” dx < / |x|*? dx
QN{xeRY:|x|>R} {xeRY:|x|>R}

o0
= |Sq_1|/ r?= 1P dr < oo,
R
sincesp +¢q — 1 < —1 & s < —q/p. Here, |S97!| denotes the surface measure of
the unit sphere in RY. O

We finish this section by proving rates for the convergence f, — f, when Q is
bounded and the mollifier {e, } is generated by (9.2). These rates are important to get
the stability rates in Corollary 8.4. To obtain these convergence rates, a momentum
condition on e is required.

Definition 9.3 (order of mollifier, L?-case). Let ¢ € L?" (R?) N L'(R?). We say
that e has order m, if the following three conditions are true

(a) / e(z)dz =1,
R4

(b) / e(z)z%dz =0
R4

for all multiindices & € N{ with 1 < |a| < m,

©) o ::/ e(z)z%dz/a! #£0
RY

for all multiindices o € N{ with || = m.

Now, we have all ingredients together to prove convergence rates for f,, if we apply
mollifiers constructed in accordance with Theorem 9.1.

Theorem 9.4. Adopt the assumptions of Theorem 9.1 where, additionally, e has order
m € N and ess supp(e) € B,(0) C Q. Furthermore, let f € €y'(2). Then, there
exists a constant C > 0, such that

Iy = fllLe < CY™ 1| fllemgy forally > 0. ©.7)
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Proof. We show (9.7) for ¢ = 1 only, since this assertion does not depend on the
dimension. Then, B,(0) = (—p, p) and we have

Iy — 712, =/91y<x)1’dx

with [, (x) as in the proof of Theorem 9.1. Using the momentum conditions for ¢ and
the Taylor approximation

m—1 (j) . (m)
faemyn = 3 L0y SO oy
= m!

where xy,, denotes an intermediate value between x and x — yz, we compute

Iy (x)

0
' [ [£(0) — fx —y2)]e(z) dz
—pP

_ ‘ / g 7(_”')'" £ (x,)e(z) dz
—p m!

<Y Kmll £ loo ,

where

0
Km :=/ le(z)z™|dz .

-p
From this, we get

Iy = 71Zs = fQ ()7 dv < Y™ KR1RA f len )

for all y > 0. Hence, (9.7) is satisfied with C := |Q|'/? K. O

With the help of Theorem 9.4, we are able to formulate conditions for e and f,
necessary to obtain the convergence rate (9(§'™) of the approximate inverse f),g =

Aygs in L?-spaces.

Theorem 9.5. Let the assumptions of Theorems 8.3 and 9.4 hold and v be given with
0 < v < 1. Furthermore, assume that

lywy_k asy —>0, k>0.
If the parameter choice rule y = y(8) is chosen such that
y() = 0@6"*) ass§—o0, 9.8)
f € €)' () and e has order m, where m € N satisfies

1_
m>k-——" (9.9)
1%
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then
1136 = fllLe <87V fllemegy as 8 — 0.

Proof. Because of (9.8), we have that [,,sy = @(6"). From Corollary 8.4 and (9.7),
we deduce that

1f5s) = Fllr < 1 fye) — fllLe + Lys)s
<cC (a%uf”em@ + 81—”) .

Balancing the terms, we arrive at

1f3s) = e < 8" flleng ass— 0.
it mv/k > 1 — v, which gives (9.9). 0

Remark 9.6. Condition (9.9) shows that high convergence rates correspond to strong
assumptions on ¢ and f. It is remarkable that the smoothness condition on f coin-
cides with the required order of e.

9.2 Thecase X = €(K)

Let K C RY be a nonempty, compact set, with int (K) # @ and let €(K) be the
Banach space of continuous functions, defined on K, equipped with the sup-Norm

I flloo = 1 f lloo,x = sup [ f(x)].
xeK

We want to describe mollifiers and derive convergence rates for this situation. As an
analogue to (9.7), we prove the estimate

Ify — flloo < CyY™ | fllemk) -

which is again sufficient to show convergence with rates in case of noisy data g8.

According to the Riesz Representation Theorem, see e.g. [206, Theorem 2.14],
the dual space €(K)* of €(K) can be identified with the space of all regular and
countable additive Borel measures on K

rca(K) := {A : A is aregular and countable additive Borel measure on B(K)}

equipped with the total variation

k
Al = sup Z IMK;i)|:k eN, K; € B(K), K; pairwise disjoint
i=1
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as norm, where B(K) denotes the o-algebra of all Borel sets of K, that is, the
o-algebra generated by the closed subsets of K. We have

AME) = /;Edk(x) forall E € B(K).

There exists an isometric isomorphism € (K)* = rca(K) in the sense that any linear,
bounded functional ¢ € €(K)* is represented by a unique measure A, € B(K) such
that

Ap(f) = /K F(x)dA(x) forall f e €(K)

and sup{|e(f)] : | flloo = 1} = |[A¢|| 8. With respect to this isomorphism, the dual
pairing on X is given by

(A, freakyxe (k) = /Kf(x)dl(x)-

Note that any function f* € L1(K) generates a measure A #+ € rca(K) through

Apx(E) 1= / f*(x)dx, E € B(K).
E
We present a concept to generate € (K )-mollifiers, similar to (9.2).

Theorem 9.7. Let A € rca(K) be non-negative and suppose that
MK) = / dA(x) = 1. (9.10)
K

We define a family of mappings {A, : K — rca(K)} by

/ £ Ay ()() = / Fox+ ) di@) fee). ©.11)
K K

Then, the family {A} represents a mollifier for €(K).

Note that, in (9.11), we silently set f(z) := 0 for all z € R?\ K. We assume this
throughout this section, without always mentioning it explicitly. Definition (9.11) is
then well-defined, since the translated function f(yx 4+ y) is A-measurable for all
yeK.

Proof. At first we show that A, (y) € rca(K), foreach y € K. Let f € €(K). For
y > 0and y € K fixed we have

sup | f(yx + )| < | flloo -
xeK
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Defining Tf := [, f(x)d[A,(¥)](x), we see that T : €(K) — R is linear. Since

Tf| = ' [ s, 00

_ VK Fx + ) dA®)| < Al £l

we see that T is also bounded. Hence, 7 € €(K)* and thus A, (y) € rca(K).

Next, we show that f),(y) = (1, (), f )rca(k)xe(k) is in €(K) for f € €(K).
Let ¢ > 0 be given. Since K is compact, f is even uniformly continuous. Hence,
there exists an = n(e) > O such that | f(y) — f(V')| < &, whenever ||y — y'|| < n for
y,y’ € K. This implies

00— f,00] < /K frx + ) — flrx + )| dix)

</8d)_k(x)=8 forall y,y € K
K

proving the (uniform) continuity of f,. In the latter estimate, we used the fact that A
is non-negative.

It remains for us to show the convergence f, — f in €(K), as y — 0. Again, let
e > 0 and n = n(e) as above. We set M := sup,cg |x| and choose a yy > 0 such
that yoM < 1. Such a yg exists, since M < oo because of the compactness of K.
Taking into account that A(K) = 1, we may estimate for y < yo

1fy = Flloo = sup ] [ o+ - 1) dio

yeK

I/\

s / frx + 3) — )] dAx)

< sup[ edA(x) =&,
yeK JK

since |[yx + y — y| = yllx|| £ yM < nfor y < yo. This proves that f, — f in
€(K),asy — 0. O

Remark 9.8. As mentioned before, any function f™* € L'(K) generates a measure
Ag+ € rca(K) through

if*(E):/ f*(x)dx, E e B(K).
E
In this case, (9.10) means that fK f*(x)dx = 1 and (9.11) reads as
_ X =
fy*(va’) =y if* (—)/ y) ,

which is the same construction as in Theorem 9.1.
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A further criterion for general measures {A,} C rca(K), leading to continuous
functions fy, is the continuity of the mappings y — A, ().

Lemma 9.9. If the mappings A, : K — rca(K) are continuous as functions from
K to rca(K), then f, € €(K) for each f € €(K). The functions f, are then even
uniformly continuous.

Proof. The assertions become clear from

[ fy () = D] = [(Ay(x) = Ay (V) [rcak)xe )|
<Ay (x) = Ay W) I f loo -

Because K is compact, the functions f, are even uniformly continuous. i

To show convergence with rates for f,, — f we again have to define what we mean
by the order of a measure A € rca(K).

Definition 9.10 (order of mollifier, € (K)-case). Let Ae rca(K), K C R? compact
and m > 0 an integer. We say that A has order m, if the three following conditions
hold true:

@ AK)=1,
(b) / x¥dA(x) =0
K

for all multiindices & € N{ with 1 < |a| < m,

©) g :=/ x¥dA(x)/al £ 0
K
for all multiindices o« € N with || = m.

Note that this definition coincides with Definition 9.3, if A is represented by an
integrable function f* € L1(K).

Theorem 9.11. Adopt the assumptions of Theorem 9.7 where additionally A has order
m € N. Furthermore assume that K = S for an open and bounded subset Q C R?
and f € €' (). Then there exists a constant C > 0 satisfying

Ify = flloo = CY™I f lemx) forally >0. 9.12)

Proof. As in the proof of Theorem 9.4 we restrict the verification of (9.12) tog = 1
and may assume that K = [a, b] is a closed interval. Again we use a Taylor series
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expansion up to the order m to prove the estimate

b -
1/ = Flloo = sup / (S +y) — () di(x)

yE

bm=l ,(j) .
=l [ Y1 j!(y)(—yx)wf(y””( yx)y™ dA(x)

yeK j=1

Y K f llem k) »

IA

where

b -
Km :=/ [x™|dA(x),
a

Yy,x € [a,b] lies between y and yx + y and we used the fact that A has order m.
Hence we showed (9.12) with C := K. O

The following lemma stating convergence with rates in case of noisy data g° is the
€ (K)-analogue of Theorem 9.5.

Theorem 9.12. Let the assumptions of Theorems 8.3 and 9.11 hold true and v be
given with 0 < v < 1. Furthermore assume that

lywy_k asy -0, k>0.
If the parameter choice rule y = y(8) is chosen such that
y(8) = 0@"*) ass—o0,

f € €™(K) and X has order m, where m € N satisfies

1—
m>k—->. (9.13)
v
then
15y = flloo < 8"V flemx) as§—0. 9.14)
Proof. The proof is done as for Theorem 9.5 only by changing the norms accordingly.

O

9.3 An application to X-ray diffractometry

We describe briefly the application of the concepts developed in the previous section
to the problem of X-ray diffractometry as it was introduced in Section 1.1.
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As we have seen, X-ray diffractometry means inverting the Laplace transform

LI = f(@) = /0 F()e % dz

for a finite number of penetration depths T = 7, j = 1,...,m. We assume the
stresses 0j; to be at least continuous and close to surface, and hence consider L as
a mapping between the Banach spaces €([w1,®wz]) and € ([tmin, Tmax]). Because
exp(—1z) € €([w1, w2] X [Tmin, Tmax]) We have that

L : ‘C"([a)l,a)z]) — € ([Tmin, Tmax])

is linear and bounded and that we thus are in the situation of Section 9.2. Moreover
we may assume that w; > 0 since the translation property of the Laplace transform

Lf(zr) =" L{f (- = n)}(r)

allows us to shift the support of f to any closed interval [w1 + r,w2 + 1], r > 0.
In [219] the author defines

m
e(z) == Z wjvje Y? 9.15)
j=1
as a mollifier, where
hi/2, j=1
w; = (/’lj_1+hj)/2, l<j<m
hm_l/z, J =m
with h; = 7j41 —tj and v = (v1, ..., V)" € R™ is chosen such that
w2
/ e(z)dz =1.
o

One possibility to define v; is

1 @ -1
v, = — (wj/ e_rf'zdz) .
m o

The weights w; are defined such that Z}":l w;v; exp(—7;z) is the trapezoidal sum
corresponding to the nodes {z;} applied to the integral

rn)ax
L*v(z) = / v(r)e ?Tdr
T

min



250 Chapter 9 Convergence analysis in L?(£2) and €(K)

which is the adjoint of the Laplace transform applied to a continuous function v €
€ ([Tmin, Tmax]) and v = U(Tj). Via

2e(E) = [E éz)dz. E € B(wr.0)

the mollifier e induces a regular and countable additive measure on the Borel sets of
(w1, @3]

In the following we pursue a semi-discrete setting for the solution of L f = g that
takes into account that we measure the data L/ only at the scanning points t = 7; al-
though we want to recover f in the infinitely dimensional Banach space € ([w;, w2]).
The connection between the discrete data Lf(t;), j = 1,...,m is then established
by appropriate interpolation operators mapping R™ to the Banach space of continuous
functions.

We deduce that e has (at least) order 1 and by Theorem 9.7 generates a mollifier
{ey : [w1,w2] = rca(Jwr, w2])} for €([w1, w2]). The associated reconstruction ker-
nels {vy : [w1,w2] = rca([Tmin, Tmax])} are computed in [219] with the help of a
collocation method postulating that

L*[oy (M](2) = [ey(0](2)
is satisfied only for finitely many points z = zz, k = 1,...,m. Together with a
numerical integration this leads to the system of linear equations

m

> wilty ] Y =[ey(Mzk). 1<k.j<m. (9.16)
j=1

Article [219] presents a condition under which system (9.16) is solvable. Having the
solution vy, (y) € R™ at hand we set

Uy (¥) := ImVy(¥) € C(Tmin> Tmax) (9.17)

which denotes the piecewise linear interpolating function and hence is continuous.
The following lemma is an immediate consequence of Lemma 4.1 from [219].

Lemma 9.13. Let the reconstruction kernel {v, } for the Laplace transform be deter-
mined by (9.16) and (9.17). Then there exists a constant Cy, > 0 depending on m
such that

oy Wlloe < Cmy™'y™" forall y € [w1, @] (9.18)

Proof. Lemma 4.1 from [219] states that

15y, (M2 < Cny 'y}

for a certain constant C,, > 0. Since the norms on R” are equivalent this implies

||5V(J’)||oo =< Cmy_ly_l
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with another constant C,; > 0. Together with

vy M lloo = HmTy (M)lloo = [0y (¥)lloo

this proves (9.18).

(|

Of course as a continuous function vy,(y) induces a measure in
rca([Tmin, Tmax]) Whose total variation can be estimated by the sup-norm.

Lemma 9.14. We have that
”Uy(y)”i)’ < (Tmax — flnin)cm)/—ly_l forall y € [o1,ws]. 9.19)

Proof. Estimate (9.19) follows immediately from (9.18) and

/ " @)y ()] (0) da

min

lvy(Mlla = sup

I/ leo=1

= (Tmax — Tmin) vy () oo =
Finally we are able to estimate /,,, the sup-norm of [|vy, (¥)]cc-
Lemma 9.15. From (9.19) we deduce
ly <cmy™ ' forally >0, (9.20)
thatis I, = O(y™1).

Proof. The proof is a simple consequence of (9.19) and y~! < a)l_l. We have that
Cm = (fmax - Tmin)Cm- |

We are now able to prove convergence rates for the method of approximate inverse
applied to the Laplace transform. To this end we denote the approximate inverse of
Lf by

20 1= (0 (1) 8 ) rcalzmin tma) XE (Eamins T

where g% € €([tmin. Tmax]) represents noise-contaminated measure data. Indeed
applying piecewise linear interpolation to the noise-contaminated, discrete data g,‘i
results in a continuous function g‘s. We note that in this case the mapping y — v, (y)
is continuous what follows from (9.16) and the continuity of y > e, (y) and I,.
From Lemma 9.9 we deduce then that f)js € €([w1, wz]) and the approximate inverse
is a bounded operator, since

sup vy (9)llg < oo
y€lwi,w2]
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Theorem 9.16. Let g = Lf for f € €(Jw1, wz]) the exact measure data, which are
given only at m € N points

g(xj)=(gm)j, j=1,....m

and assume that only noise-contaminated data g;gn € R™ are available satisfying
lg — Imgfn”oo < 6, where Iy, : R™ — €([Tmin, Tmax]) denotes the piecewise linear
interpolation operator. Furthermore assume that the mollifier e is given by (9.15) and
that the associated reconstruction kernel is calculated via (9.16), (9.17).

If the parameter choice rule y = y () is chosen such that

y(8) ~ 8% as§—o0,
then there exists a ¢ > 0 with
1
135 = flloo < €821 f llet (or,ma)y @8 =0 9.21)

provided that € €' (([w1, w2])).

Proof. We apply Theorem 9.12 to prove the convergence statements. From (9.20) we
see that k = 1 in Theorem 9.12. For given v with 0 < v < 1 we have that due to
9.13)andm =1

1>1—v

v

Hence, the highest possible convergence order is achieved when 1 = (1 —v)/v &
v = 1/2. But for v = 1/2 we immediately get (9.21) from (9.14). O

Remark 9.17. Provided that in (9.15) we could v = (v1, ..., V)" define such that e
has the largest possible order m, then following the lines in the proof of Theorem 9.16
we would get a convergence rate (9(8mi+1). In that case the number of scanning
points would determine the optimal convergence rate in X-ray diffractometry, but also
the smoothness requirements to the exact solution f. That fits to the results of Plato
and Vainikko [184], where they investigated the discretization of some regularization
methods applied to general operator equations and proved that the optimal conver-
gence rates are affected by the discetization step size.
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A glimpse of semi-discrete operator equations

This chapter addresses the situation where only a finite number of measurement data
is available. This case is of large practical relevance since in any real world applica-
tion only a finite set of data is acquired. For simplicity we assume A to be injective
throughout this chapter. Further let X, ¥ be arbitrary Banach spaces if not indicated
otherwise. With | - ||2, {-, -)2 we denote the Euclidean norm and scalar product in R”.

The idea is to model the data acquisition by the so-called observation operator
v, : Y — R". The map ¥, is assumed to be generated by » linear and continuous
functionals ¥, x € Y'*, that is

(Wnv)k = (Un k- V)ysxy = Yni(v), veY, k=1,....n

and thus is linear and continuous, too. If e.g. ¥ is a function space such functionals
W, , are often given as evaluations at the data scanning points or as moments of
order k. Concrete examples for ¥, x are e.g. given in [201, 202]. Hence we have to
investigate the semi-discrete equation

Anfn=8n, fmeX (10.1)

with A, = ¥, A, g, = ¥, g rather than Af = g. Equation (10.1) in general is not
solvable for arbitrary g, € R” and thus we rather consider the equation

Anfn = PR(4,)&n (10.2)

which has a solution but is highly underdetermined. Let X be uniformly convex. Then
we can search for the minimum norm solution fnT of (10.2) which exists and is unique
due to Lemma 3.3. Note that equation (10.2) is equivalent to

AnAnfn = Al gn

and solvable for any g, € R” because of dim (R(A4,)) < oo and any solution of it

minimizes the defect | Ay, f — gnll2. Our aim is to extend the concept of approximate

inverse to the given situation following the lines in Rieder, Schuster [201, 202] and

thus to present a concept to approximate f,:r in a stable way (see Theorem 10.12).
The key idea is to compute moments

(fleVxxx=e(f), i=1,....d (10.3)
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of f,:r with mollifiers ¢; € X*,i = 1,...,d, and then approximate f,;r by

d

Eqfy =) (Sl ei) xxx=bi.

i=1
Here, {b; }fl=1 C X is a family of elements in X which are associated with the molli-
fier {e; }l‘.l:1 and form a system in X which allows for an estimate as

2

d d
daibi| <od)) |el*. aecR? (10.4)

i=1 X i=1
for a positive function o : N — R ..

Example 10.1. For X = (€([0,1]),] - |lco) a family {bi}l‘.izo is given by linear
B-splines. Let
I—|x|, x| <1

b(x)::{ 0, |x| > 1

Then we define b; (x) := b(dx —i) fori =1,...,d — 1 and
bo(x) := X10,1/a1(x)b(dx),  bg(x) := xp-174,11(x)b(dx —d).

Obviously b; € X,i =0,...,d, and we have for o € RA+1

d 2 d 2 d 2
dlaibi| = sup [ Y leullbi) ] < | D] el
i=0 o YEO1\izo i=0
d
<d+1)) il
i=0

Thus (10.4) holds true with o (d) =d + 1.

By now it is not clear what we understand by mollifiers e; in a general Banach
d

space X. The sequence {ei}f;1 and thus the associated sequence {b; }{_, have to be
chosen such that E; satisfies the mollifier property
lim |[Eqw—w|xy =0, weX, (10.5)
d—o00

which guarantees that £, w in fact approximates w for any w € X. Thus, once we
calculated ( f,,T, ei)xxx* we can evaluate the approximation E f,,T. But f,,T is not
known and thus the moments (10.3) neither. Hence, we go one step farther and search
for solutions of the dual equations

AV =¢;, i=1,...,d, (10.6)
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where the adjoint operator A} : R” — X™* is given by

n
Ate = o A Yy, a€R" (10.7)
k=1

Assume for the moment that (10.6) has a solution. We deduce

(T e)xxxr = (An fT,01)2

and defining
d

Ana (R" > X, Ayga:= (a.0])2b (10.8)
i=1
we obtain i
lim A, q Anf,l = lim Eqf) = f].
d—o00 ’ d—o00

This motivates to call ’Z,,’d the (semi-discrete) approximate inverse of A, a solution
v}’ of (10.6) is again called reconstruction kernel.

Remark 10.2. If X is a Hilbert space and thus uniformly convex, the minimum norm
solution f,:r of equation (10.2) exists and we have the interesting connection

<fnT’el>XXX*:(gnav;l>27 izlv"'sdv

ifonly g, € R(Ap) or v} € N (A;;)J-. And this identity holds true even in the case
where v}’ only solves the normal equation 4, Al v’ = Ape;, see [202, Lemma 2.1].
In Banach spaces this identity is valid only if Ay v = e; is solvable which can not be
expected.

The image R(A;) consists of the span of {A*VY, x : k = 1,...,n} and we can
not expect e; to be an element of it. We outline two different ways to calculate recon-
struction kernels v}’. The first one is an iterative method where the iterates converge
to a minimizer of |[A,;v!" — e;|x+; the second one uses an approximate solution of
A*v; = e; to construct v}'. The latter one is the strategy that was also pursued
in [201,202] and for which we give criteria to obtain convergence and stability with
respect to noisy data gﬁ.

Let, for the moment, X be uniformly convex and smooth and thus reflexive. With
JX = J2X L JXT = J2X * we denote the single-valued (normalized) duality map-
pings on X, X*, respectively. Any minimizer of || A, v} —e;||x+ is then characterized
by the optimality condition

AnJ X7 (A0 — ) = (|| AZvE —ei]|24/2) = 0 (10.9)
and this equation has a solution since R(A}) is closed and hence

R(AF) + TX(N(4p)) = X*. (10.10)
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One possibility to approximately compute v’ is to adopt the Landweber method from
Chapter 6.1 to this situation. We consider the following iteration scheme, where we
drop the indices of v}’ and e; for a moment.

Algorithm 10.3.
(1) vo =0,
(2) Fork = 0,1, ... iterate
Vi1 = Uk — uxAn J X (AXvg —e) (10.11)
with appropriately chosen jf.

Using the results from Chapter 6.1 we indeed can show convergence.

Theorem 10.4. Let X be uniformly convex and smooth and e € X™*. Then there is a
choice of |1y, such that the iterates {vy }; C R”" from Algorithm 10.3 converge strongly
to the unique minimizer v € R" of ||[Ayv — e||x+ having minimum || - ||2-norm.

Proof. Applying A} to the iteration (10.11) and subtracting e yield
Apvks1—e = Apvg —e — ,ukAZA,,JX*(A:vk —e)
which corresponds to the Landweber iteration
Xpp1 = Xg — Mk Ap AnXg (10.12a)

Xepr1 = IX(FL ). k=01, (10.12b)

with the settings x§ := —e, xo = —JX"(e), xp = Ayvg—e, Xg = JX*(A;vk—e).

Proposition 6.14 says that the step sizes p can be chosen such that xj tends strongly
to —HZN( A)J X*(e) as k — oo. Note that here Y = R” is finite-dimensional and
that the Landweber method is included in the general framework of Algorithm 6.13.
Since X is uniformly convex and smooth, the duality mapping J ¥ is norm-to-weak
continuous, see Theorem 2.53, leading to

xXg = JX(xp) = —JXHN(A)JX*(e) =:x* ask — oo

with respect to the weak topology. Hence x,’c‘ + e — x* 4+ e weakly, too. But
xX; + e € R(Ay) and since dim(R(4,)) < oo this yields strong convergence of
xg — x* as k — oo. Because of x; = A, v — e we finally obtain

Anvg —> e — JXHif(A)JX*(e) = Prax)(e) ask — oc. (10.13)
Here we used the fact that

e = PR(A;)(e) + JXHZJV(A)JX*(E)
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which is a consequence of (6.50) and (10.10). Furthermore by (10.11) all iterates
v are in R(A4,) = (JV(AZ))J'. Since the restriction of A} to Ay : (:/V(A,’;))l —
R(A}) is bijective between finite-dimensional spaces, we have convergence of the
sequence {vg } to some v € (JV(A;))J_. But from (10.13) it is clear that

A:v = PR(A;';)(e) .

Hence v minimizes ||A}v — e|x+. Finally we show that v has minimal || - ||2-norm
among all minimizers. Let z € R” be an arbitrary minimizer of |4,z — e[ x+. Since
the metric projection Pg(4x)(e) is unique, we must have A¥z = Ajv and thus z =
v + u with some u € N (A4;). Hence we have (v, u), = 0 and get

2 2 2 2 2 2
Izl2 = lvllz + 2 (v, u)2 + ullz = [vlz + lulz = v]3,

|

where the last inequality is strict for u 7 0.

Remark 10.5.

(a) The proof of Theorem 10.4 shows that iteration (10.11) approximates a recon-
struction kernel v that minimizes ||Ajv — e|x+ and that because of
limg o0 Ajvg = Pg(az)(e) we easily get an approximation of the metric pro-
jection Pg(gx)(e) by A »vg. Note that this proof strongly relies on the facts that
X is uniformly convex and smooth and thus reflexive and that the range of A4 is
of finite dimension.

(b) The iteration can be made more efficient by using the sequential subspace meth-
ods outlined in Section 6.2. Acceleration was there achieved by using more
search directions Ajw; than just A} A,xi in iteration (10.12). The assertion
of Theorem 10.4 still holds if one assures that w; € R(A,), which is always
fulfilled for the canonical search directions suggested in Section 6.2.

Although the calculation of the reconstruction kernels v can be done by Algo-
rithm 10.3, this method has some drawbacks. Besides the conditions on X and A,
that have to be required in Theorem 10.4 to get convergence, the iteration (10.11)
(numerically) converges very slowly and an approximate reconstruction kernel might
cause heavy artifacts. Furthermore A in general does not fulfill invariance properties
as in Lemma 10.9 and thus we had to perform the iteration for each mollifier e; which
is very time consuming.

To cure this dilemma we seek a replacement for the kernel v that relies on a
(maybe even exact) kernel v; for A. For the remainder of this chapter let X and
Y be arbitrary Banach spaces. We recall that A is injective and thus R (A*) is weak™-
dense in X *. This implies that for given numbers &; > 0 and mollifiers ¢; € X we
find some elements v; € Y ™* such that

(A*v; —ei, [xsxx| =A% —e))()l <& flx., i=1,....d. (10.14)
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Here, / € X denotes the (unique) solution of Af = g. This solution exists since 4
is injective and we assumed that g € R(A). Note, that (10.14) does not mean that
|[A*v; —ej|lx+ < & since each v; in (10.14) depends on f and we have no uniform
boundedness.

Remark 10.6. Note that in case that X is reflexive R (A4*) is dense even with respect
to the strong (norm-) topology of X and that there exist v; satisfying

[A%v; — eillx+ < &
which is a stronger condition than (10.14).

Having elements v; satisfying (10.14) at our disposal we define
vt =G, Vv, i=1,....d, (10.15)

where ¥;, = (Y, ;. ,’12,...,%’1,")1_ (Yt - R, wr,lk eY*™ k=1,...,n,is
linear and continuous and G, € R™*" is a matrix to be specified in the following.
Note, that because of Y C Y ™**, the w}’l  May even be elements of Y. Both, U as
well as G, will be defined such that we gain the convergence

lim ([ Anq Anf — flx = 0.

n—oo
d—o0

First we relate with Wy, a family {¢x}7_, C Y and the operator #, : ¥ — Y given
by

n

Py =) (Unk-Y)¥exy ox. YEY.
k=1

The map #, is supposed to fulfill the boundedness condition
|Paylly <Collyly forn—oo, yeY (10.16)
and the approximation condition
[#ny =ylly <pulyly forn—oo, yeVY, (10.17)

where Cp > 0 is a constant and p, is a non-negative sequence converging to zero.
Note that the conditions (10.16) and (10.17) implicitly are conditions on the space
Y, too. In the same way we relate with ¥}, a family {¢; } C Y™ and the operator
P Y* = Y* by

n
Py = (U go Y Vyeexyrgp, ¥ eY*.
k=1
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And analogously we postulate the existence of a constant Cl; > 0 and a sequence
Py, = 0 tending to zero such that

[Pny*lly= < Cply*lly= forn —o0, y*eY* (10.18)

and
[Pny* = y*lly* < pp Iy*lly+ forn —o0, y*e¥™ (10.19)

are fulfilled. Finally the matrix G, is to be defined as
(Gn)j,k = <(P]/'v‘ﬂk)Y*><Y . Sk=1,....n.
This yields the important relation
(Vpw, Gy W) v)2 = (Ppw, Prv)yxy+, weY, vevYr. (10.20)

We have nothing said about ¥/, by now. The functionals 1//,’1 k areto be chosen such
that conditions (10.18) and (10.19) are fulfilled. We will present a particular choice in
Remark 10.10.

We have now all ingredients together to formulate an estimate of the approximation
error which comes from applying the approximate inverse Zn,d~

Theorem 10.7 (Noise-free case). Let A, Eg, V,, Pn and P, be as stated in this
chapter. Further assume that the family {b,‘}?’:1 C X satisfies (10.4) and that the
triplets {(e;, vi, b,-)}fl=1 C X* x Y* x X fulfill the conditions (10.5) and (10.14) for
g; > 0. Finally the discrete kernels in (10.8) are to be defined as in (10.15).

Then there exists a C > 0 validating the estimate

1 Apa Anf — flx

d 1/2
<I(Eq—D)fllx +C (o(d)((C,; o) + (P2 Y vill3 + e?) 1/l -

i=1

Provided that

d
o (d)((Cp pn)* + (pp)P) Y vill§« >0 asn.d — oo

i=1

and J
o(d)) & >0 asd - oo (10.21)
i=1

we have the convergence

Tim [Ayq Anf — fllx =0.

d—oo
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Proof. An application of the triangle inequality gives

1Ana Anf — flx <I(Ea—Dflx + | Ana Anf — Eafx -

and thus we need only to estimate the second part. Property (10.4) of the system

(i}, yields

d
1Ana Anf = Eaf1} <o) Y [(Anf.Gn Wyvid2 — (frei) xxxs

i=1

2

Using (10.14) and the identity (10.20) we may estimate

(Anf. Gn Wyvi)a — (f.ei) xxx+|
< [(f. A%vi —ei) xxx*|
+ [(Pn Af. Ppvi)yxy+ — (Af vi)yxy*]
< |1Pu Af — Aflly 1Pvilly> + 1 Ppvi = villy= |AS ly +&i Il fllx -
We further apply the conditions (10.17), (10.18) and (10.19) and finally obtain
[{An f. Gn ‘If;vi)z —(frei)xxx*|
< (on Cp 1 Allx >y illy= + oy [ Alx >y lvilly= + &) | £ llx
completing the proof.

Remark 10.8.

(a) The condition

d
o(@d)((Chpa)* + P)?) Y villf >0 asd.n — oo

i=1

O

implies a coupling of the regularization parameter d and the number of data n; a
fact that is typical for an intertwining of regularization and discretization, com-
pare e.g. with Plato and Vainikko [184]. We further remark that o(d) actually
might be increasing, cf. Example 10.1. In the situation of Example 10.1 we can

choose ¢; = exp(—d) fori =0,...,d to get
d
o(d) > & =(d + 1)>exp(-2d) - 0 asd — oo
i=0

and (10.21) is fulfilled.
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(b) The crux is to find a v; € Y * satisfying (10.14) since this condition depends on
the solution f* which is not known. If there exists a linear mapping B : ¥ — X
such that Iy = BA, then obviously v; = B¥*e; solves A*v; = e;. Note that
this does in general not guarantee that v; € Y ™*. This depends on the specific
setting for A, B, X and Y. An alternative would be an operator B : ¥ — X
with the property that A = BA is a pseudodifterential operator on X and X
a Banach space of functions. Then v; = B¥e; is a reconstruction kernel with
A*v; = A%*e; which can be used to compute the moments (Af, e;)xxx* =
(v,vi)yxy=. This technique e.g. is applied in local tomography [200], sonar
[188] or feature reconstruction [154]. Of course then e; has to be substituted by
A¥*e; in (10.14). If this is not possible at least any a priori information such as
e.g. f € By(fx) ={x € X :||lx — fxllx < r} might be helpful.

Another problem is that in general we have to compute d kernels v; what might be
time consuming. But there is a remedy. Provided that A* obeys a certain invariance
property, then it is possible to solve (10.14) only once. Lemma 10.9 can be seen as a
generalization of Lemma 2.3 in [202] to Banach spaces.

Lemma 10.9. Assume that operators T; € £(X*), S; € £(Y™) are given with
Ti A* = A*S;,i =1,...,d. Definee; = Tie,i = 1,...,d fore € X*. Provided
that

(A0 —e. T fixsxx| < el T fllx, i=1,....d (10.22)

forv € Y™, then

(A0 —ei. [xsxx| el flx. i=1....d, (10.23)
where v; = S;v and g; = ¢ ||T; || x*—x*.

Proof. First we remark, that the existence of a v € Y * fulfilling (10.22) is guaranteed
since the set {T;* f },d=1 is finite and thus generates a neighborhood of zero in X * with
respect to the weak™-topology.

A simple calculation shows
(A* Siv —Tie, flx=xx| = [{(A"v — ). T]" f)x+xx| = elIT}" fllx

which implies assertion (10.23) because of || T;*||lx>x = [|Tillx*—x*. see, e.g.,
Rudin [205, Theorem 4.10]. O

Remark 10.10. A particular choice of 2, is the adjoint P, = P : Y* — Y * of P,
which is given by

n

Py = 0 o) vexy Yk ¥y EYE.
k=1
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We have then w,’l,k(y*) = (y*, ok )y*xy and
“'7)1;k - I”Y*—)Y* = ||<7)n - I||Y—>Y = Pn

and hence pj, = pn. The matrix G, has then the entries (Gp)jx = V¥n,; (¢k)-

Although this is the canonical way to generate W), and 2, another choice might
be more convenient since the approximation power of J, has influence to the error
estimate in Theorem 10.7.

Next we investigate the regularization property of the approximate inverse Zn,d»
that means the stability of the approximate solution with respect to noise in the given
data. As in [201,202] we interprete noise contaminated data as a perturbation of our
observation operator W,. More explicitly, we define

WSk = W)k + 8 Ivlly . 181 <8, yeY (10.24)

for a positive number § representing the noise level. We can show that an appropriate
coupling of the parameters n and d to the noise level § gives convergence when § goes
to zero.

Theorem 10.11 (Regularization property). Adopt the hypotheses of Theorem 10.7.
Assume further that the triplets {(e;, vi,bi)}l‘.izl C X* x Y* x X imply the conver-
gences

dy, dn
Tim p20(d) Y vill}e = 0= lim (o) 0(dn) Y i}
i=1 i=1
and
dy
. 2
nll)n;oa(dn)ZSi =0
i=1
with d = d, such that d,, — oo whenever n — oc.
If we couple n = ng with the noise level § such that ng — oo when § — 0,
8/png = O(1) = 8/py,, as well as
dny
0 (dns) 8% nsl|Gns Wy, ly* >R Z [vi3 >0 asé —0,
i=1

then
lim sup{|[ Ay, a,, Wi Af — flx : ), fulfills (10.24)} = 0.
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Proof. We denote by g, = A, f the exact data and by gﬁ = lIf,‘z Af the noise
contaminated data. Using again property (10.4) of the family {b; } we find that

d
~ 2
1A (gn — gD = 0(d) Y| (Wn = W) A4S, G W01)2

i=1

d
<o(d)8nl|Af Iy Y _I1Ga Ypvil3
i=1
d
<o d)&n |Alxsy | fIx 1G5 rn D I0ill}-

i=1
yielding
[Apa gl —flx <lEaf — flix + Ca(d)
1/2

d
< | B n1Gn W17 sgn+P5+ () D il T+l | 11 fllx.
i=1

where C > 0 again denotes a properly chosen constant. Replacing n by ng and d by
dy4 leads to the claimed convergence under the assumed coupling conditions. O

At the end of this chapter we come back to our promise that the approximate inverse

Zn,d gn approximates the minimum norm solution f,;r of (10.2). At first we realize
that the assertions of Theorem 10.7 and Theorem 10.11 remain valid even if we set

U? = P(Q(An)Gnqj;lUi s i = 1,...,d

instead of (10.15), since we always evaluate the kernels v}’ with 4, f which is in
R (Az). With this setting we are able to prove that the approximate inverse converges
to f,:r as d — oo in case of a uniformly convex X.

Theorem 10.12. Let X be uniformly convex and f,;r € X be the minimum norm
solution of (10.2). Furthermore set

VI = Prea,)GnWovi, i=1,....d (10.25)

where the v; € Y* fulfill |A*v; — ej|lx+ < &;i for given real numbers ¢; > 0,
i=1,...,d. Then _
lim || dpagn— f,fx =0 (10.26)
d—o0

for arbitrary data g, € R" provided that o (d) Zid=1 siz — 0asd — oo.
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Proof. Using the triangle inequality yields

[ Apagn— £l llx < 1 Anagn— Eaflx + 1Eaf — £llIx,

where the latter summand tends to zero as d — oo due to the mollifier property
(10.5). Since
gn = PRra,)8n + Pr(4,)L8&n

and A,,f,:r = PR(4,)&n We have

(V. gn)2 = (A5, il xexx + (', Prea,)r&n)2 = (A507, [ xexx -

The last equation follows by (10.25). Taking this relation into account we may esti-
mate

d
[ Anagn — Ea fif x = | D _(Asv} —ei. ;¥ )xexxbi
i=1 X

d
<o(d) ) |4} —eillz-IlA 1%

i=1

d
<o fIED .

i=1

where we made use of property (10.4) and the particular setting (10.25). This finally
proves (10.26). ]

The orthogonal projection onto R (A ) in (10.25) can be omitted if g, = A, f.

Remark 10.13. As the proofs in this section show things get easier if X is uniformly
smooth. But throughout this section Y is arbitrary. The only condition to Y is that it
allows for an approximation as (10.17). Condition (10.17) can be generalized to

[Pny = ylly <pnlyly, forn—oo, yel,

where Y1 C Y is dense and continousely embedded in Y.
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